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ABSTRACT 


The  mechanics  of  postpeak  yielding  of  dense-structured 
soils  (and  to  a  limited  extent,  rocks)  has  been  examined.  In 
most  instances,  yielding  of  these  materials  tends  to 
localize  along  shearzones.  The  behaviour  of  shearzones  is 
examined  and  a  mechanistic  approach  has  been  found  suitable 
for  describing  the  postpeak  yield  process.  Under  natural 
conditions,  depositional  and  environmental  factors  often 
lead  to  controls  on  shearzone  location  which  greatly 
simplify  analysis  of  the  yielding  process. 

Suitable  one -dimensional  closed -form  models  and  finite 
element  analytical  procedures  are  examined  and,  where 
necessary,  developed,  in  order  to  carry  out  deformation 
analysis  of  shearzone  yielding.  Application  of  these 
techniques  to  simple  problems  met  with  limited  success,  and 
obviously  further  development  work  is  required  before  a  wide 
range  of  shearzone  yielding  problems  can  be  confidently 
managed . 

Two  important  case  histories  are  examined.  The 
progressive  failure  postulated  to  have  developed  at  the 
Saxon  Clay  Pit  seems  unlikely  in  light  of  the  deformation 
analysis  results.  The  behaviour  of  the  foundation  shearzones 
of  Gardiner  Dam  demonstrates  some  limitations  of  design 
based  on  limit-equilibrium  techniques,  and  the  deformation 
analysis  has  helped  to  clarify  the  mechanisms  of  movement  in 


the  foundation. 
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1 .  INTRODUCTION 


“yielding"  of  soil  or  rock  masses  refers  to  the 
processes  by  which  i r recoverable  deformations  develop.  It  is 
a  consequence  of  the  constitutive  properties  of  the 
materials,  and  response  to  particular  conditions  of  loading 
and  deformation.  In  practice,  yielding  processes  are  complex 
and  are  generally  difficult  to  predict  accurately. 

"Failure",  on  the  other  hand,  refers  to  a  qualitative 
or  quantitative  assessment  of  the  consequences  of  yielding. 
Depending  on  the  nature  of  the  risks  involved,  on  the 
economic  factors  applicable  to  the  situation,  and  on  the 
experience  of  the  participants,  failure  defines  the 
situation  where  tolerable  conditions  become  intolerable. 

This  thesis  deals  with  aspects  of  a  class  of  problems 
referred  to  in  the  geotechnical  literature  as  "progressive 
failure".  This  is  the  yielding  process  by  which  a  soil  or 
rock  mass  fails  without  fully  mobilizing  throughout  the 
maximum  available  strength.  Such  failure  states  are 
generally  observed  to  involve  discrete  surfaces  of  intense 
shearing,  and  it  is  the  post-peak  strain  weakening 
associated  with  such  localized  shearzones  which  permits 
progressive  failure  to  develop. 

From  a  practical  viewpoint,  time-dependent  yielding 
processes  cannot  rigorously  be  separated  from  progressive 
failures.  Effects  such  as  pore  pressure  equilibration, 
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weathering,  and  long-term  available  strength  reductions  give 
rise  to  "delayed  failure".  In  the  literature,  aspects  of 
delayed  and  progressive  failure  are  often  interrelated.  It 
is  beyond  the  scope  of  this  research  to  examine 
t i me -dependent  behaviour  in  any  detail;  however,  such 
matters  are  discussed  where  pertinent. 

The  yielding  behaviour  of  discrete  shearzones  is 
examined  herein.  A  mechanistic  approach  to  yielding  and 
strain-weakening  is  considered,  and  computational  procedures 
for  realistic  deformation  analysis  of  shearzone  problems  are 
developed.  Case  histories  of  shearzone  yielding  are 
examined,  and  some  further  contributions  made  to  the 
on-going  debate  over  progressive  failure. 

In  this  chapter,  the  literature  on  progressive  failure 
is  briefly  reviewed.  Concepts  necessary  for  definition  of 
shearzone  problems  are  discussed,  and  the  objectives  of  the 
research  program  are  introduced. 


1.1  PROGRESSIVE  FAILURE 

Terzaghi  (1936)  described  a  progressive  weakening 
phenomenon  in  clay  slopes:  stress  changes  and  removal  of 
lateral  support  allowed  fissures  to  open,  moisture  ingress 
then  caused  nonuniform  weakening;  this  allowed  further 
cracks  to  develop;  and  so  on.  This  classical  description  of 
a  delayed  failure  process  is  equally  relevant  today. 

Terzaghi  and  Peck  (1948)  and  Taylor  (1948)  were  particularly 
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concerned  that  under  certain  conditions,  nonuniform 
straining  of  strain-weakening  materials  would  not  allow  full 
simultaneous  development  of  maximum  strength.  This  latter 
observation  is  at  the  heart  of  the  progressive  failure 
problem,  and  forms  the  basis  of  all  further  discussion. 

As  field  evidence  from  slope  failures  accumulated  in 
the  1950's,  it  became  apparent  in  most  field  situations  that 
full  peak  strength  was  not  being  mobilized  at  failure.  Some 
early  observations  that  weathering  and  softening  lead  to 
loss  of  the  cohesive  peak  strength  component  were  made,  but 
Skempton  (1964)  clarified  knowledge  to  that  time  by 
introducing  the  concept  of  residual  strength.  This  lead  to  a 
problem  in  slope  analysis:  on  what  strength  basis  should 
slopes  be  designed,  to  allow  for  progressive  failure 
development  which  reduces  peak  strength  towards  residual? 

The  "residual  factor"  introduced  to  account  for  progressive 
failure  implied  a  proportional  loss  of  cohesive  and 
frictional  strength  components  (dames,  1970). 

A  more  precise  description  of  nonuniform  stress  and 
strain  conditions,  and  progressive  failure,  was  given  by 
Bjerrum  (1967).  A  necessary  precondition  was  the  existence 
of  a  discontinuity  in  the  soil  mass  or  at  its  boundary, 
where  yielding  could  initiate  and  subsequently  localize. 
Then,  in  order  for  progressive  failure  to  occur, 

1.  Local  shear  stresses  tend  to  exceed  the  maximum 
available  strength; 

2.  The  advance  of  the  failure  surface  must  be 
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accompanied  by  local  differential  strains  in  the 
shearzone  sufficient  to  strain  the  material  beyond 
maximum  strength; 

3.  -The  material  must  show  a  large  and  rapid  strength 
decrease  after  maximum  strength  is  exceeded. 

The  existence  of  relatively  high  lateral  stresses,  relieved 
by  this  progressive  yielding,  were  cited  as  a  prime  cause  of 
development  of  the  excessive  shear  stresses  in  the  first 
instance.  Bjerrum  also  distinguished  between  materials  which 
had  stored  strain  energy  "locked- in"  by  means  of  diagenetic 
bonds,  and  weathered  material  where  bond  destruction  allowed 
the  stored  energy  to  flow  and  aggravate  the  stress 
concentration  effect.  Consequently,  Bjerrum  regarded 
weathered  material  as  being  most  susceptible  to  progressive 
failure.  This  implicit  linkage  of  progressive  and  delayed 
failure  elements  was  maintained  by  most  subsequent 
researchers . 

The  importance  of  geological  processes  had  been 
realized  by  the  time  Skempton' s  and  Bjerrum' s  contributions 
had  been  made.  Amongst  the  case  histories  in  the  literature 
at  that  time,  good  alternative  explanations  of  behaviour 
could  be  found  without  progressive  failure  being  a  critical 
element.  The  search  for  first-time  slides  which  could 
definitely  be  attributed  to  progressive  failure  was 
intensified.  James  (1970)  examined  more  than  50  slope 
failures,  and  could  not  find  evidence  for  progressive 
failure.  However,  his  studies  conclusively  demonstrated  the 
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following  points: 

1.  Delayed  failure  processes  result  in  the  loss  of  any 
cohesive  strength  component  in  the  field,  while  peak 

-  frictional  strength  is  maintained; 

2.  Very  large  displacements  in  first-time  slides  are 
required  to  develop  residual  strength  by  the 
progressive  failure  mechanism; 

3.  Delayed  failure  processes  and  activation  of 
presheared  surfaces  are  sufficient  to  explain  the 
range  of  slope  behaviour  observed. 

Progressive  failure  in  overconsolidated  clays  and  clay 
shale  slopes  has  not  been  substantiated  by  field  experience 
to  date.  Delayed  failure,  particularly  softening  of  the 
cohesive  strength  component  and  pore  pressure  equilibration, 
has  been  quite  well  documented.  Morgens  tern  (1977)  discussed 
the  state-of-the-art  for  these  failure  conditions  at  some 
length,  and  drew  attention  to  three  basic  concerns  for 

further  research  work. 

\ 

Firstly ,  geological  conditions  in  such  materials 
control  failure  geometry.  Residual  strength  is  much  more 
rapidly  attained  by  shear  along  bedding  than  across  it. 
Geological  factors  associated  with  the  stress  history  of 
many  materials  virtually  assure  the  development  of  insitu 
pre-shearing  along  bedding  planes  irrespective  of  whether 
any  slip  failures  develop. 

Secondly,  delayed  failure  processes  are  difficult  to 
separate  from  the  progressive  failure  mechanism.  This  means 
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that  exceptionally  careful  and  complete  investigation  is 
required  of  any  field  record  which  suggests  progressive 
failure  of  a  first-time  slide. 

Th.irdly ,  residual  strength  in  the  field  is  only 
obtained  after  sufficient  straining  has  developed  along 
thin,  localized  shearzones.  Analytical  treatment  of  the 
progressive  failure  problem  thus  requires  careful  attention 
to  the  geometrical  constraints  of  shearzones  as  well  as 
correct  treatment  of  representative  constitutive  behaviour. 

The  above  discussion  is  specific  to  slope  behaviour  in 
overconsolidated  clays  or  clay  shales,  where  indeed  most  of 
the  engineering  concerns  regarding  progressive  failure  are 
centred.  However,  progressive  failure  mechanisms  may  develop 
in  any  dense-structured  material  which  is  subjected  to 
nonuniform  strain  development  once  peak  strength  is 
attained.  Such  situations  commonly  are  found  in  laboratory 
testing  beyond  peak  strength,  where  an  overall  stress-strain 
response  is  recorded  even  though  nonuniform  straining 
("shear  planes")  are  observed  to  evolve  (for  example 
Cornforth,  1964).  When  combined  with  the  path-dependency  of 
stress-strain  response,  progressive  failure  is  difficult  or 
impossible  to  isolate  and  measure.  Bearing  capacity  problems 
and  underground  excavations  are  other  areas  where 
progressive  failure  can  be  expected  to  develop  if  material 
properties  are  suitable.  These  matters  can  not  be  discussed 
in  this  thesis.  However  it  is  pertinent  to  state  that,  as 
for  slope  stability  behaviour,  geotechnical  design  and 
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construction  economies  are  available  in  such  areas  if 
suitable  understanding  of  the  progressive  failure  process 
can  be  developed  and  analysed. 


1.2  DEFINITIONS  OF  SHEARZONE  YIELDING  BEHAVIOUR 

The  term  shearzone  will  be  used  to  refer  to  the 
physical  zone  where  localized  post -peak  yielding  occurs.  In 
analytical  models  of  such  processes,  the  model  shearzone 
will  be  referred  to  as  a  shearband  .  These  terms  have  been 
used  somewhat  interchangeably  in  the  past,  but  there  are 
conveniences  in  adhering  to  the  above  distinctions  here. 
Physically  the  shearzone  may  be  a  complex  set  of  structures 
on  various  scales,  of  great  point-to-point  variations.  The 
processes  operating  in  such  a  shearzone  are  intended  to  be 
encapsulated  in  a  shearband  by  appropriate  constitutive 
1  aws . 

Yielding  refers  to  processes  such  as  particle  crushing 
or  reorientation,  fracture,  frictional  slip,  and  so  on  which 
are  not  reversible  upon  removal  of  the  causative  forces. 

This  is  distinct  from  elastic  behaviour,  which  may  or  may 
not  accompany  yielding  and  which  will  be  significant  or 
insignificant  depending  on  particular  circumstances. 

Weakening  and  strengthen i ng  refer  to  modifications  to 
the  current  available  strength  as  a  function  of 
mi cros t ructur a  1  changes  brought  about  by  yielding. 
Strain-weakening  thus  describes  the  strength-envelope 
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reduction  from  peak  to  residual  conditions,  and  necessarily 
takes  place  in  the  post-peak  yield  regime.  Strain- 
strengthening  typically  develops  during  drained  yielding  of 
normally  consolidated  clays  or  initially  loose  sands.  In 
each  case  strain  is  the  most  convenient  measure  of  yielding 
since  it  avoids  non-uniqueness  associated  with  weakening  of 
strength  in  particular. 

It  is  important  to  note  the  reservation  of  the  terms 
weakening  and  strengthening  in  relation  to  the  description 
of  material  strength.  On  the  other  hand,  softening  and 
stiffening  refer  to  the  loading  and  unloading  stress- 
deformation  characteristics.  Historically,  strain-weakening 
has  usually  been  referred  to  as  strain-softening,  but  it  is 
more  rational  now  to  use  a  terminology  which  distinguishes 
the  processes  involved.  Figure  1.1  i s  an  illustration  of  the 
meaning  of  all  of  the  above  terms  in  context. 

As  a  comment,  "softening"  has  become  associated  with 
the  time-dependent  reduction  of  peak  cohesive  strength  in 
the  field.  This  is  out-of-step  with  the  above  notions,  but 
for  historical  reasons  must  now  be  accepted  into  the 
geotechnical  terminology  even  as  residual  strength  has  been. 

The  inception  of  localized  shear  yielding  is  a  most 
complex  issue.  Needless  to  say,  the  simplistic  Mohr-Coulomb 
rupture  surfaces  which  can  be  predicted  at  peak  strength  are 
far  from  a  complete  description  of  the  yielding  process. 
However  they  do  have  significance  for  the  evolution  of  a 
shearzone,  as  will  be  discussed  in  Chapter  2.  Some  elegant 
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Strain  -  Strengthening  Strain  -  Weakening 

( I  )  Stiffening  of  Modulus 
(2)  Softening  of  Modulus 


peak  strength 


FIGURE  I.  I  IDEALIZED  STRESS  DEFORMATION 

AND  STRENGTH  RESPONSE 
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research  has  been  conducted  into  the  prediction  of  inception 
as  a  bifurcation  solution  of  the  equilibrium  conditions. 

This  demands  complicated  and  extensive  mathematical 
treatment  and  has  not  matured  to  the  stage  of  practical 
utilization  at  the  time  of  writing.  A  review  of  some 
concepts  of  the  bifurcation  approach  is  also  provided  in 
Chapter  2. 

Fortunately,  geological  conditions  greatly  simplify  the 
understanding  of  inception  in  the  field.  Natural  materials 
are  invariably  anisotropic  on  account  of  depositional 
conditions  and  stress  history.  Preferred  particle 
orientation  thus  controls  inception,  along  microstructural 
zones  of  weakness.  This  is  the  reason  for  observations  that 
residual  strength  is  obtained  parallel  to  bedding  planes 
with  least  straining  (James,  1970;  and  others;  see 
Morgenstern,  1977).  It  will  be  shown  in  Chapter  2  that 
preferred  particle  orientation  is  developed  by  stress 
changes  of  any  nature.  For  the  inception  of  shearzone 
yielding,  it  can  be  tentatively  concluded  that  first 
development  will  occur  parallel  to  bedding.  Subsequent 
straining  and  tension  cracking  (delayed  failure  processes 
contributing  as  well)  may  eventually  lead  to  shearzones 
across  bedding,  as  with  the  maturing  of  a  slope  failure  in 
overconsol idated  clay. 

It  naturally  follows  that  the  propagation  of  shearzones 
be  examined.  Again,  geological  and  environmental  factors  in 
nature  favour  controls  such  as  bedding  orientation  and 


material  inhomogeneity.  However,  shearzones  which  propagate 
under  laboratory  test  conditions  are  most  probably 
controlled  by  the  Kinematic  constraints  of  the  test.  As  will 
be  shown  in  Chapters  2  and  3,  control  under  these  conditions 
is  undoubtedly  exercised  by  other  factors  besides 
mi crostructura 1  fabric,  and  these  are  not  amenable  to  simple 
analysis.  Therefore,  the  direction  of  shearzone  propagation 
in  field  problems  can  be  more  conveniently  analysed  than 
that  for  the  shearzones  which  evolve  in  laboratory  testing. 
In  this  respect,  though,  the  direct  shear  test  is  of  great 
value  since  it  constrains  the  direction  of  shearzone  growth 
and  hence  enables  the  effects  of  geological  controls  to  be 
evaluated  with  considerable  insight. 

Finally,  the  constitutive  laws  which  bridge  the  gap 
from  shearzone  to  analytical  shearband  must  be  noted.  The 
concepts  of  mi crostructura 1  control  have  already  been 
introduced,  and  it  may  be  concluded  that  whatever  laws  are 
used  in  a  model  must  reflect  the  mi crostructura 1  influences 
at  play.  In  this  respect  the  direct  shear  test  loses  its 
value  because  parameters  for  constitutive  laws  cannot  be 
determined.  Generally  speaking,  it  is  impossible  to  evaluate 
all  the  required  microstructural  parameters  from  any  test. 
Therefore  (conveniently)  it  is  best  to  adopt  an  "averaging" 
approach,  applying  to  the  shearband  a  simple,  appropriate 
law  or  laws  which  respect  above  all  else  the  mi crostructura 1 
behaviour  expected. 
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1.3  AIMS  OF  RESEARCH  PROGRAM 

The  basic  aim  was  to  develop  analytical  procedures  for 
predicting  deformation  response  of  soil  (or  rock)  masses 
which  are  influenced  by  shearzone  yielding  and  strain 
weakening.  The  basic  tools  are  one -dimensional  yield  models 
and  two-dimensional  finite  element  analysis.  The  former  case 
treats  the  shearband  as  a  displacement  discontinuity  whereas 
the  latter  employs  a  suitable  thin  element,  with 
displacement  compatibilities  along  its  boundary  but 
considerable  freedom  for  strain  discontinuities. 

Necessary  steps  in  developing  these  procedures  included 
development  of  suitable  constitutive  laws  in  a  form  amenable 
to  economical  numerical  analysis.  Following  are  the  steps 
necessary  to  achieve  this  goal: 

1.  An  examination  and  assessment  of  the  mi crostructura 1 
processes  in  shearzones; 

2.  Assessment  of  available  treatments  of  the  inception 
of  yielding  and  shearzone  response; 

3.  Assessment  of  shearzone  propagation  and  development 
of  yielding  processes; 

4.  A  statement  of  the  features  necessary  if  the 
modelling  procedure  is  to  be  adequate. 

These  steps  are  discussed  in  Chapter  2,  or  (if  more 
appropriate)  Chapter  3. 

Discussion  of  the  one-dimensional  analytical  models  and 
the  two-dimensional  constitutive  laws  is  provided  in  Chapter 
3,  while  in  Chapter  4  the  development  of  suitable 
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computational  procedures  for  finite  element  analysis  is 
presented . 

Any  new  analytical  procedures  have  to  be  evaluated 
under  s-imple  conditions.  Ideally,  comparison  with 
closed-form  analytic  solutions  is  a  necessary  step  in  this 
process,  but  it  is  not  generally  possible  when  significant 
nonlinearities  are  invoked.  In  Chapter  5,  the  behaviour  of 
the  computational  models  is  discussed. 

Two  case  histories  were  examined  using  the  analytical 
procedures  available.  The  interpretation  of  shearzone 
propagation  in  response  to  excavation  of  a  steep  slope  is 
examined  in  Chapter  6.  This  has  been  discussed  as  an  example 
of  a  progressive  failure  mechanism  (Bur  land  et.al.  1977)  but 
the  analysis  presented  suggests  that  only  residual  strength 
was  developed  along  bedding  surfaces  in  the  field.  The 
behaviour  of  shearzones  in  the  foundation  of  Gardiner  Dam 
( Jaspar  and  Peters,  1979)  is  evaluated  in  Chapter  7,  as  an 
illustration  of  the  interactions  that  develop  between  a 
structure  and  a  zone  of  localized  yielding. 

The  question  of  progressive  failure  remains  elusive. 
While  the  analytical  tools  developed  should  prove  to  be 
valuable  in  further  research  or  in  practical  design 
problems,  they  do  not  address  the  interactions  of  delayed 
failure  processes  with  the  progressive  failure  mechanism. 
Likewise,  there  is  still  a  lack  of  field  experience  proving 
that  progressive  failure  can  develop  in  first-time  slope 
failures  in  overconsolidated  clay  or  clay  shale.  These 
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matters,  and  some  suggested  avenues  of  research  into  other 
materials  and  problems  are  discussed  in  Chapter  8. 


2.  A  MECHANISTIC  VIEW  OF  SHEARZONE  YIELDING 


The  central  theme  of  this  thesis  concerns  the 
relationship  between  the  deforming  structural  components  of 
a  shearzone  and  the  constitutive  description  of  the  yielding 
process.  Certain  common  features  of  shearzone  response  for  a 
wide  variety  of  natural  materials  and  structural  scales  are 
noted.  Many  of  the  more  subtle  but  nevertheless  important 
aspects  of  detailed  response  of  a  given  material  at  a  given 
scale  are  deliberately  set  aside,  in  order  to  reach  workable 
conclusions  for  the  modelling  of  shearzone  yielding. 

Of  paramount  interest  are  the  common  physical  features 
of  localized  yielding  in  different  materials,  at  different 
scales  and  at  successive  stages  of  the  yielding  process.  The 
observations  of  a  number  of  researchers  are  summarized  and  a 
working  hypothesis  of  mi cros tructura 1  control  of  the 
yielding  process  is  developed.  (In  this  context 
"mi crostructura 1”  refers  to  structure  within  the  shearzone, 
whatever  physical  scale  this  happens  to  represent.) 

Certain  aspects  of  applied  mechanics  are  potentially 
important  to  the  consideration  of  localized  shearing. 
Treatments  which  specifically  recognize  shearband  behaviour 
are  examined  in  order  to  extract  concepts  useful  for  this 
research.  Unfortunately,  most  of  this  subject  matter  is  not 
yet  developed  to  the  stage  of  practical  implementation. 
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This  thesis  is  by  no  means  the  first  attempt  to  deal 
with  the  mechanics  of  progressive  failure.  Other  work  on  the 
subject,  and  particularly  that  dealing  with  the  modelling  of 
post-peak  yielding,  is  presented  and  discussed. 

Finally,  the  mechanistic  approach  is  summarized  in  its 
component  aspects,  and  the  direction  of  this  research 
program  is  defined. 


2.1  PHYSICAL  VIEWPOINT 

The  character  of  a  typical  strain-weakening  material 
response  was  shown  on  Figure  1.1.  Three  important  phases  of 
successive  deformation  may  be  identified  from  this  figure: 

1.  Prepeak  response, 

2.  Postpeak  strength  modifications,  and 

3.  Residual  or  steady-state  deformation. 

In  each  case  the  following  discussion  is  conveniently 
separated  into  the  behaviour  of  unbonded  granular  aggregates 
and  the  extra  complications  of  cohesive  material.  "Cohesion" 
may  be  a  physical  reality,  as  for  i ntergranu 1 ar  bonding  of 
rock  grains,  or  an  apparent  effect  due  to  certain 
characteristics  of  fine-grained  soils. 

Prepeak  Response,  Granular  Material: 

Theoretical  arguments  (Horne,  1965)  and  experimental 
observation  (Oda,  1972  a,b,c)  clarify  and  confirm  the  basic 
hypotheses  of  Rowe  (1962)  concerning  an  incremental  sliding 
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between  favourably  oriented  groups  of  particles.  If 
appreciable  grai n- to-grai n  crushing,  or  intergranular  and 
i ntragranu 1 ar  elastoplastic  processes  take  place,  the 
relationship  becomes  more  approximate  (Rowe,  1972).  Slip 
increments  between  any  two  groups  may  be  quite  small  before 
other,  more  f avourably-arranged  groups  assume  the  next 
movement  increment.  Oda  was  able  to  determine  physically 
that  the  particles  themselves  undergo  insignificant 
rotations,  rather  it  is  the  orientation  of  the  interparticle 
contact  surfaces  which  is  adjusted  during  the  slippage 
process.  Horne  concluded  that 

"...particle  rotations  do  not  appear  to  constitute 
an  important  feature  of  the  total  deformation  state 
at  stresses  below  the  peak  stress  ratio." 

The  agreement  between  these  two  distinct  approaches  is  quite 
remarkable . 

Oda  (1972b)  examined  the  fabric  change  mechanism  in 
detail  by  comparing  the  response  of  two  otherwise  identical 
samples,  prepared  by  tapping  and  by  plunging  respectively. 
Tapping  during  sedimentation  resulted  in  a  greater  degree  of 
particle  preferred  orientation.  The  initial  fabric, 
character i sed  by  particle  shape,  grading,  and  compaction 
method,  was  subjected  to  deviatoric  stress  increments.  This 
caused  preferred  orientation  of  grai n-to-grai n  contact 
surface  orientations ,  perpend icul ar  to  the  direction  of 
greatest  compressive  principal  stress.  It  can  therefore  be 
concluded  that  the  primary  component  of  prepeak  fabric 
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change  is  the  development  of  a  highly  anisotropic  grain 
contact  fabric  .  Peak  sustainable  deviatoric  stress  is 
reached  when  the  maximum  possible  fabric  orientation  has 
been  developed.  Concurrently,  the  maximum  possible  friction 
angle  is  maintained  between  particles.  Further  fabric 
deformation  must  then  involve  gross  particle  slippage  and 
reorientation,  on  a  more  individual  particle  basis. 

Further  evidence  for  the  grain-contact  mechanisms  was 
provided  by  Oda  and  Konishi  ( 1974a, b)  for  simple  shear 
tests.  In  this  case,  principal  stress  axis  rotation  is 
enforced.  The  same  incremental  reorientation  of  contact 
surfaces,  by  minor  slips  of  particle  groups,  was  observed. 

The  deformation  behaviour  of  such  assemblies  can  be 
approximated  to  some  degree  by  elastic  theory.  This  usually 
results  in  an  adequate  choice  of  deformation  modulus  (for 
example,  Young's  modulus)  but  an  inadequate  value  of  a 
complementary  modulus  (as  given,  for  example,  by  the  use  of 

Poisson's  ratio).  This  is  because  the  dilatancy  rates  which 

\ 

develop  in  denser  particle  packings  violate  the  assumptions 
of  linear  isotropic  elastic  theory.  The  prepeak  deformations 
are  generally  small,  particularly  in  denser  packings,  hence 
the  elastic  simplifications  are  usually  adequate  for 
practical  purposes  unless  significant  volumes  of  material 
are  strained  close  to  their  peak  strength. 


Prepeak  Response,  Cohesive  Material: 
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A  distinction  has  to  be  made  between  interparticle 
bonding,  as  in  a  typical  rock,  and  apparent  cohesion  of  a 
fine-grained  soil  mass.  The  latter  behaves  as  an  unbonded 
aggregate  if  allowance  is  made  for  interpart icle 
electrochemical  forces  which  may  be  significant. 

In  bonded  materials,  a  certain  element  of  true  elastic 
behaviour  can  be  sustained  until  the  point  is  reached  where 
bond  fracture  commences  (Bieniawski,  1967).  Further  . 
deviatoric  stress  increases  can  be  tolerated  during  a  phase 
of  stable  microcrack  growth.  At  peak  strength,  microcrack 
growth  becomes  unstable  and  further  deformations  result  in 
larger-scale  coalescence  of  fractures,  This  process  has  been 
observed  experimentally  in  a  variety  of  materials  (Peng  and 
Johnson,  1972,  in  granite;  Sangha  et.al.  1974,  in  sandstone; 
Tapponnier  and  Brace,  1976,  in  granite).  Associated  with 
mi crof r acture  growth  is  the  onset  of  dilatant  volume 
changes,  which  were  earlier  thought  to  be  a  result  of  shear 
displacements  and  propping  along  the  crack  faces  but  are  now 
recognized  as  non -recover able  crack  face  separations.  The 
prepeak  fracture  field  is  oriented  with  the  fracture 
elongation  direction  parallel  to  the  maximum  compressive 
principal  stress. 

Deformation  behaviour  in  such  materials  typically 
requires  very  small  strains  to  attain  peak  strength.  Thus, 
elastic  deformation  moduli  can  conveniently  be  used  to  model 
this  aspect  of  response.  However,  the  growth  of  microcracks 
typically  results  in  significant  dilatancy,  even  into  the 
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more  ductile  stress  ranges  (Edmond  and  Paterson,  1972)  and 
the  linear  isotropic  elastic  Poisson's  ratio  cannot  be  used 
as  a  suitable  model.  Because  the  strains  involved  are  small, 
practic-al  disadvantages  of  prepeak  elastic  assumptions  are 
unlikely  to  be  significant. 

In  fine-grained  soils  ,  response  is  similar  to  that  in 
granular  soils  except  that  individual  particles  are  less 
likely  to  respond  than  "packets"  of  particles.  The  prepeak 
deformation  phase  is  characterized  by  development  of 
crenulations  and  kink-band  structures  (Tchalenko,  1968; 
Maltman,  1977).  Much  the  same  conclusions  arise:  peak 
strength  occurs  where  the  maximum  sustainable  fabric 
re-orientation  is  developed,  without  gross  rearrangement  of 
particle  "packets".  Again,  the  deformation  behaviour 
consists  of  generally  small  strains  with  dilatancy 
developing  to  its  maximum  extent  at  peak  strength.  The 
primary  dilatant  mechanism  is  the  volume  increase  associated 
with  particle-packet  rotation  to  form  the  kink  bands  or 
crenulations.  Typically,  much  larger  strains  are  involved 
than  for  rock  mi crof r acture . 

These  mechanisms  refer  to  drained  conditions,  where  all 
of  the  external  stress  is  carried  by  the  particulate 
skeleton.  In  undrained  conditions,  the  tendency  to  dilate  is 
inhibited  by  pore  fluid  pressure  drops  and  skeletal  stress 
increase,  and  the  overall  strength  may  be  significantly 
increased.  Evidence  exists  for  other  mechanisms  such  as 
tensile  fracturing  or  hydrof ractur i ng  in  unbonded  fine 
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grained  soils  (Sibson,  1981)  as  a  cause  of  fabric  dilatancy. 
In  such  cases,  the  fabric  evolution  closely  parallels  that 
for  bonded  materials. 

Prepeak  Response  Summary: 

In  all  materials,  the  character i st i c  of  prepeak 
response  is  statistically  homogeneous  deformation  with  low 
overall  strains.  The  microfabric  mechanisms  all  involve 
structural  adjustments  to  align  interpart icle  contact 
surfaces  predominantly  perpendicu 1 ar  to  the  maximum 
compression.  Full  development  requires  significant 
volumetric  expansion  (dilatancy)  of  dense-structured 
materials.  (This  is  the  most  suitable  definition  for  a 
dense-structured  material).  Figure  2.1  shows  typical  prepeak 
behaviour  for  the  materials  described  above.  The  most 
interesting  aspects  of  mi cros tructura 1  control  are  the 
stress- i nduced  anisotropy  which  results,  and  the  apparent 
coincidence  of  maximum  dilatancy  rate  with  peak  strength.  A 
qualitative  assessment  of  the  effects  of  principal  stress 
rotation,  different  stress  paths  to  failure,  influence  of 
intermediate  principal  stress  and  so  on  can  be  made  in  terms 
of  mi crostructure  behaviour.  For  example,  plane  strain 
deformation  is  the  most  kinematically  restrictive  for  the 
microfabric.  Hence,  stiffness  and  strength  should  be  higher 
than  for  conventional  triaxial  tests  under  the  same  stress 


condi t ions . 
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Contact  Surface 

Kink  Banding 

Axial 

Orientation 

Crenulation 

Microfracturing 

Reorientation  of 

interparticle  contact  force  orientations  so  as  to 


transmit  maximum  compression  as  directly  as  possible 


Shear  Strain 


Shear  Strain 


FIGURE  2.1  PREPEAK  MICROSTRUCTURE  AND 
RESPONSE  CHARACTERISTICS 
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Postpeak  Response,  Granular  Material: 

Further  straining  of  the  peak  microfabric  can  only  take 
place  with  significant  intergranular  slip  and  reor ientat ion , 
since  the  (statistically)  maximum  sustainable  contact  shear 
forces  have  been  attained.  The  mean  orientation  of  the 
contact  planes  is  preserved  in  relation  to  the  principal 
compression,  but  the  dilating,  slipping  fabric  results  in 
statistically  fewer  contacts  and  hence  lower  sustainable 
stress.  This  is  the  primary  cause  of  postpeak  strain 
weakening.  Oda  (1972a)  was  able  to  show  clearly  that 
triaxial  test  samples  deformed  towards  a  unique  microfabric 
in  the  zone  of  postpeak  weakening.  This  may  be  compared  with 
Taylor's  (1948)  inference  of  a  unique  ultimate  condition  he 
called  the  critical  void  ratio  . 

Unfortunately,  the  postpeak  structural  processes  are 
extremely  sensitive  to  displacement  conditions.  Grains  near 
the  boundaries  of  laboratory  test  specimens  are  easily 
restricted  in  movement  by  restraints  of  friction  or 
different  stiffness  at  the  contact  with  other  materials.  For 
an  unloading  system  undergoing  monotonic  strain,  it  has  been 
shown  ( Vardoulaki s  et.al.  1978)  that  the  equilibrium  of  the 
overall  deforming  system  may  be  met  by  alternative  internal 
mechanisms.  Very  careful  attention  to  removal  of  boundary 
restraints  may  permit  homogeneous  weakening,  but  localized 
weakening  and  a  heterogeneous  sample  mechanism  is  more 
realistic.  Oda  (1972a, b,c)  and  Oda  et.al.  (1978)  were  able 
to  demonstrate  this  clearly. 
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Mandl  et.al.  (1977)  conducted  a  thorough  study  of 
postpeak  shearzones  in  granular  materials  using  a  specially 
constructed  ring  shear  apparatus.  This  permitted  physical 
examination  of  shearzone  evolution  as  well  as  continuous 
monitoring  of  stress  conditions  both  inside  and  outside  the 
zone.  Dilatancy  could  only  be  suppressed  at  very  high  stress 
levels,  with  severe  grain  crushing  as  a  consequence  of 
shearing.  In  common  with  Oda  (1972a)  they  observed  no 
shearzone  development  until  after  peak  strength  had  been 
achieved.  (Again  on  theoretical  grounds,  Horne  (1965)  was 
also  able  to  justify  why  shearzone  development  could  not 
proceed  until  after  peak  strength  was  mobilized). 

Evolution  of  the  granular  shearzones  was  described  in 
considerable  detai 1 ,  and  the  structure  of  the  postpeak 
shearzones  in  the  ring  shear  tests  was  clarified  in  two 
ways.  Direct  observations  showed  principal  shear  surfaces 
along  the  boundaries.  Within  the  shearzone,  and  in  some 
cases  extending  into  the  unyielded  material  on  either  side, 
were  en  echelon  shear  surfaces  inclined  at  approximately 
to  the  principal  shear  directions,  where  ft  was  the 
currently  available  frictional  strength.  The  material  within 
the  shearband  dilated,  reaching  a  cons  tan t -vol ume  condition 
only  after  large  shear  displacements  had  occurred.  During 
this  dilation,  there  was  some  adjustment  of  the  minor  slip 
surfaces  to  maintain  angles  of  approximately  with  the 
principal  shear  direction.  Stress  orientation  measurements 
enabled  the  principal  shear  surfaces  to  be  identified  as 
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directions  of  maximum  shear  stress,  while  the  minor  shears 
corresponded  closely  with  Mohr-Coulomb  rupture  orientations. 
The  granular  shearzone  microstructural  interpretation  is 
shown  in  Figure  2.2.  Response  of  individual  grains  was  not 
closely  documented,  except  for  recording  the  severe 
cataclasis  which  accompanied  suppression  of  dilation.  Grain 
sizes  were  between  0.1mm  and  2.0mm  and  shearband  thickness 
grew  during  dilatant  shearing  to  a  maximum  thickness  between 
8mm  and  20mm.  Thus,  shearzones  approximately  20  to  50  times 
thicker  than  average  particle  size  were  observed.  By 
comparison,  Bridgwater  (1980)  used  stochastic  mechanics  to 
predict  a  minimum  shearzone  thickness  of  10  particle 
di ameters . 

Postpeak  Response,  Cohesive  Material: 

Tchalenko  (1970)  summarized  the  microfabrics  of 
shearzones  over  a  large  range  of  scales,  from  micrometres 
(individual  shears  within  a  direct  shear  test  shearzone)  to 
tens  of  metres  (surface  expression  of  regional  strike-slip 
faulting).  The  similarities  are  strikingly  obvious.  Three 
stages  of  evolution  of  the  microfabrics  were  recognized.  The 
first  stage,  coincident  with  peak  strength  deve lopement , 
consists  of  preferred  orientations  of  particle  "packets  and 
an  incipient  set  of  Riedel  and  conjugate  Riedel  shears,  as 
defined  in  Figure  2.3.  It  is  important  to  note  that 
localized  shearing,  a  consequence  of  the  deformation  of  this 
shear  structure,  does  not  develop  until  peak  strength  is 
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Character  of  Overall  Shearzone  depends  upon  : 

( I  )  Dilatancy  Allowed  :  (  Grain  Overriding  ) 

Migration  of  fines  under  gravity  or  pore  fluid  transport  ; 
Principal  Displacement  Shears  formed  in  zone  of 
accumulated  fines  ,  at  either  margin  of  Shearzone. 

(2)  Dilatancy  Suppressed  :  (  Cataclasis  ) 

Fines  accumulate  in  centre  of  shearzone  ,  with  active 
crushing  of  margins  ;  then  Principal  Displacement 
Shears  develop  in  central  fine-grained  zone. 


FIGURE  2.2  POSTPEAK  GRANULAR  SHEARZONE 

CHARACTERISTICS  (offer  Mondl  et.  ol.  1977) 
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Overall 

Shearzone 
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Composite  View  of  Cohesive  Microstructures: 


Component 

S,  Compression  Texture 

R  Riedel  Shear 

R1  Conjugate  Riedel  Shear 

P  Thrust  Shears 

D  Principal  Displacement 

Shears 

All  microstructural  shears  have  internal 


Deformation  Stage 

Grain  axis  perpendicular  to 
maximum  compression  .  Starts  as 
limb  of  kink- band  prior  to 
peak  strength 

Appears  at  peak  strength  as 
a  modification  of  kink-band  limb 

Subdued  relative  to  R ,  appears 
at  peak 

Appears  after  peak  as 
microstructure  deforms 

Appears  at  shearzone  margins 
as  residual  strength  is  approached 

shear  fabric  like  D 


FIGURE  2.3  POSTPEAK  COHESIVE  SHEARZONE  CHARACTERISTICS 

(offer  Tcholenko,  1968) 
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attained.  ( Morgens  tern  and  Tchalenko,  1967a,  did  find 
however  that  the  influence  of  boundary  conditions  in  the 
direct  shear  test  induced  "edge  structure"  shears  prior  to 
peak).  The  shear  lenses  formed  by  Riedel  shears  are  not 
conducive  to  large-scale  fabric  deformation,  and  other 
structures  are  produced  when  postpeak  deformations  increase. 
Most  obvious  are  the  thrust  shears  of  the  second,  postpeak 
stage  of  shearzone  evolution.  Tchalenko  (1968)  showed  how 
these  conjugate  shears  developed  from  the  prepeak  kinkband 
structures.  The  "compression  texture",  of  oriented  particle 
packets  within  the  shear  lenses,  remained  with  long  axes 
essentially  perpendicular'  to  the  maximum  compression.  The 
microstructural  stress  distribution  during  this  phase  is 
exceedingly  complex  but  can  be  overlooked.  However,  the 
overall  effect  is  to  maintain  planes  of  maximum  average 
shear  stress  parallel  to  the  shearing  direction,  in  complete 
accordance  with  the  observations  for  granular  shearzones 
described  above.  As  might  be  expected,  the  dilatancy  rate 
for  the  shearzone  is  a  maximum  at  peak  strength  conditions, 
where  the  shear  lenses  are  in  a  state  of  maximum  potential 
movement.  There  is  a  close  agreement  of  microstructural 
processes,  for  materials  of  different  grain  size  and  for  a 
shearzone  scale  range  of  several  orders  of  magnitude.  The 
third  stage,  residual  structure,  is  described  separately 
below. 

For  bonded  mater ial s ,  other  complicating  factors  arise. 
Bond  failure  may  arise  from  stress  corrosion,  dislocation 
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migration,  or  other  weathering  effects  in  addition  to  local 
stress  and  temperature  regimes.  The  axial  splitting 
mechanism  may  be  continued  after  peak  strength,  but 
inclined,  throughgoing  shear  fractures  are  more  commonly 
observed.  Opinion  varies  as  to  reasons  for  development  of 
the  shear  fractures,  most  likely  they  are  a  response  to 
boundary  restraint  conditions  and  the  postpeak  stiffness  of 
the  loading  system  (Bieniawski  et.al.  1969).  It  is  probable 
that  different  microstructural  histories,  which  evolve  from 
the  axial  splitting  mechanism  under  different  loading  and 
displacement  conditions,  may  result  in  different  postpeak 
microfabrics  and  hence,  different  ultimate  strength 
characteristics  (Krahn  and  Morgens  tern ,  1979).  A  particulate 
shearzone  is  eventually  formed  if  shear  deformations 
localize,  the  infilling  material  usually  being  referred  to 
as  "gouge".  Behaviour  of  the  gouge/bonded  system  is 
dependent  on  the  stiffness  of  the  overall  loading  system 
(Jaeger  and  Gay,  1974;  Byerlee  and  Summers,  1976).  Of 
particular  interest,  postpeak  microstructural  processes  in 
gouge  were  observed  directly  by  Byerlee  et.al.  (1978). 
Stick-slip  behaviour  was  more  noticeable  at  higher  confining 
pressures ,  and  was  caused  by  episodic  slip  on  component 
Riedel  shears  within  the  overall  mi crostructur a  1  assembly  of 
the  shearzone.  In  summary,  the  bonded  materials  undergo  much 
more  substantial  postpeak  microfabric  changes  than  do 
originally  particulate  materials.  This  leads  to  some 
nonuniqueness  of  the  ultimate  shearzone  characteristics,  but 
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if  essentially  particulate  gouge  is  formed,  the  general 
conclusions  for  shearzones  in  granular  or  cohesive  soils 
still  app 1 y . 

Postpeak  Response  Summary: 

In  the  majority  of  materials,  postpeak  strain  weakening 
is  accompanied  by  the  development  of  heterogeneous 
deformation  in  shearzones  (Cornforth,  1964;  Lee,  1970).  This 
may  be  as  much  a  response  to  the  deformation  and  loading 
conditions  as  to  inherent  microfabric  characteristics,  and 
in  bonded  materials  gives  rise  to  nonunique  ultimate 
conditions.  The  mi crostructure  of  the  shearzones,  however, 
consists  of  shear  surfaces  inclined  to  the  overall  direction 
of  shearing.  As  slippage  takes  place  on  these,  other  shear 
surfaces  are  forced  to  develop  and  eventually  principal 
displacement  surfaces  are  formed  along  the  shearzone 
boundaries.  Within  the  shearzones,  a  compression  texture  is 
developed  with  interparticle  contact  surfaces  inclined 
perpendicular  to  the  maximum  compression.  The  principal 
shear  surfaces  are  planes  of  maximum  shear  stress,  not 
Mohr -Coulomb  rupture.  Mi crostructur a  1  evidence  (Tchalenko, 
1970)  indicates  a  unique  fabric  development  in  cohesive 
materials.  Further  evidence  from  plane  strain  tests  (Oda 
et.al.  1978)  suggests  that  granular  soils  are  also  remoulded 
to  a  unique  fabric,  and  this  is  discussed  further  in  Section 


3.4. 
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Ultimate,  Residual,  and  Steady  State  Response: 

Residual  strength  was  established  by  Skempton  (1964)  as 
the  ultimate  strength  which  can  be  mobilized  along 
shearzones.  The  term  "ultimate"  has  a  unique  meaning  for 
particulate  materials,  but  is  not  necessarily  unique  for 
initially  bonded  materials  as  noted  above  (Krahn  and 
Morgenstern,  1979).  For  particulate  material,  residual 
strength  is  primarily  a  function  of  mi nera logi ca 1 
composition  (Kenney,  1967).  This  is  hardly  surprising  in 
light  of  the  unique  microstructural  fabric  of  principal 
displacement  shears  which  are,  in  practical  effect,  discrete 
sliding  surfaces.  Taylor's  (1948)  concept  of  critical  void 
ratio  is  realistic,  for  given  stress  conditions,  because  the 
dilatant  shearzone  evolves  in  the  limit  to  a  condition  of  no 
volume  change. 

Poulos  (1981)  introduced  the  term  steady  state  of 
deformat  ion  to  define,  in  addition  to  the  static  conditions 

of  microstructure  fabric,  the  concept  of  constant  velocity 

\ 

of  deformation  of  that  fabric.  The  steady  state  condition  is 
thus  continuous  deformation  of  a  flow  structure,  consistent 
with  but  not  necessarily  identical  to  a  residual 
microfabric.  While  it  is  a  useful  distinction  for  problems 
involving  flow,  the  steady  state  concept  has  no  further 
relevance  here. 

Tchalenko  (1970)  described  the  evolution  of  postpeak 
microfabric  to  the  residual  condition.  The  major  changes 
were  the  alignment  of  compression  texture  to  the  residual 
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direction  of  maximum  compression,  and  the  dominance  of  the 
principal  displacement  shears,  parallel  to  the  shearing 
direction  as  shown  on  Figure  2.3.  Because  of  strain 
weakening,  the  residual  condition  involves  a  substantial 
realignment  of  the  component  shear  structures.  This  is 
summarized  in  Figure  2.4,  adapted  from  Tchalenko's  work.  The 
same  general  conclusions  were  obtained  from  granular 
shearzones  (Mandl  et.al.  1977). 

2.2  MECHANISTIC  VIEWPOINT 

Obviously  there  are  two  aspects  of  strain  weakening  of 
shearzones  which  have  to  be  accounted  for:  localized 
deformations,  and  postpeak  yielding  behaviour. 

Time -dependent  behaviour  is  an  additional  aspect  beyond  the 
scope  of  this  research. 

Phenomenological  and  mechanistic  viewpoints  may  be 
taken  with  respect  to  localization  and  yielding.  The 
phenomenological  viewpoint  does  not  consider  the  geometrical 
constraints  and  controls  of  the  localization  process,  and 
until  proven  otherwise  (by  application  to  field  problems) 
must  remain  limited  in  its  practical  applicability.  However, 
a  brief  review  of  excellent  phenomenological  models  is 
presented  here  for  completeness. 

The  mechanistic  viewpoint  stresses  both  the  geometrical 
and  constitutive  aspects  of  shearzone  phenomena.  The 
constitutive  aspect  can  be  treated  in  a  phenomenological 


Direct  Shear  Test  :  Microstructure  at  Peak  Condition 


Direct  Shear  Test  :  Microstructure  at  Postpeak  Condition 
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Direct  Shear  Test  :  Microstructure  at  Residual  Condition 


Rose  Diagrams  show  orientations  of  R  and  R1  at  peak  , 

R  and  P  orientations  at  postpeak  ,  and 
R,  P,  and  D  orientations  at  residual 


FIGURE  2.4  EVOLUTION  OF  SHEARZONE  MICROSTRUCTURE 

FOR  COHESIVE  MATERIAL  (after  Tcholenko,  1970) 
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sense,  and  some  useful  examples  are  mentioned.  The 
geometrical  aspect  is  difficult,  but  can  be  treated  in  a 
number  of  ways  which  are  reviewed  below.  Significant 
developments  of  localization  mechanics,  which  recognize  the 
inception  and  development  of  shearzones  with  yielding,  are 
discussed  more  completely  in  Section  2.3. 

Phenomenological  Models: 

No  attempt  is  made  to  deal  physically  with 
mi cros tructura 1  aspects  of  yielding.  A  suitable  "black  box" 
provides  insight  into  the  external  load  deformation  response 
characteristics  by  employing  suitable  elementary  analogues. 
Kovari  (1977  and  1979)  developed  such  models  to  account  for 
observed  strain  weakening  response  of  rock  specimens  under 
laboratory  test  conditions.  Figure  2.5  shows  some  of  the 
elementary  analogues.  "Blocks"  were  constructed  by 
assembling  elementary  analogues  having  continuously  varying 
properties,  allowing  smoothed  response  to  be  obtained. 
Extending  this  approach,  Kaiser  and  Morgenstern  (1981) 
included  aspects  of  time-dependent  deformation  using 
additional  analogue  elements.  They  were  able  to  conclude 
that,  after  failure  initiation,  deformation  behaviour 
depended  on  the  loading  rate.  This  implies  that  crack 
initiation  and  propagation  are  t i me -dependent  processes,  and 
laboratory  test  evidence  supporting  this  view  was  discussed. 


Fracture  Mechanics  Concepts: 
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(Left)  Elastic  and 
Slip  elements  in 
series  forming  a 
Unit ,  and  continuous 
distribution  of  Units 
forming  a  Block 


FIGURE  2.5  PHENOMENOLOGICAL 

BLOCK  MODELS  FOR 
SIMULATING  YIELDING 
AND  WEAKENING 
(after  Kovari,l977ond 

1979) 
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Fracture  Mechanics  deals  with  localized  stress  and 
strain  concentration  points  such  as  crack  tips,  notches, 
dissimilar  or  geometrically  complex  boundaries.  The  basic 
concepts  surround  criteria  for  growth  or  extension  of  flaws, 
which  can  be  expressed  in  terms  of  the  energy  release  rate 
at  the  tips  of  such  flaws.  This  approach  enables  a  locally 
unbounded  stress  field  (for  example,  at  a  crack  tip)  to  be 
studied  in  terms  of  effects  rather  than  quantities  .  The 
introductory  text  of  Lawn  and  Wilshaw  (1975)  is  an  excellent 
guide  to  the  present  state  of  this  subject. 

Three  modes  of  fracture  behaviour  can  be  identified,  as 
shown  in  Figure  2.6.  Any  general  response  is  a  combination 
of  these  modes.  The  effects  of  cracks  are  measured  by  Stress 
Intensity  Factors  which  are  scale-dependent  and  which  can  be 
calculated  for  given  materials,  geometries,  and  loading 
conditions.  Fracture  mechanics  was  originally  developed  in 
an  elastic-perfect ly  brittle  sense.  However,  the  development 
by  Rice  of  the  path- i ndependent  J-Integral  for  measuring  the 
work  of  virtual  crack  extension  has  enabled  general 
application  to  be  made  to  problems  of  el astovi scopl ast ici ty 
(Rice,  1976;  Landes  and  Begley,  1976). 

Fracture  mechanics  has  become  a  mainstay  of  design  for 
fatigue  and  service-life  in  critical  technologies  of  the 
aircraft,  power  turbine,  and  nuclear  industries.  Ever  since 
Griffith's  original  analyses,  fracture  mechanics  has  also 
had  potential  application  to  rock  mechanics.  Mode  I  fracture 
(axial  microcrack  growth)  of  granite  was  studied  by 
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(  in-plane  opening  ) 


(  in -plane  shear  ) 


X 


MODE  HI 

(  out -of  -  plane  shear  ) 


Uniaxial  compression 
of  rock  containing  a 
crack  of  arbitrary 
orientation  (  after 
Ingraffea  ,  1977  ) 


Example  of  Mixed  Mode  I  /  Mode  II  Conditions 


FIGURE  2.6  FRACTURE  MODES,  WITH  APPLICATIONS 

TO  ROCK  MECHANICS. 
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Holzhausen  (1977)  while  Ingraffea  (1977)  studied  mixed  Mode 
I/Mode  II  fracture  of  rock  in  the  laboratory  as  well  as  by 
numerical  analysis.  Ingraffea7 s  work  contains  an  excellent 
description  of  modern  theories  of  crack  development  and 
extension,  and  is  very  clearly  written. 

All  of  the  studies  of  classical  fracture  mechanics 
ignore  significant  interactions  of  the  crack  surfaces.  The 
Mode  II  (in-plane  shear)  mechanism  is,  however,  analogous  to 
a  shearband  if  extra  terms  are  introduced  to  account  for  the 
normal  and  shear  stresses  acting  accross  the  band.  Such 
adaptations  were  made  by  Palmer  and  Rice  (1973)  in  a  study 
of  progressive  failure  conditions  in  an  idealized  slope  cut 
into  overconsolidated  clay.  This  study  is  reviewed  in 
Section  3.1  and  is  applied  to  a  case  history  in  Chapter  6. 

Solutions  for  stress  intensity  factors  have  been 
obtained  for  a  variety  of  simple  loadings  and  geometries 
(Tada  et.al.  1973),  but  closed-form  analytic  solutions  are 
not  generally  feasible.  The  finite  element  method  has  proved 
to  be  a  powerful  tool  for  obtaining  fracture  mechanics 
solutions  by  numerical  means.  Difficulties  which  arise  in 
trying  to  apply  such  techniques  to  shearzone  yield  problems 
lie  not  so  much  with  the  computational  procedures  as  with 
terminology  and  constitutive  descriptions  of  the  yielding 
process.  The  writer  remains  convinced  about  the  potential 
applicability  of  fracture  mechanics  ideas.  However,  the 
J-Integral,  stress  intensity  factors,  and  fracture  toughness 
are  not  concepts  immediately  applicable  to  geotechnical 
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problems,  particularly  in  unbonded  materials  where  the 
existence  of  fracture  is  debatable.  Therefore,  until  such 
time  as  determined  (and  probably  exhaustive)  research 
efforts- bring  fracture  mechanics  concepts  closer  to 
geotechnical  viewpoints,  fracture  mechanics  remains  a 
tempting  but  inapplicable  tool  for  studying  shearzone  yield 
problems . 

Constitutive  Modelling: 

The  widespread  adoption  of  numerical  analysis  in 
geotechnical  engineering  has  spawned  a  tremendous  variety  of 
nonlinear  constitutive  models  capable  of  describing  certain 
features  of  soil  behaviour.  From  a  physical  appreciation  of 
shearing  behaviour,  it  is  important  to  understand  that  no 
tractable  model  can  be  expected  to  cope  with  nonlinearity, 
path  dependency,  anisotropy,  and  natural  statistical 
variability  simultaneously.  What  is  required  for  current 
research  purposes  is  a  tractable  model  of  the  close 
relationship  between  strength  and  shearzone  microfabric 
evolution.  The  Stress-Di 1 atancy  theory  (Rowe,  1962;  Horne, 
1965)  is  satisfactory  for  this  purpose  if  certain  features 
are  exploited  in  a  manner  consistent  with  observed 
behaviour:  this  is  discussed  more  fully  in  Section  3.4. 

Some  other  pertinent  models  are  reviewed  here  for 
completeness.  De  Josselin  de  Jong  (1959)  demonstrated  that 
for  cons t ant - vo 1 ume  yielding,  there  was  an  indefiniteness  in 
the  direction  of  subsequent  plastic  strain  increments.  The 
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same  conditions  were  more  rigorously  examined  by  Mandl  and 
Fernandez  Luque  (1970),  who  also  supported  restricted 
noncoaxiality  of  principal  stress  and  principal  strain 
increments.  The  indefiniteness  has  not  been  resolved  by 
subsequent  research,  so  coaxiality  has  to  be  assumed  until  a 
more  suitable  elaboration  is  established. 

Experiments  with  truly-triaxial  testing  of  sand  have 
provided  some  insight  as  to  the  role  of  intermediate 
principal  stress  and  general  strain  conditions.  Green  and 
Bishop  (1969)  referred  to  the  advantages  of  simple  idealized 
particulate  models  (Parkin,  1964)  for  interpreting 
three-dimensional  stress  and  strain  conditions.  Such  simple 
models  will  be  discussed  below,  for  another  reason.  From 
cubical  triaxial  tests,  Lade  and  Duncan  (1975)  were  able  to 
verify  the  behaviour  of  an  el astopl ast ic  model  for  sand. 

This  was  modified  to  account  for  plastic  all-around 
compression  by  Evgin  and  Eisenstein  (1980)  and  forms  the 
basis  of  a  finite  element  analytical  scheme  (Evgin,  1981). 
Arthur  et.al.  (1977)  discussed  qualitatively  the  performance 
of  a  "double-hardening"  model  which  could  reflect  both 
pre-peak  strengthening  and  post peak  weakening.  Roscoe  and 
Bur  land  (1968)  introduced  a  two-component  plasticity  model 
which  accounted  separately  for  shear  and  volumetric 
yielding,  and  this  was  developed  by  Vermeer  (1980)  into  a 
tool  for  analysis  of  sand  behaviour  to  include  strengthening 
and  weakening  under  static  and  cyclic  load  conditions.  Such 
models  are  complex,  and  beyond  the  scope  of  immediate 
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practical  implementat ion.  They  require  evaluation  of  a  large 
number  of  material  parameters  which  are  not  yet  meaningful 
to  geotechnical  practice. 

Many  el  as  top  last ic  formulations  have  been  developed  to 
include  strain  weakening.  Nayak  and  Zienkiewicz  (1972) 
developed  a  very  general  model  based  upon  classical 
plasticity  theory.  Weakening  was  accomplished  by  using  a 
negative  hardening  modulus.  Prevost  and  Hoeg  (1975) 
discussed  a  similar  model  and  included  a  rigorous 
justification  for  the  violation  of  certain  stability  and 
uniqueness  postulates  (Drucker  and  Prager,  1952).  In  neither 
case  was  general,  practical  implementation  of  the  weakening 
procedures  documented,  and  it  is  concluded  that  a  simpler, 
microstructural -mechanical  approach  may  be  more  fruitful  at 
present . 

Returning  briefly  to  the  subject  of  simple  particulate 
models,  both  Leussink  and  Wittke  (1963)  and  Lee  (1970) 
utilized  an  elastic  prepeak/pl ast ic  postpeak  model  based  on 
regular  packings  of  spheres  to  investigate  the  causes  of 
strength  differences  in  plane  strain  and  conventional 
triaxial  testing.  The  packings  were  assumed  to  undergo  grain 
slip  after  peak  strength  was  developed,  and  the  differences 
in  packing  conditions  and  kinematic  freedom  caused  different 
peak  strength  and  postpeak  weakening  to  develop.  Lee's 
predictions  are  shown  on  Figure  2.7.  It  is  obvious  that,  for 
the  same  initial  packing  and  equivalent  prepeak  elastic 
parameters,  the  plane  strain  test  is  both  stiffer  and 
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stronger.  In  postpeak  conditions,  the  plane  strain  test 
weakens  more  rapidly  and  undergoes  less  overall  dilation. 
Laboratory  tests  validate  the  general  conclusions  regarding 
postpeak  response,  but  laboratory  plane  strain  tests 
indicate  peak  strength  development  at  smaller  strains  than 
for  equivalent  triaxial  test  conditions.  This  suggests  that 
the  prepeak  deformation  parameters  in  these  different  tests 
are  not  elastically  equivalent. 

These  experiments  were  duplicated  by  the  writer  using 
Rowe's  Stress-Di 1 atancy  theory.  It  was  found  that  the 
constant -vo 1 ume  condition  was  obtained  only  after  at  least 
80%  plastic  shear  strain.  Such  large  strains  require 
large-displacement  and/or  large-strain  theory,  as  discussed 
below. 

Physical  Representation  of  Shearzones: 

It  can  be  shown  that  small-strain  sma 1 1 -di sp 1 acement 
mechanics  leads  to  errors  in  strain  terms  of  greater  than  5% 
when  maximum  shear  strains  exceed  about  30%,  so  that 
rigorous  study  of  shearzone  strains  should  logically  require 
finite  strain  theory,  as  described  by  Cobbold  ( 1977a, b). 
Ramsay  and  Graham  (1970)  applied  finite  strain  theory  to 
shearzones  in  rocks,  and  were  able  to  estimate  magnitudes  of 
discrete  shearing  episodes  in  addition  to  all-around 
compression.  Finite-strain  theory  introduces  geometric 
non  1 i near i t i es  into  analysis  and  so  it  was  decided  that  the 
extra  refinement  gained  in  this  manner  would  not  be 
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worthwhile,  given  other  sources  of  error  in  analysis  at  this 
stage . 

Strain  and  displacement  discontinuities  in  soil  were 
rigorously  examined  by  Houlsby  and  Wroth  (1980),  who 
developed  a  classification  for  Kinematic  discontinuities 
under  plane  strain  conditions.  These  range  from  complete 
continuity  to  complete  separation,  as  shown  on  Figure  2.8. 
The  velocity  discontinuity,  type  (c),  is  a  shearband  in  the 
usage  of  this  thesis,  while  a  rupture  line,  type  (d),  is  the 
limiting  case  of  a  shearband  of  zero  thickness.  One 
troublesome  result  of  the  application  of  plasticity  theory 
to  geotechnical  problems  using  classical  mechanics  has  been 
confusion  in  terminologies  among  "stress  characteristics", 
"velocity  character i st ics" ,  "slip  lines",  and  "rupture 
surfaces".  The  view  has  become  widely  held  that  a  velocity 
discontinuity  (shearband)  must  form  along  a  stress 
characteristic  (a  trajectory  line  in  the  stress  field 

indicating  a  yielding  stress  state).  Houlsby  and  Wroth 

\ 

pointed  out  that  this  is  not  necessary,  and  that  inferences 
from  other  research  that  this  must  be  so  are  based  on 
const i tut i ve- 1  aw  limitations  rather  than  geometrical 
relationships.  Considerable  debate  was  also  raised  in  the 
past  over  the  shearbands  having  to  be  lines  of  zero 
extension.  Again,  this  was  shown  to  be  a  consequence  only  of 
const i tut i ve- 1  aw  assumptions. 

Houlsby  and  Wroth  also  discussed  dilatant  shearbands, 
pointing  out  the  limitations  of  the  classical  mechanics 


Coordinate 

System 


45 


— -  x 

Velocities 


APPEARANCE 


CONTINUITY  OF 


CASE 

(  a  )  Continuity 

(  b )  Strain 

Discontinuity 


(c)  Velocity 

Discontinuity 

A  i  0  ,  6—^0 


/  / 


l 

J 

7  1 

t 

-H 

—  A 

u, it,  iu  itr  du 

u.,v\  W 
lx  ’ 


V' ,  ^  it r 

1*  ’ 


( d  )  Rupture 
a  t  b 


V  ,  3tr 

ix 


(e)  Separation 


(nil) 


FIGURE  2.8  KINEMATIC  DISCONTINUITY  CONDITIONS 

(offer  Houlsby  ond  Wroth,  1980) 


46 


approach  by  comparing  real  material  (whose  dilatancy  rate 
varies  as  a  function  of  strain)  with  analytic  model  material 
which  (for  t ractabi 1 i ty )  must  have  a  constant  dilatancy  rate 
of  zero-.  After  considering  possible  effects  of  associated- 
and  and  nonassoci ated-pl ast ici ty  constitutive  laws  on  the 
equilibrium  conditions  across  the  shearband,  they  then 
discovered  that  shearzones  must  have  different  material 
properties.  Outside  the  band,  peak  strength  and  finite 
dilatancy  are  possible.  For  analytic  simplicity,  inside  the 
band  the  strength  should  correspond  to  constant  volume 
shearing  with  zero  dilatancy  rate.  The  unfortunate  aspect  of 
these  studies  is  that  closed-form  analytic  solutions  require 
such  sweeping  simplifications  of  material  model  behaviour. 
The  mi crostructura 1  evolution  of  a  shearzone  during 
weakening  is  profound,  and  in  a  field  problem  even  as  simple 
as  an  idealized  retaining  wall,  generalizations  such  as 
Houlsby  and  Wroth  proposed  are  too  simplistic. 

It  is  concluded  that  numerical  analysis,  recognizing 
the  mi crostructura 1  processes,  is  essential  for  further 
understanding  of  shearband  problems.  The  only  reasonable 
alternative  is  physical  modelling,  which  is  unrealistic  for 
practical  reasons. 
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2.3  LOCALIZATION  MECHANICS 

Specific  attention  is  now  focussed  on  analyses  which 
predict  the  formation  of  localized  yielding.  The  procedure 
followed  is  to  specify  constitutive  response  (if  necessary, 
different  responses  in  different  zones  of  material)  and 
Kinematic  compatibility,  and  to  write  the  full  equations  of 
equilibrium.  It  can  be  demonstrated  that  under  certain 
Kinematic  and  constitutive  conditions,  alternative 
equilibrium  deformation  states  are  possible.  The  conditions 
for  this  bifurcat ion  of  equilibrium  can  be  examined  in  terms 
of  the  material  parameters  specified.  In  simplest  terms,  it 
is  the  negative  incremental  stiffness  of  the  weaKening  zone 
which  governs  this  behaviour.  In  physical  terms,  it  involves 
the  interchange  of  strain  energy  and  frictional  worK  inside 
and  outside  any  such  zones. 

Localization  phenomena  are  by  no  means  confined  to  soil 
and  rocK.  Luders  bands  and  necKing  in  steel  have  been  widely 
observed,  and  prompted  initial  study  of  localization 
mechanics  by  structural  and  mechanical  engineers.  The 
frictionless  plastic  behaviour  displayed  simplified  the 
requirements  for  constitutive  models  used  for  these  studies. 
RudnicKi  and  Rice  (1975)  adopted  frictional,  dilatant 
material  behaviour  appropriate  to  rocK  in  the  prepeaK  stress 
regime  and  derived  conditions  for  bifurcation  into  a  planar 
shearband.  This  was  expressed  in  terms  of  a  modulus  of 
deformation  for  the  overall  sample,  at  which  localization 
could  occur.  Although  exact  values  depend  upon  the  choice  of 
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frictional  and  di 1 atancy-rate  parameters,  the  trend  of 
results  is  interesting  because  localization  can  be  predicted 
while  in  the  prepeak  overall  stress  regime.  This  is  shown  in 
Figure  *2.9  as  a  plot  of  critical  tangent  modulus  versus 
field  stress  conditions. 

Some  aspects  of  the  localization  solution  require 
careful  examination.  Firstly,  a  generally  nonassoci ated  flow 
rule  was  adopted  (an  explanation  of  such  constitutive  terms 
is  assumed  to  be  unnecessary  for  most  readers  here,  but  may 
be  found  in  Section  3.3).  Nonassoci ated  flow  rules  are  in 
much  better  agreement  with  observed  material  behaviour  than 
the  classical  ly-preferred  associated  flow  rules.  I_f  the 
special  case  of  associated  conditions  is  assumed,  the 
critical  modulus  is  everywhere  negative  (postpeak).  If  no 
dilatancy  takes  place,  localization  is  predicted  in  the 
prepeak  regime  over  a  wide  range  of  stress  states.  Secondly, 
the  mi cros t ructur a  1  evolution  of  rock  results  in  a 
stress- i nduced ,  highly  anisotropic  condition  by  the  stage  of 
peak  strength  development.  This  was  incorporated  into 
Rudnicki  and  Rice's  analysis  by  the  construction  of  yield- 
direction-dependent  vertex  structures  in  the  plastic  yield 
surface.  Curve  4  of  Figure  2.9  may  be  compared  with  curve  2 
as  being  representat i ve  of  realistic  rock  conditions,  with 
curve  4  showing  the  effect  of  incorporating  “vertex  effects" 
into  the  analysis. 

A  number  of  tentative  conclusions  may  be  drawn  from 
this  analysis.  Firstly,  in  agreement  with  experimental 
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observations  in  compression  tests,  localization  is  unlikely 
to  develop  in  an  otherwise  uniform  isotropic  mass  until  peak 
strength  has  been  more-or-less  obtained.  Secondly, 
localization  seems  to  be  relatively  insensitive  to  strain 
conditions  (compression  versus  extension)  if  account  is 
taken  of  likely  stress- i nduced  fabric  anisotropy.  Thirdly, 
localization  can  be  predicted  just  prior  to  peak  strength 
development  especially  if  extensional  strain  paths  are  being 
followed.  There  is  some  experimental  evidence  for  this  in 
the  observations  by  Morgenstern  and  Tchalenko  (1967a)  of 
minor  precursory  shear  structures  in  direct  shear  tests,  and 
it  is  certainly  substantiated  by  the  early  growth  of  "edge 
structures"  in  their  tests. 

The  analysis  of  Rudnicki  and  Rice  (1975)  was  confined 
to  continuous  bifurcation  solutions,  that  is,  e 1  as  top  1  as t i c 
deformations  continuing  both  inside  and  outside  the 
shearband.  Rudnicki  (1977)  extended  the  analysis  to  account 
for  inclusions,  in  otherwise  elastic  material,  which  obeyed 
similar  e 1  as  top  1 ast i c  behaviour.  By  flattening  ellipsoidal 
inclusions,  he  was  able  to  describe  the  inception  of 
faulting  in  a  weakened  zone.  Coupled  with  any  dilatant 
behaviour  in  fluid-saturated  porous  media  is  a  discussion  of 
the  effects  of  pore-fluid  behaviour.  Stabilizing  effects 
were  examined  by  Rice  and  Simons  (1976),  and  their  analysis 
was  extended  to  weakened  zones  by  Rice  and  Rudnicki  (1979). 
It  was  concluded  that  a  range  of  observed  earthquake 
precursory  events  could  be  qualitatively  explained  in  this 
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manner.  Of  particular  interest  was  the  observation  that, 
sufficiently  close  to  the  tip  of  an  advancing  fault, 
deformation  always  took  place  under  drained  conditions.  This 
has  imp-1  icat ions  for  the  analysis  of  shearband  propagation 
under  general  conditions,  and  is  utilized  in  the  analysis 
presented  in  Chapter  6. 

Of  further  practical  interest  is  the  development  of 
discontinuous  bifurcation  solutions,  where  plastic  yielding 
is  maintained  in  the  shearband  but  elastic  unloading  takes 
place  outside.  This  is  most  relevant  to  rock  testing  and 
behaviour  since  the  recognition  of  the  need  for  stiff 
testing  machines.  An  initial  analysis  (Rice  and  Rudnicki , 
1980)  showed  that  localization  first  develops  as  a 
continuous  bifurcation,  but  for  realistic  geometries  elastic 
deformation  outside  the  shearband  may  develop  after  an 
inf  ini tessimal ly  small  amount  of  continuous  bifurcation.  In 
other  words,  the  elastic  unloading  takes  place  after 
development  of  localization  by  plastic  deformations.  This 
concurs  with  the  physical  interpretation  of  postpeak 
mi crostructura 1  response. 

In  a  completely  separate  study  of  shearzones  in  sand, 
bifurcation  solutions  were  obtained  for  two  overall 
deformation  modes  by  Vardoulakis  et.al.  (1978).  From  a 
review  of  previous  predictions  of  shearband  orientation, 
they  concluded  that  bifurcation  behaviour  would  depend  on 
whether  or  not  the  principal  stress  axes  were  rotating 
physically  during  yielding.  Solutions  were  developed  using 


52 


hypoe las  tic- form  nonlinear  constitutive  equations  for  the 
homogeneous  deformation  state.  The  two  deformation  modes  are 
shown  on  Figure  2.10. 

Mode  C11  represents  irrotational  compression,  and  the 
bifurcation  solution  predicts  an  inclination  for  the 
shearband  equivalent  to  that  predicted  by  Mohr-Coulomb 
theory.  The  shearband  boundaries  represent  planes  of  maximum 
strength  mobilization  in  this  case.  At  the  shearband 
boundary,  the  deviation  angle  between  principal  stress  and 
principal  strain  increment  axes  is  as  predicted  by  de 
Josselin  de  Jong  (1959),  but  includes  a  correction  for 
nonzero  dilation  at  peak  strength.  (Bifurcation  was  assumed 
to  develop  at  peak  strength,  to  obtain  this  solution).  In 
order  to  obtain  the  solution,  geometric  correction  terms  to 
account  for  finite  strain  and  displacement  compatibility  had 
to  be  introduced  along  the  shearband  boundary.  The  shearband 
mechanism  specifically  requires  that  rotational  strain 
components  be  considered.  This  is  not  normally  done  using 
small-strain  and  engineering-notation  shear  strains,  which 
ignore  rotations  by  smearing  them  out. 

Mode  Cl 2  represents  uniform  bending  and  compression,  so 
that  the  principal  stress  axes  are  continuously  rotated. 
Under  these  conditions,  coaxial  principal  stress  and 
principal  strain  increments  are  obtained  for  bifurcation  at 
peak  strength,  and  the  shearband  boundaries  are  inclined  in 
the  direction  of  zero  extension,  as  discussed  by  Roscoe 
(1970).  Again,  the  solution  depends  on  proper  consideration 
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FIGURE  2.10  LOCALIZATION  MODES  FOR  BIAXIAL  TESTS 

ON  SAND  (after  Vordoulokis  et.  ol.  1978) 


54 


of  geometric  nonlinearities  which  include  rotations. 

The  theoretical  findings  were  tested  using  a  specially 
developed  biaxial  apparatus.  Allowing  for  experimental 
error,  measurements  confirmed  that  shearzone  initiation 
occurred  when  peak  strength  was  obtained,  and  that  shearzone 
orientation  and  strain  conditions  agreed  well  with 
theoretical  predictions  for  both  modes.  Shearzone 
thicknesses  varied  between  3mm  and  5mm,  or  about  10  times 
the  mean  grain  diameter  (see  Section  2.1).  Shearband  shear 
strains  required  to  complete  the  postpeak  weakening  process 
were  60%  to  100%.  Finally,  it  was  observed  in  these  tests 
that  the  residual  strength  depended  upon  the  postpeak 
weakening  characteristics,  and  that  in  the  initially  dense 
samples  significant  dilatancy  still  existed  in  the  residual 
condition.  This  is  a  contradiction  of  terms  from  the 
microstructural  viewpoint,  and  suggests  that  the  observed 
residual  strength  was  more  likely  to  be  an  effect  of 
limitations  of  the  testing  equipment.  Furthermore,  the 
residual  state  in  the  shearzone  should  be  independent  of  the 
initial  grain  fabric.  It  can  be  concluded  that  the  study  of 
Vardoulakis  et.al.  is  pertinent  to  inception  of  shearzone 
response,  but  is  not  adequate  to  fully  explain  postpeak 
weakening  behaviour.  However,  the  different  shearband  modes 
discovered  for  different  deformation  conditions  are  a  useful 
reminder  that  post  peak  shearzone  behaviour  is  as  much  a 
response  to  deformation  conditions  as  it  is  to  material 
character i st i cs . 
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2.4  MODELLING  SHEARZONES  AND  PROGRESSIVE  FAILURE 

A  number  of  aspects  of  previous  investigations  have  to 
be  examined  before  modelling  progressive  failure  or  postpeak 
shearzone  behaviour,  and  these  include: 

1.  General  concepts  of  material  behaviour,  and  means 
for  expressing  these  in  engineering  terms; 

2.  Models  which  recognize  strain  weakening,  but  not 
necessarily  localized  shearbands; 

3.  Models  which  recognize  localized  shearbands,  but  not 
necessarily  adequate  constitutive  behaviour; 

4.  Attempts  to  apply  any  or  all  of  the  above  aspects  to 
geotechnical  problems. 


General  Concepts  of  Material  Behaviour: 

On  the  basis  of  elastic  stress  solutions  for 
embankments,  Bishop  (1967)  showed  that  shear  stresses  were 
maximized  along  the  middle  portion  of  failure  surfaces, 
whereas  mobilized  friction  angles  were  maximized  at  the  toe 
and  head  of  the  slope.  He  pointed  out  that  the  index  of 
br i 1 1 1 eness , 


was  an  inadequate  description  of  the  likelihood  for 
progressive  failure  to  develop.  He  further  listed  four  time 
effects  which  he  considered  would  influence  progressive 
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failure.  These  were:  swelling  due  to  pore  pressure 
adjustment  and  changes  in  groundwater  conditions; 
weathering;  delayed  release  of  strain  energy  in  rebound;  and 
the  exi-stence  or  otherwise  of  a  time-dependent  component  of 
peak  strength. 

Barton  (1971)  described  an  interesting  consequence  of 
designing  rock  slopes  to  account  for  progressive  failure.  He 
attributed  weakening  to  the  weathering  of  overstressed 
joints  and  opening  of  tension  cracks.  Designing  a  portion  of 
the  slope  on  the  basis  of  residual  strength  lead  to  reduced 
face  heights  with  respect  to  design  based  on  intact 
strength.  However,  the  conditions  which  lead  to  the 
consideration  of  progressive  failure  do  not  exist  when  a 
slope  is  designed  to  account  for  progressive  failure.  The 
slope  design  process  is  therefore  not  a  straight  forward 
matter  unless  accurate  and  reliable  deformation  analyses  can 
be  made,  and  given  uncertainties  as  to  rock  mass  fabric  at 
depth,  the  analyses  cannot  be  realistic  anyway. 

Lo  (1972)  addressed  the  questions  of  suitable 
experimental  techniques  for  measuring  strain  weakening,  and 
suitable  means  for  applying  laboratory  test  data  to  field 
problems.  He  found  that  it  was  possible  to  characterize  the 
postpeak  weakening  observed  in  laboratory  tests  using  a 
hyperbolic  model  developed  after  Kondner  (1963).  In  order  to 
measure  the  extent  of  postpeak  weakening  in  the  field,  he 
found  it  necessary  to  use  parameters  which  were  not 
sensitive  to  sample  size  or  shearzone  thickness.  A  postpeak 
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shear  modulus  was  identified  and  the  ratio  of  this  to  the 
intact  (initial  loading)  shear  modulus  was  found  to  be  very 
small  for  overall  triaxial  test  strains  greater  than  6%. 
Instantaneous  strength  drops  from  peak  to  residual  were 
therefore  considered  reasonable,  and  contours  of  shear 
stress  in  a  model  slope  associated  with  postpeak  weakening 
could  thus  be  found  without  difficulty.  By  using  a 
logarithmic  time  law  describing  the  decay  of  strength  at 
failure  with  time,  he  was  able  to  plot  the  growth  of  a 
failure  zone  in  the  slope  with  time.  This  is  shown 
schematically  on  Figure  2.11. 

While  Lo' s  approach  is  interesting,  it  can  be 
criticized  on  many  points,  and  the  degree  of  generalization 
involved  precludes  application  in  design.  For  example,  no 
account  was  taken  of  the  geometric  constraints  on  shearzone 
location  or  orientation,  and  it  was  assumed  implicitly  that 
time-dependent  strength  parameters  measured  in  laboratory 

tests  were  directly  applicable  in  the  field.  The  most  useful 

\ 

contribution  is  probably  the  insistence  on  careful  postpeak 
strength  and  deformation  testing.  "Progressive  failure",  by 
Lo' s  methodology,  is  more  correctly  "delayed  failure",  and  a 
more  reasoned  approach  in  this  respect  has  been  described  by 
Skempton  (1970)  and  Morgenstern  (1979). 

Models  of  Strain  Weakening: 

The  requirements  of  acceptable  constitutive  models  for 
strain  weakening  have  been  outlined  by  Gates  (1972),  Nayak 
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Zones  where  Residual  Strength  (  \  =  1.0  )  operates  ,  computed 
using  a  strain  weakening  algorithm  which  did  not  consider 
localized  yielding  . 

Strength  at  failure  was  considered  to  decay  as  a  function 
of  time  .  Therefore  ,  contours  associated  with  lower  values 
of  A-  than  l.O  are  associated  with  longer-term  failure  . 
Decreasing  values  of  X  thus  represent  failure  zones  over 
longer  time  periods  . 


FIGURE  2.11  TIME- DEPENDENT  PROGRESSIVE  FAILURE 

IN  A  SLOPE  (  after  Lo  ,  1972  ,  and 

Lo  ond  Lee  ,  1973  ) 
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and  Zienkiewicz  (1972),  Hoeg  (1972),  Desai  (1974)  and  Sture 
(1976).  Most  of  these  procedures  were  designed  specifically 
for  implementation  in  finite  element  analysis  of  field 
problems.  As  a  continuation  of  Lo' s  earlier  work,  Lo  and  Lee 
(1973)  presented  finite  element  analyses  of  strain  weakening 
which  used  a  stress  redi str ibut ion  procedure  for  postpeak 
response.  No  consideration  was  given  to  the  geometrical 
constraints  of  weakening,  and  the  results  were  again 
combined  with  a  model  for  strength/t ime-decay  to  predict  the 
times  to  failure  of  some  slopes  discussed  in  the  progressive 
f ai 1 ure  '  1 i terature .  Hoeg  (1972)  predicted  the  behaviour  of 
footings  on  strain-softening  clay,  but  used  a  model 
appropriate  to  undrained  yielding  and  also  did  not  consider 
geometrical  constraints.  Sture  (1976)  was  able  to  reproduce 
laboratory  tests  on  coal  using  nonlinear  elastic  stress 
transfer  procedures,  but  only  for  cases  where  no  localized 
shear  deformations  developed.  A  similar  approach  (Pariseau, 
1979)  successfully  reproduced  laboratory  test  behaviour. 

None  of  these  analyses  considered  shearband  modes.  Had  they 
done  so,  the  results  would  have  been  unsatisfactory  because 
of  the  lack  of  account  for  yielding  processes  and  dilatancy 
in  shearzones. 

Sture  (1976)  observed  a  variety  of  fracturing  patterns 
during  postpeak  testing  of  coal.  Although  his  finite  element 
analysis  did  not  examine  the  geometrical  constraints  of  the 
fractures,  Sture  and  Ko  (1978)  studied  the  stability  of  the 
machine-specimen  system  and  derived  conditions  for  strain 
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weakening  as  a  localization  process.  They  proved 
conclusively  that  the  shearband  mode  could  not  be  modelled 
as  an  overall  homogeneous  deformation.  In  order  to  carry  out 
an  effective  finite  element  analysis,  the  actual  size  and 
orientation  of  the  shearband  would  have  to  be  discretized. 

More  recent  analysts  have  developed  strain  weakening 
models  with  due  account  for  the  shearbands  in  which  such 
yielding  occurs.  Bazant  (1976)  referred  to  this  problem,  and 
Bazant  and  Cedolin  (1979)  reported  on  progress  in 
calculating  the  propagation  of  blunt  "crack-bands"  in 
strain-weakening  concrete.  This  obviated  the  need  for 
special  crack-band  elements,  but  the  computational  details 
were  quite  complex.  Such  procedures,  while  satisfactory  for 
Mode  I  crack  extension,  are  much  more  difficult  in  Mode  II 
or  mixed  Mode  I /Mode  II  conditions  which  exist  in 
geotechnical  problems. 

An  analysis  of  progressive  failure  in  rock  slopes 
(Kawamoto  and  Takeda,  1979)  is  interesting  because  of  the 
treatment  of  failed  elements.  Triangular  elements  which 
attained  the  failure  condition  were  substructured  internally 
to  include  the  subsequent  effects  of  a  shearband  of 
appropriate  orientation,  and  this  is  shown  in  Figure  2.12. 
Unfortunately,  the  constitutive  models  employed  did  not 
account  for  realistic  strain  weakening.  Cramer  et.dl.  (1979) 
analysed  direct  shear  tests  on  rock  joints,  using 
appropriate  shearband  elements  but  strain  weakening  models 
which  did  not  realistically  match  strength- loss  and 
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Shear  "Fracture" 
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Fracture  is  assumed  to  pass  through  Centroid  G  of  C.S.T. 
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Elements  ®(2)(3),and 
(5)  are  C.S.T.  s. 

Element  @  has 
orthotropic  properties  to 
reflect  nature  of 
fracture. 


Stiffness  for  assembly  is 
calculated  by  condensing 
internal  nodes  2, 4, 5, 6, 7. 


FIGURE  2.12  SUBSTRUCTURING  TECHNIQUE  FOR  FAILURE 

MODELLING  (offer  Kawamoto  and  Tokeda,  1979) 
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dilatancy  characteristics.  In  a  most  interesting 
application,  Stuart  (1979)  demonstrated  how  strain  energy 
released  from  surrounding  elastic  material  could  cause 
unstable  slip  along  a  fault  plane,  well  after  most  of  the 
fault  had  already  commenced  weakening  in  a  stable  slip 
fashion.  Stuart's  problem  is  shown  schematically  in  Figure 
2.13,  and  the  antiplane  shear  mode  represents  a  substantial 
and  successfully  economic  deviation  from  standard  two-  or 
three-dimensional  finite  element  methods. 

In  summary,  there  has  been  a  logical  development  with 
time  of  procedures  for  generalized  deformation  analysis  of 
strain  weakening  in  shearbands.  Little  serious  attention  has 
been  devoted  to  the  matching  of  models  with  physical 
material  behaviour,  as  even  without  this  step  the  analytical 
requirements  are  very  demanding.  Indications  from  all  of  the 
analyses  reviewed  are  that  no  general,  practically  feasible 
analytical  techniques  have  been  developed  to  date.  The 
flexibility  and  power  of  finite  element  procedures  has, 
however,  been  conclusively  demonstrated. 

Models  of  Shearband  Behaviour: 

Some  of  the  analyses  referred  to  above  did  include 
specific  consideration  of  shearband  geometry.  Alternative 
solution  techniques,  collectively  termed  Singular  Integral 
Equation  or  Boundary  Integral  Methods,  have  been  developed 
to  analyse  field  problems  in  terms  of  known  conditions  along 
discontinuities  (for  example,  ground  surface,  shearzones, 


Antiplane  (Modem) 
Shear  Deformation 
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FIGURE  2.13  SCHEMATIC  VIEW  OF  ANTIPLANE  SHEAR  MODEL  OF  FAULTING 

(after  Stuart,  1979) 
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tunnel  faces,  and  so  on).  The  material  away  from  such 
surfaces  is  assumed  to  be  elastic,  and  the  solution  is 
constructed  from  influence  functions  for  loads  and 
displacements  at  points  on  the  surfaces.  The  techniques  are 
quite  economical  since  only  the  surfaces  need  to  be  treated, 
as  distinct  from  the  entire  region  of  analysis  required  by 
the  finite  element  method,  and  are  indicated  in  Figure  2.14. 
Crouch  (1976)  presented  details  of  such  a  method  (which  he 
referred  to  as  the  Displacement  Discontinuity  Method), 
including  the  principal  influence  functions  used.  Extra 
non  1 i near i t i es ,  such  as  the  constitutive  relationship 
enforced  along  the  fault  in  Figure  2.14,  can  readily  be 
incorporated  with  the  possibility  only  of  convergence 
difficulties  as  in  any  other  numerical  technique. 

Similar  i nf 1 uence- f unct ion  techniques  were  developed  by 
Rice  and  Cleary  (1976)  for  modelling  coupled 
stress-diffusion  of  saturated  porous  media,  but  the 

processes  modelled  in  this  case  required  substantially  more 

\ 

difficult  solution  techniques.  They  successfully  applied  the 
method  to  the  inception  of  hydraulic  fracture  around  a 
cylindrical  borehole,  and  were  able  to  explore  the 
relationships  between  wall -rock  strength  and  permeability, 
stress  state,  and  frac-fluid  viscosity.  In  an  extension  of 
this  work,  Cleary  (1976)  developed  a  procedure  for  modelling 
shearbands  in  strain-weakening  materials  using  the  influence 
functions  for  arrays  of  dislocations  and  a  concept  of 
shearband  weakening  based  on  the  earlier  work  of  Palmer  and 
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PROBLEM  (A) 

Use  Semi  -  Infinite  -  Medium 
Solutions  for  Part  (2)  to 
calculate  excavation  surface 
changes  elsewhere. 


i  \ 

\  / 

V  y 


(I)  Initial  Stresses 

including  stresses  on 

fault. 


PROBLEM  (B) 

Construction  of  a  Tunnel  at  Depth, 
adjacent  to  known  fault. 

Use  Infinite-Medium  Solutions  for 
Part  (2)  to  a  calculate  tunnel 
wall  movements  and  fault  response. 


law  for  fault. 


FIGURE  2.14  EXAMPLE  APPLICATIONS  OF  BOUNDARY 

INTEGRAL  METHODS 
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Rice  (1973).  Unfortunately,  considerable  difficulties  were 
experienced  in  obtaining  numerical  solutions  for  the 
distributions  of  dislocations. 

Cleary  and  Bathe  (1979)  discussed  some  of  the 
difficulties  which  arise  when  trying  to  adapt  classical 
finite  element  techniques  and  associated  elastoplastic 
constitutive  laws  to  shearband  problems.  Representation  of 
the  inception  and  propagation  of  shearbands  is  a  difficult 
task,  but  a  potentially  valuable  marriage  of  finite  element 
and  boundary  integral  techniques  was  suggested  which  may 
(after  further  development)  prove  quite  practical  in  future. 
The  basic  finite  element  mesh  shown  in  Figure  2.15  is 
analysed  until  shearband  inception  conditions  are 
identified.  A  hybrid  element,  equivalent  to  a  substructure 
superelement  (Aamodt  and  Bergan,  1975)  then  replaces  the 
yielding  element.  Embedded  in  the  hybrid  are  the  influence 
functions  for  an  appropriately  oriented  shearband,  expressed 
in  terms  of  the  element  nodal  parameters  only.  This  approach 
requires  considerable  development  to  rationalize  the 
criteria  for  orientation,  length,  and  propagation  conditions 
for  shearbands,  and  also  presents  difficult  non  1 i near i t i es . 
Potentially,  it  does  have  the  power  to  make  shearband 
inception  solutions  feasible. 

As  a  first  step  in  this  direction,  Dong  (1980)  obtained 
some  solutions  for  shearband  development  during  flow  of 
granular  material  in  a  hopper.  Nodal  relative  displacement 
constraints  and  suitable  constitutive  laws  were  enforced 
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Analysis  of  Direct  Shear  Test 


Finite  Element  Mesh  for  Soil 

Where  criterion  for  localized  shearing  is  met  in  elements  of  the 
end-zone  (  shaded  )  ,  specialized  hybrid  elements  are  introduced. 


Standard 
Q  48 
Element 


Localization  conditions 
computed  at  stress 
sampling  points 


Hybrid 
Q  48 
Element 


becomes 

I 


Standard  shape  functions 
replaced  by  influence 
functions  derived  from 
dislocation  distribution 
along  shearband 


Hybrid  Q  48  element  stiffness  and  stress  strain  response 
still  formulated  In  terms  of  nodal  displacements 


FIGURE  2.15  HYBRID  ELEMENT  SCHEME  FOR  SHEARBAND 

DEVELOPMENT  (offer  Cleary  ond  Bathe,  1979) 
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along  the  shearband  trajectory.  The  procedure  required 
expensive  iterative  solutions  using  the  ADINA  program,  with 
many  hand-calculated  user  interactions  with  the  machine 
calculations.  Although  obviously  not  a  practical  shearband 
analysis  tool,  this  work  represents  a  commendable  step  in 
exploring  the  numerical  options  available  to  the  analyst. 

Applications  to  Engineering  Problems: 

Many  analyses  have  been  published  with  only  scant 
regard  for  the  difficult  and  exacting  criteria  for 
representing  shearband  yielding  and  strain  weakening,  and  it 
is  not  intended  to  review  this  literature  here.  The 
immediate  impact  of  strain  weakening  behaviour  is  in 
progressive  failure  problems,  particularly  with  regard  to 
slope  stability,  and  this  is  now  reviewed  briefly. 

Muller  and  Malina  (1968)  obtained  shear  stress 
distributions  along  a  planar  slip  surface,  in  pursuance  of 
the  Bjerrum  model  for  progressive  failure.  These  solutions 
were  developed  numerically.  Similar  one-dimensional  models 
with  published  analytical  solutions  are  discussed  in  more 
detail  in  Section  3.1,  and  have  been  applied  to  the  case 
history  of  a  slope  cut  in  overconsolidated  clay  in  Chapter 
6. 

Progressive  failure  of  an  example  slope,  using  softened 
and  residual  parameters,  was  discussed  by  Bishop  (1971).  In 
addition  to  the  factors  he  described  in  1967,  the  influence 
of  prepeak  stress-strain  character i st i cs  under  appropriate 
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stress  paths,  and  the  initial  state  of  stress  in  the  slope 
were  emphasized.  Obviously,  the  geometry  and  scale  of  the 
slope  become  important  in  this  light.  Limit  equilibrium 
stabili-ty  analysis  cannot  adequately  account  for 
stress-change  effects,  and  Bishop's  conclusions  remained 
largely  qualitative. 

As  discussed  above,  Lo  and  Lee  (1973)  undertook 
postpeak  weakening  stress  analysis  of  slopes,  which  were 
then  coupled  to  a  time-decaying  strength  law  and  limit 
equilibrium  analysis  in  order  to  predict  times  to  failure. 
The  considerable  simplifications  of  this  approach  are 
appealing,  but  they  ignore  the  vital  influence  of  geological 
controls  on  inception  and  propagation  of  shearzones,  and  the 
subsequent  geometrical  constraints  on  shearbands  in 
analysis . 

Further  limit  equilibrium  analyses  were  undertaken  by 
Law  and  Lumb  (1978).  A  brittle  postpeak  strength  drop  was 
assumed  and,  in  order  to  prepare  stability  charts,  the 
classical  concept  of  the  Factor  of  Safety  in  limit  analysis 
was  overlooked  in  favour  of  a  more  convenient  definition. 
This  example  is  included  here  as  a  case  where  insufficient 
attention  has  been  paid  to  the  nature  of  the  problem  at  the 
outset.  The  result  has  been  a  work  which  could  easily  be 
mi s i nterpreted  and  incorrectly  applied  by  uninformed 
readers . 

One  case  history  of  a  slope  failure  (Gudehus  and 
Wichter,  1977)  has  been  found  which  presents  many 
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interesting  points.  The  material  was  a  marl,  highly 
structured  and  almost  lithified.  Slope  failure  appears  to 
have  been  initiated  by  excavations  in  the  lower  slope  and 
toe  area.  Investigations  revealed  an  ideal  example  of  a 
readi ly-f ami  1 i ar  wedge  mechanism,  usually  associated  with 
such  materials  (Figure  2.16).  This  has  been  described  by 
Trollope  (1973)  in  relation  to  progressive  failure 
development  along  sequential  surfaces.  Large-scale 
laboratory  testing  failed  to  reveal  any  postpeak  weakening 
although  discrete  shearzones  were  observed.  The  analysis  was 
not  taken  to  its  full  conclusions  since,  at  the  time  of 
publication,  details  were  incomplete. 

This  example  is  curious  and  the  data  presented,  to  the 
writer,  are  inconsistent.  Because  such  large  samples  were 
tested  (30cm  diameter  sample  in  a  triaxial  cell),  a  stage 
loading  technique  was  employed  to  define  the  peak  strength 
envelope  from  as  few  samples  as  possible.  In  stage  loading, 
each  test  is  stopped  when  peak  strength  is  obtained.  The 

\ 

authors  mentioned  that  they  were  unable  to  prevent  shearzone 
development  .  Shearzones  could  be  expected  to  form  at  or 
close  to  peak  strength  and  the  probable  reason  for  not 
finding  postpeak  weakening  was  that  testing  was  not  carried 
over  into  postpeak  straining.  If  this  failure  was  a 
first-time  slide,  considerable  deformation  would  probably  be 
required  to  achieve  the  postpeak  strength  drop  (if  it 
existed)  in  the  field.  This  case  history  raises  the  kinds  of 
questions  to  which  this  thesis  is  now  addressed. 
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SEQUENTIAL  MECHANISMS  (after  Trollope,  1973 ) 


a)  HODOGRAPH  b)  SLIDING  BODIES 


OBSERVED  SLOPE  FAILURE  MECHANISM 


FIGURE  2.16  WEDGE-TYPE  SLOPE  FAILURE  MECHANISM 

(after  Gudehus  and  Wichter,  1977) 
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2.5  SUMMARY  OF  THE  MECHANISTIC  VIEWPOINT 

Physical  and  analytical  aspects  of  postpeak  shearing 
and  localized  shearzone  development  have  been  discussed.  In 
considering  progressive  failure,  it  is  difficult  to  avoid 
becoming  concerned  with  t i me -dependent  failure  processes  as 
well.  The  development  and  application  of  shearband  models 
incorporat ing  postpeak  strength  weakening  is  the  goal  of 
this  research.  From  the  general  review  of  Chapter  1,  and 
details  presented  in  this  chapter,  the  following  points  can 
be  clearly  identified  in  attempts  to  achieve  the  research 
goa 1 s : 

1.  Shearzones  are  physical  phenomena  for  which  certain 
natural  controls  can  often  be  identified. 

2.  Complexity  of  geometry,  difficulties  in  measurement 
of  parameters,  and  questions  of  scale  all  indicate  that 
numerical  simulation  of  shearband  behaviour  must  be  a 
principal  part  of  future  research. 

3.  The  numerical  approach  faces  great  computational 
difficulties  because  of  the  need  to  realistically  represent 
geometry,  shearband  initiation  and  propagation,  and  highly 
nonlinear  material  behaviour. 

4.  Interpretat ion  of  numerical  analysis  is  just  as  much 
an  art  as  any  other  field  of  interpretation  in  geotechnical 
engineering.  Only  through  careful  assessment  of  case 
histories  of  performance  can  the  value  of  models  be 


real ized . 


;*  •  •' 


73 


5.  A  large  research  effort  has  already  been  expended  on 
the  problems  discussed  in  this  thesis.  Some  efforts  have 
probably  been  misguided.  Because  of  the  wide  range  of 
factors,  which  need  to  be  i ncorporated ,  it  is  very  easy  to 
focus  on  one  aspect  to  the  detriment  of  other  important 
aspects . 

6.  To  the  writer,  practical  numerical  analysis  is  a 
major  goal.  This  is  not  intended  to  negate  the  many  areas  of 
"impractical"  research  efforts  which  are  to  be  drawn  upon  in 
this  thesis.  From  the  lack  of  quantitative  studies  of 
progressive  failure  it  is  obvious  that,  at  this  time,  it  may 
be  possible  to  bring  analysis  closer  to  reality. 

The  Concept  of  Controls: 

Inception  and  propagation  of  shearzones  are  two  areas 
where  the  current  state  of  research  has  not  been  developed 
to  a  stage  of  ready  practical  implementation.  Fortunately, 
geological  processes  in  the  materials  most  susceptible  to 
progressive  failure  greatly  simplify  these  problems.  Natural 
materials  are  inherently  anisotropic,  and  shear - i nduced 
mi crostructures  are  equally  so.  A  sound  understanding  of 
depositional  and  post -deposi t iona 1  geological  processes 
provides  the  following  controls  on  shearband  development. 

1.  Slope  failures  are,  inevitably,  problems  of 
unloading  and  in  particular,  lateral  unloading.  Stiffnesses 
are  invariably  higher  parallel  to  bedding  and  hence,  very 
small  deformations  are  required  to  cause  complete  unloading 
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or  to  induce  shear  yielding  along  bedding  surfaces. 

2.  Because  of  natural  and  induced  fabric  anisotropy, 
the  postpeak  microstructural  processes  develop  with  less 
deformation  along  bedding  surfaces.  This  has  been  noted  many 
times  in  laboratory  tests. 

3.  Fissure  opening  and  development  associated  with 
unloading  allows  more  exposure  of  the  weakening  material  to 
weathering  agents,  enhancing  time  dependent  failure 
processes . 

4.  In  summary,  bedded  deposits  can  be  subjected  to  a 
variety  of  post  depositional  processes  which  enhance 
shearband  development  along  bedding  surfaces.  To  complete  a 
failure  mechanism,  much  larger  deformations,  probably  more 
diffuse  in  occurrence,  have  to  occur  across  bedding.  Bedding 
thus  controls  the  development  of  failure.  It  is  a  relatively 
straightforward  matter  to  associate  shearbands  with  bedding 
and  to  treat  them  by  appropriate  material  response  as 

fai lure  develops . 

As  discussed  by  Morgens  tern  (1977  and  1979), 
overconso 1 i da t i on  and  unloading  processes  combine  to  make 
almost  inevitable  the  development  of  localized  shear 
yielding  in  clay  shales.  To  the  writer's  knowledge,  no  study 
has  ever  been  undertaken  to  determine  the  relationship 
between  small-scale,  apparently  discontinuous  si ickensiding 
on  local  bedding  surfaces  and  the  long-term  available 
strength  of  a  mass  movement  which  develops  along  these 
surfaces.  There  is  a  lack  of  field  evidence  in  a  suitably 
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unambiguous  form,  confirming  a  cohesive  strength  component. 
However,  it  can  be  assumed  that  the  natural  and 
s tress- i nduced  controls  of  shearband  orientation  are  bedding 
surfaces  foremost,  and  other  natural  discontinuities 
secondly.  Until  research  into  localization  is  considerably 
more  advanced,  the  modelling  of  uncontrolled  shearband 
yielding  and  strain  weakening  is  a  goal  for  future 
endeavours . 


3.  ANALYTICAL  MODELS 


A  mechanistic  approach  to  shearzone  behaviour  and 
progressive  failure  problems  has  been  outlined  in  the  first 
two  chapters  of  this  thesis.  This  chapter  describes 
analytical  models  developed  to  evaluate  the  mechanistic 
approach . 

First,  existing  one-dimensional  studies  of  progressive 
shearzone  failure  are  discussed.  A  simple  generalization  of 
one-dimensional  behaviour  is  then  described.  The  advantages 
and  limitations  of  these  simple  studies  are  discussed,  and 
they  are  applied  to  a  case  history  of  progressive  failure  of 
a  clay  shale  slope  in  Chapter  6. 

Second,  more  generalized  constitutive  models  amenable 
to  two-dimensional  deformation  analysis  using  finite  element 
techniques  are  described.  Both  elastic  and  el astopl ast ic 
models  are  described.  Applications  to  case  histories  follow 
in  Chapters  6  and  7. 

A  brief  review  of  the  mechanistic  approach  to  shearzone 
behaviour,  and  the  models  developed  to  study  such  behaviour, 
concludes  this  chapter.  The  finite  element  analytical 
procedures  are  presented  in  more  detail  in  Chapter  4,  and 
the  behaviour  of  the  constitutive  models  is  discussed  in 
Chapter  5. 
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3.1  ONE-DIMENSIONAL  ANALYTICAL  MODELS 

In  continuation  of  the  work  of  Skempton  (1964)  and 
Bjerrum  (1967),  several  researchers  have  developed  simple 
analytical  models  for  idealized  progressive  failure  of  a 
simple  excavation.  Figure  3.1  illustrates  the 
one-dimensional  behaviour  typically  modelled.  Strength  along 
the  shearzone  is  defined  by  peak  and  residual  envelopes  with 
some  simple  means  for  describing  the  post-peak  strength 
transition.  In  comparison  to  more  realistic  slope  behaviour, 
typical  approximations  neglect  the  effects  of 
two-dimensional  deformations  associated  with  the  stress 
changes  along  the  shearzone  and  oversimplify  constitutive 
response  of  the  shearzone  itself.  Also,  effects  of  pore 
fluid  response  or  drainage  are  not  usually  discussed. 

Christian  and  Whitman  (1969)  approached  this  problem  by 
developing  the  differential  equation  for  displacement  along 
the  band  from  equilibrium  of  an  infinitesmal  element.  A 

finite  pre-yield  elastic  stiffness  and  instantaneous 

\ 

strength  drop  from  peak  to  residual  were  incorporated  into 
their  model.  Various  slope  angles  were  studied  by  modifying 
the  governing  strength  parameters  to  account  for  the  normal 
and  tangential  components  of  gravity  loads  on  the  shearband. 
Factors  of  safety  for  peak  and  residual  strengths  were  used 
as  parameters  to  express  the  condition  of  the  slope.  A 
factor  of  safety  for  first  yield  was  developed  from  peak 
strength  by  i ncorpor at i on  of  the  pre-peak  deformation 
parameters.  Results  of  their  analysis  are  given  on  Figure 
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Typical  Shearzone  Response5 


FIGURE  3.1  TYPICAL  ONE -DIMENSIONAL  RESPONSE  MODEL 

FOR  ANALYSIS  OF  PROGRESSIVE  FAILURE 
OF  A  SLOPE. 
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3.2,  where  the  model  is  described  as  the  CW  model  for 
subsequent  usage  in  this  thesis.  Three  classes  of  response: 
no  yielding,  some  yielding,  and  failure,  are  depicted  on 
this  figure.  The  CW  model  demonstrates  the  interaction  of 
strength  and  deformation  parameters  with  initial  stress 
conditions,  and  provides  the  means  for  simple  assessment  of 
these  interactions  in  other  problems. 

The  J-integral  developed  for  fracture  mechanics  (Rice, 
1968)  can  be  interpreted  as  the  energy  required  for  unit 
extension  of  a  propagating  fracture.  Its  usage  has  become 
almost  universal  for  Mode  I  fracture  analysis,  as  a  material 
measure  of  fracture  toughness.  Palmer  and  Rice  (1973) 
considered  the  simple  slope  problem  as  a  Mode  II  fracture. 

By  allowing  for  the  energy  absorbed  by  residual  frictional 
resistance,  they  developed  solutions  for  propagation  of  the 
shearzone  in  terms  of  strength  and  deformation  parameters. 
The  assumptions  for  their  work  included  having  a  very  small 
end-region  (the  peak-residual  transition  region)  in  terms  of 
overall  shearband  length.  However,  the  post-peak  transition 
was  incorporate  characteristic  material  parameter  to 
represent  the  strength  loss  with  accumulating  slip. 
Furthermore,  the  "driving  force"  of  elastic  energy  release 
into  the  slipping  band  was  explicitly  defined.  The  principal 
terms  of  the  Palmer  and  Rice  model  (henceforth  called  the  PR 
model  in  this  thesis)  are  shown  in  Figure  3.3.  Scale  effects 
associated  with  the  assumptions  of  their  model  were  examined 
for  London  Clay.  Because  of  the  material  characteristic 
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Stress -displacement  relation  for  a 
given  level  of  effective  normal  stress. 


FSn  = 


Cp  -I-  7  h  cos  a  tan  (j)p 
7h  sina 


FSr  = 


Cr  -f-  7h  cos  a  tan  </>r 


7  h  sin  q: 


Procedure  (I)  Calculate  FS  ,  FS  and  identify  [-^-]  [  j^n “  ] 

o  r 

(2)  Evaluate  extent  of  yielded  zone  xcr  from  (I)  and  a,  ko 

FIGURE  3.2  BASIC  TERMINOLOGY  AND  RESULTS  OF  THE  CW  MODEL 

(after  Christian  and  Whitman,  1969) 
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Further  assumptions  (a)  long, flat  slope  with  insignificantly  small 

tip  region  well  away  from  end. 

(b)  shearband  parallel  to  slope  surface 

(B)  Propagation  Criterion  for  simple  slope  is 

(rg-rr)l/h  +  po  _  /  2  E'6 
(  Tp  -  T,)  JiTi,-Tr )h 


FIGURE  3.3  CHARACTERISTICS  OF  PR  MODEL 

(after  Palmer  and  Rice,  1973) 
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length,  the  size  of  model  slope  required  for  studying 
shearband  propagation  using  their  model  would  preclude 
laboratory-scale  testing. 

Pa-lmer  and  Rice  also  examined  the  effects  of  porewater 
diffusion  in  response  to  stress  changes,  pointing  out  the 
necessity  of  correctly  interpreting  the  deformation  models 
to  be  used.  Guidance  as  to  the  size  of  their  "end -region" 
for  typical  material  properties  was  also  provided. 

Both  the  CW  and  PR  models  were  examined  by  Chowdury 
(1978),  who  made  several  simple  and  practical  extensions  to 
the  earlier  work.  A  finite  slope  was  considered,  the  effects 
of  an  arbi trary-sized  "end-region"  evaluated,  and  a  solution 
similar  to  the  PR  solution  was  developed  for  a  shearzone  not 
parallel  to  the  slope  surface.  Chowdury  also  showed  that  the 
approximation  of  a  small  "end-region"  in  the  PR  model  made  a 
significant  difference  when  applied  to  simple  stability 
prob 1 ems . 

Simple  models  such  as  the  CW  or  PR  models  are  most 
valuable  for  assessing  the  significance  of  the  various 
parameters  interacting  in  a  progressive  failure  problem.  The 
strength  parameters  can  be  assessed  with  some  confidence. 

The  effects  of  pore  fluid  drainage  are  not  so  easily 
assessed,  particularly  for  field  problems.  The  deformation 
parameters  and  initial  stress  conditions  are  particularly 
difficult  to  assess  in  practical  problems,  and  one  or  more 
assumed  values  are  normally  required.  There  seems  little 
virtue  in  Chowdury' s  work  in  this  light,  since  the  extra 
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details  involve  extra  assumptions  about  unknown  quantities. 
However,  one  valuable  extension  to  the  CW  model  would  allow 
the  effect  of  a  finite  "end  region"  to  be  evaluated,  and 
this  is- discussed  below. 

The  CW  model  provides  a  displacement  solution  for  the 
material  above  the  shearband  overriding  a  rigid  lower  zone. 
The  PR  model,  on  the  other  hand,  provides  a  solution  in 
terms  of  relative  slip  motion  across  the  shearzone.  These 
two  models  are  not  directly  comparable,  although  the  PR 
model  gives  identical  results  when  the  material  is  perfectly 
brittle  (as  it  is  in  the  CW  model).  Chowdury  discussed  this 
but  did  not  pursue  it.  Since  the  present  research  is 
concerned  primarily  with  the  energetics  and  mechanics  of  the 
post-peak  transition,  the  extension  of  the  CW  model  to  a 
less  brittle  transition  is  now  examined. 

Post -peak  transition  of  the  CW  model: 

Figure  3.4  shows  the  configuration  and  material 
idealization  for  which  the  CW  model  is  extended 
(hereinafter,  the  CWX  model).  Only  the  case  of  a  horizontal 
shearband  is  discussed  here,  but  the  extension  to  a  general 
slope  could  be  accomplished  in  the  manner  of  the  original  CW 
model.  The  extension  was  undertaken  with  the  primary  purpose 
of  studying  the  effect  of  the  additional  energy  expended, 
shown  by  the  cross-hatching  on  the  stress-displacement  curve 
of  Figure  3.4.  Also,  to  facilitate  more  direct  comparison  of 
the  CW  and  PR  models,  the  CWX  model  is  re-expressed  in  terms 
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Shear  Stress 
(at  constant  effective 
normal  stress) 
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FIGURE  3.4  CONFIGURATION,  TERMINOLOGY  AND 

RESULTS  FOR  CWX  MODEL  OF  ONE- 
DIMENSIONAL  PROGRESSIVE  FAILURE 
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of  the  relative  shearband  slip.  Also,  for  convenience  and 
clarity,  the  three  zones  of  deformation  (pre-peak,  post-peak 
transition,  residual)  are  treated  separately  and  completely 
in  the  *CWX  model.  Details  of  the  derivation  are  given  in 
Appendix  A.  The  CWX  model  is  applied  to  the  Saxon  Clay  Pit 
slope  problem  in  Chapter  6. 

3.2  NONLINEAR  ELASTIC  CONSTITUTIVE  MODELLING 

Most  earth  materials  possess  quite  different  strength 
and  deformation  characteristics  parallel  and  transverse  to 
bedding  or  foliation.  The  clay  shales  of  the  North  American 
Great  Plains  are  extreme  examples:  their 

montmor i 1 loni te-r ich  seams  form  potential  shearzones  of  low 
strength,  yet  the  overall  transverse  strength  may  be  high. 

To  some  extent,  such  extremes  of  behaviour  may  be  modelled 
using  piecewise  elastic  theory. 

A  tr ansverse- i sotropi c  (sometimes  misnamed  orthotropic) 
elastic  material  requires  five  independent  parameters  for 
complete  specification  of  behaviour  (Poulos  and  Davis, 

1974).  Consider  the  transverse- i sotropic  material  shown  in 
Figure  3.5.  Properties  are  isotropic  within  the  horizontal 
plane  but  are  anisotropic  in  all  other  planes.  Material 
parameters  necessary  to  fully  describe  behaviour  are: 

Ev  =  Young's  modulus  for  V-di rect ion , 
n  =  Eh/Ev,  ratio  of  Young's  moduli  for  H  and  V 
di rect ions , 
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Transverse  -  Isotropic  Material 
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H-H  or  Bedding  -  Plane  Shear 


FIGURE  3.5  TRANSVERSE  -  ISOTROPIC  MATERIAL 
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Vvh  =  Poisson's  ratio  for  strain  in  V  direction 
associated  with  strain  in  H  direction, 

V  hh  =  Poisson's  ratio  for  strain  in  one  H  direction 

associated  with  strain  in  the  other  H  direction, 
Gv  =  Modulus  for  bedding-plane  shear. 

Because  the  Gv  modulus  can  be  specified  independently, 
it  is  possible  to  simulate  the  differences  in  strength 
mobilization  for  transverse  and  bedding-plane  shearing. 
Orthotropic  or  isotropic  transverse  behaviour  can  be 
specified  whilst  retaining  a  low  Gv  modulus  in  order  to 
restrict  mobilization  of  bedding-plane  shearing.  Therefore, 
a  strength  limit  for  bedding-plane  shearing  can  be  set  by 
adjustment  of  the  Gv  modulus.  If  necessary,  iterative 
calculations  may  be  made  with  automatic  reduction  of  the  Gv 
modulus  in  order  to  maintain  bedding-plane  strength  limits. 

The  transverse  elastic  moduli  may  be  allowed  to  vary 
depending  upon  the  mobilized  cross-bedding  shear  stresses.  A 
simple,  widely  employed,  piecewise  nonlinear  elastic 
formulation  was  published  by  Duncan  and  Chang  (1970),  based 
on  a  hyperbolic  approximation  to  a  normal  triaxial  test 
stress-str ai n  curve  originally  proposed  by  Kondner  (1963). 
This  enabled  reasonable  account  to  be  taken  of  nonlinear 
response  up  to  peak  strength,  but  cannot  realistically  be 
extended  to  include  post-peak  weakening  behaviour.  Figure 
3.6  indicates  the  form  of  stress-strain  response  possible. 

Practical  computational  advantages  are  possible  with 
such  a  model,  and  its  application  to  a  problem  of  embankment 
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similar  curves  for  volume  change 
are  used  to  derive  Poisson's  Ratio  X/H 


NOTES--!.  EvandVVHmay  be  specified  using  the  Hyperbolic 

Nonlinear  Elastic  Model  ,  or  by  directly  specifying  K  and  G. 

2.gf)  which  relates  the  independent  modulus  Gvto  Ev  , 
may  be  fixed  or  allowed  to  vary  in  an  iterative 
nonlinear  procedure. 


3.  Eh  =  n  Ev  ,  n  must  be  1.0  if  the  hyperbolic 
formulation  is  used  for  Ev  . 

FIGURE  3.6  SCHEMATIC  SHEARBAND  MODEL  BEHAVIOUR 

SHOWING  HYPERBOLIC  NONLINEAR  ELASTIC 
PLUS  SPECIAL  WEAKENED  AND  SOFTENED 
SHEARBAND  SHEAR  MODE. 
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spreading  over  weak  foundation  shearzones  is  described  in 
Chapter  7. 

Details  of  the  nonlinear  elastic  shearband  model  are 
described  elsewhere  (Simmons,  1980b).  While  the  model  has 
general  application,  its  use  would  normally  be  restricted  to 
thin  elements,  in  order  to  simulate  shearzone  response. 
Suitable  finite  element  procedures  are  discussed  in  Chapter 
4. 

3.3  ELASTOPLASTIC  CONSTITUTIVE  MODELLING 

The  terms  elastic  and  plastic  have  always  been  used  in 
describing  soil  behaviour.  Elastic  deformations  are 
recoverable  while  plastic  deformations  are  not. Elastic 
behaviour  can  be  readily  understood  whilst  plastic  behaviour 
is  a  general  term  which  is  often  not  sufficient  to  describe 
clearly  the  processes  intended.  Hill  (1950)  established  a 
framework  for  describing  the  mechanics  of  i rrecoverab le , 
path-dependent  deformation  for  perfectly  plastic  materials, 
that  is,  materials  which  yielded  without  plastic  volume 
change,  without  dependence  on  confining  stress,  and  without 
strengthening  or  weakening.  The  terms  yield  surface  and 
plastic  potential ,  which  Hill  standardized,  are  now  widely 
used  in  theories  of  incremental  plasticity  for  soils  or 
rocks  undergoing  i rrecoverable  deformations  involving  volume 
change  and  frictional  behaviour. 
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In  modelling  post -peak  weakening,  it  is  necessary  to  be 
careful  about  the  use  of  the  terms  elastic  and  plastic. 
Elastic  unloading  releases  strain  energy  which  may  be 
absorbed  in  plastic  work  or  liberated  in  a  purely  elastic 
process.  Elastoplastic  is  the  correct  term  for  simultaneous 
existence  of  the  two  processes,  while  el ast ic-pl ast ic  can 
and  has  been  used  to  describe  two  separate  phases  of 
behaviour.  Most  soil  plasticity  theories  are  elastoplastic 
in  form,  in  the  sense  of  allowing  simultaneous  existence  of 
elastic  and  plastic  components  of  response. 

Many  different  elastoplastic  constitutive  models  have 
been  described  in  the  geomechanics  literature.  Most  readers 
will  be  familiar  with  elastic  theory  and  terms,  and  in 
particular  be  familiar  with  the  limitations  of  elastic 
theory  for  practical  purposes.  Yet  how  many  readers  are 
prepared  to  deal  with  the  the  bewildering  array  of 
elastoplastic  constitutive  models  now  available?  Little 

attempt  is  made  in  this  thesis  to  review  the  available 

\ 

literature:  it  is  extensive  and  can  be  studied  at  great 
length.  The  Cambridge  University  approach  ( Roscoe  and 
Bur  1  and ,  1968;  Atkinson  and  Bransby,  1978)  has  dealt 
successfully  in  overview  terms  with  the  mechanics  of 
normally  consolidated  clays.  The  models  proposed  by  Lade  and 
Duncan  (1975)  and  subsequently  elaborated  upon  by  Evgin  and 
Eisenstein  (1980)  have  contributed  much  to  the  study  of  sand 
behaviour.  Neither  approach  has  yet  been  widely  accepted  as 
an  engineering  tool,  although  the  Cambridge  model  probably 
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comes  closest  in  that  regard  (Evgin,  1981;  Dang  and  Magnan, 
1977)  . 

No  matter  which  elastoplastic  formulation  is  adopted, 
the  complexity  of  the  mathematical  details  usually  tends  to 
confuse  the  reader .  A  simple  Mohr -Cou lomb  material,  as 
illustrated  in  Figure  3.7,  is  reviewed  below.  This  is  an 
elastoplastic  model  which  can  readily  be  adapted  to  more 
complex  behaviour.  Some  of  the  terms  and  concepts  of  this 
model  are  described  at  length  in  an  attempt  to  clarify  the 
principles  involved. 

Yield  Functions  and  Flow  Rules: 

The  yield  function  is  a  concept  common  to  most 
plasticity  theories.  It  is  a  mathematical  formulation  in 
terms  of  stresses  and  material  strength  parameters  which 
defines  a  current  stress  state  of  stress  where  yielding 
occurs.  Negative  values  of  the  function  imply  no  yielding, 
and  positive  values  define  stress  states  which  the  material 
cannot  attain  without  incremental  elastoplastic  response.  A 
value  of  the  yield  function  can  be  assigned  to  any  point  of 
a  body.  Mathematically,  the  function  may  be  visualized  as  a 
surface  in  suitable  stress-space  within  which  only  elastic 
behaviour  occurs.  The  most  important  properties  of  a  yield 
function  are  that  it  be  mathematically  continuous  and 
differentiable  (with  provision  for  dealing  with  vertices  of 
the  surface),  because  its  primary  purpose  is  to  define 
permissible  stress  increments  when  yielding  occurs. 
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(A)  Material  Properties  ;  Cp  ,  </>p  ,  D  ,  (elastic  K,G ) 
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The  material  parameters  which  describe  the  yield 
function  may  be  variables  of  stress  state  or  strain  state. 

It  is  only  important  that  their  variation  be  defined  so  that 
as  yielding  occurs  the  associated  changes  in  the  yield 
surface  can  be  computed. 

Soil  behaviour  is  dominated  by  stress-path  or 
strain-path  dependency,  therefore  yield  surface  changes  are 
important  constituents  of  most  elastoplastic  models. 
Historically,  the  variation  of  these  parameters  has  been 
termed  "hardening"  or  "softening",  so  the  terms  hardening 
1 aw  or  softening  law  refer  to  expressions  for  strength-gain 
or  strength- loss  during  yielding.  Mathematically,  hardening 
is  associated  with  expansion  of  the  yield  surface,  and  vice 
versa  for  softening.  Criteria  can  be  established 
mathematically  concerning  the  stability  and  uniqueness  of 
the  hardening  or  softening  processes  (Drucker  and  Prager, 
1952) . 

The  deformation  theory  of  plasticity  has  been  found 
inappropriate  for  application  to  soil  mechanics  because  of 
the  incremental  path-dependency  of  soils,  whereas  the 
incremental  flow  theory  has  become  the  mainstay  of  soil 
plasticity.  It  is  necessary  to  predict,  at  a  given  yielding 
stress  state,  the  relationship  between  the  components  of 
plastic  strain  associated  with  an  increment  of  plastic  flow. 
The  means  for  predicting  these  strain  increment  components 
is  called  the  flow  rule.  In  classical  metal  plasticity 
(Hill,  1950)  the  flow  rule  was  obtained  mathematically  by 
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differentiation  of  an  expression  called  the  plastic 
potential .  The  plastic  potential  provides  a  convenient  means 
for  Keeping  account  of  the  flow  rule,  and  is  no  more  than  a 
ma t hemal i cal  convenience. 

In  combination,  the  yield  function,  flow  rule,  and 
hardening  law  provide  a  self-contained  means  of  predicting 
plastic  strains  associated  with  Known  stress  changes  during 
yielding,  or  vice  versa.  The  mathematical  formulation  is 
more  complex  than  for  nonlinear  elasticity  because  a  far 
more  complex  process  is  to  be  described.  When  frictional 
soil  behaviour  was  formulated  by  DrucKer  and  Prager  (1952), 
care  was  taKen  to  preserve  the  requirements  for  material 
stability  and  solution  uniqueness.  (Equivalent  requirements 
in  elasticity  place  bounds  on  allowable  combinations  of 
material  parameters).  Mathematically,  the  stability  and 
uniqueness  requirements  tooK  the  form  of  restrictions  on  the 
plastic  potential.  If  this  was  identical  in  form  to  the 
yield  function  (ie,  with  the  yield  function)  the  criteria 
were  met  almost  unconditionally.  The  criteria  could  not  be 
fully  met  for  non assoc i at ed  flow  rules,  but  as  pointed  out 
by  Prevost  (1974)  and  Prevost  and  Hoeg  (1975)  this  does  not 
mean  that  nonassoci ated  flow  rules  are  unacceptable  in  soil 
mechanics.  Davis  (1969)  described  simple  and  effective 
associated  and  nonassoci ated  plasticity  theories  which  have 
subsequently  been  widely  used  by  researchers  at  the 
University  of  Sydney.  The  Mohr-Coulomb  material  described 
below  is  an  alternative  formulation  of  the  Davis  model.  A 
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Davis-type  model  will  be  discussed  in  detail  below. 

Separability  of  Strain  Components: 

It'  is  reasonable  intellectually  (and  convenient 
mathematically)  to  assume  that  an  increment  of  yielding 
strain  involves  components  of  elastic  and  plastic  behaviour, 

•  •  g  »  p 

£  ~  ^  +  Equation  (3.1) 


where  is  a  vector  of  strain  increment  components 

E,P  superscripts  denote  elastic  and  plastic 
components  respectively 

This  fundamental  relationship  cannot  generally  be  evaluated 
experimentally  without  assuming  isotropy  or  otherwise  of 
material  behaviour. 

Mohr-Coulomb  Nonassociated  Elastoplast ici ty : 

This  simple  and  effective  e 1  as  top  1 ast i c  tool  consists 
of  material  which  has  a  fixed  yield  function  and  constant 
plastic  dilatancy  rate.  A  linear  Mohr-Coulomb  strength 
relationship  is  used  as  a  strength  criterion.  The  dilatancy 
rate,  or  ratio  of  increments  of  plastic  volumetric  strain 
and  plastic  shear  strain,  is  a  material  constant  which  may 
assume  any  reasonable  value.  Over  a  restricted  range  of 
strains  (of  the  order  of  5%)  this  character izat ion  agrees 
with  experimental  observation.  The  means  of  expressing  the 
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dilatancy  rate  may  vary.  Davis  (1969)  used  a  dilatancy  angle 
which,  when  equal  to  the  friction  angle,  leads  to  identical 
mathematical  forms  for  the  yield  function  and  plastic 
potential  (associated  flow  rule).  An  alternative  approach  is 
introduced  here  and  will,  it  is  hoped,  clarify  the 
derivation  of  the  elastoplastic  model. 

Figure  3.7A  shows  schematically  the  intended  material 
model  behaviour.  This  model  will  henceforth  be  termed  the 
Constant -Rate-of-Di lation  Mohr -Coulomb  model,  or  CRD  for 
short.  Also  shown  on  the  figure  are  Mohr  circles  of  stresses 
and  strain  increments.  The  strain  increment  circle  uses  the 
engineering  notation  for  shear  strains  and  thus  ignores  the 
possible  effects  of  rotational  motion  (de  Josselin  de  Jong, 
1959)  . 

The  yield  function  is 


Cp  —  C5^  . . .  Equation  (3.2) 


Expressed  in  terms  of  global  XY  axis  components,  this 
becomes 


■f  *=-  {  ;  CP  )  . . .  Equat ion  (3.3) 


The  yield  function  must  remain  equal  to  zero  for  sustained 
yielding,  this  occurs  when 
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(The  dot  notation  refers  to  a  small 
not  to  differentiation  with  respect 
model ,  the  strength  parameters  are 
equation  3.4, 


Equation  (3.4) 


incremental  quantity, 
to  time).  For  the  CRD 
constants.  Summarizing 


bTc/  •  s 


. . .  Equation  (3.5) 
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1=5  0  for  the  CRD  model  . 

The  flow  rule  has  two  parts.  Firstly,  referring  to 
Figure  3.7C,  the  dilatancy  rate  is  a  constant  and  is 
expressed  as 


Equation  (3.6) 


which  is  a  natural  physical  property  of  the  Mohr  circle. 
Secondly,  it  is  assumed  that  the  principal  stress  axes  and 
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principal  strain  increment  axes  coincide  in  space  so  that 
angles  0(  and  (2>  are  identical. 

From  the  Mohr  Circle  of  Strain  Rates  (Figure  3. 70, 


■sin 


. . .  Equation  (3.7) 


From  the  Mohr  Circle  of  Stress  (Figure  3.7B), 


Cos  2X  *» 
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and  hence 
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Equation  (3.8) 
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Using  equation  3.1, 
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•  E  •  P 
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where  M  is  the  elasticity  matrix  =r  &>]£ 


Therefore , 
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Premultiplying  by  fc>  gi 


ves 


t»T  [p]  §  -  feV  + 


In  finite  element  calculations  the  total  strain 
increment  (or  a  trial  value  of  it)  is  always  Known,  and  g 
has  to  be  evaluated,  so  inserting  equation  3.5  gives 


^  1:3  ^  ~~  ...  Equation  (3.9) 

j?TWs 

All  of  the  quantities  of  the  R.H.S.  of  equation  3.9  are 
Known  for  the  current  stress  state  and  given  total  strain 
increment.  Having  obtained  g,  equation  3.8  can  be  used  to 
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evaluate  the  plastic  strain  increment  and  thus 


. . .  Equation  ( 3 . 10) 


The  significance  of  the  parameter  g  is  clear.  It  must 
have  a  positive  value  and  cannot  be  less  than  zero  (Davis 
and  Booker,  1974)  because  it  is  a  measure  of  the  rate  of 
plastic  work.  It  is  also  possible  to  describe  the  effect  of 
hardening  or  softening  via  the  parameter  S.  For  the  CRD 
material  S  is  zero  (no  hardening  or  softening),  but  in  more 
general  applications, 


. . .  Equation  (3.11) 


which  may  be  described  as  a  stability  criterion  for 
rea 1 i st ic  yielding. 


The  mathematical  details  of  the  CRD  model  are  given  in 


Appendix  B,  and  some  examples  of  the  application  of  the 
model  to  bearing-capacity  problems  are  given  in  Chapter  5. 

Effect  of  Dilation  Rate: 

The  dilatancy  rate  is  an  important  material 
characteristic,  both  in  physical  modelling  of  behaviour  and 
in  terms  of  numerical  behaviour  of  e 1 astop 1 ast i c 
formulations.  As  the  dilatancy  rate  increases,  so  the  volume 
of  yielding  material  is  forced  to  expand  to  a  greater  extent 
and  elastic  stress  changes  are  likely  to  be  greater.  It  can 
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generally  be  stated  that  lower  dilatancy  rates  lead  to  more 
rapid  numerical  convergence. 


3.4  ROWE'S  STRESS -DILATANCY  MODEL 

In  previous  sections  the  mi crostructura 1  link  between 
strength  and  dilatancy  was  discussed.  The  reasons  for 
adapting  Rowe's  Stress-Di 1 atancy  theory  for  an  e 1 astop 1  as t i c 
model  i nc lude : 

1.  experimental  justification  of  a  microstructura 1 
mechanism  of  yielding; 

2.  a  theoretical  basis  in  terms  of  internal  energetics 
of  the  yielding  system;  and 

3.  a  simplicity  which  permits  easy  application. 

Rowe's  (1962)  introduction  of  the  Stress-Di 1 atancy 
relationship  was  based  upon  observation  of  idealized 
particulate  material  (uniform-sized  ballotini)  using 
possibly  inadequate  testing  equipment  (inadequate  provision 
for  reducing  end-restra i nt  to  ensure  uniform  deformations). 
Attempts  to  apply  the  theory  to  natural  sand  necessitated 
the  replacement  of  a  material  frictional  constant  with  a 
curve- f i t t i ng  parameter  that  varied  with  the  strain 

history  of  the  material.  At  large  strains  approached  a 
material  constant  at  which  no  further  dilatancy  took 

place.  It  was  argued  that  a  unique  microstructura 1  condition 
developed  during  constant -vol ume  yielding  and  that  this 
corresponded  in  principle  with  Taylor's  (1948)  concept  of 
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critical  void  ratio. 

Subsequently,  a  great  deal  of  research  effort  has 
focussed  on  the  elaboration  of  the  Stress-Di 1 atancy  theory. 
Rowe  (1-963,  1969)  and  Rowe  et.al.  (1964)  endeavoured  to 
explain  the  reasons  for  strength  differences  under  different 
test  configurations  such  as  triaxial  compression,  triaxial 
extension,  plane  strain,  and  direct  shear.  This  effort 
neither  clarified  the  value  of  the  theory  substantially  nor 
contributed  much  to  its  utilization  in  engineering  practice. 
The  three  reasons  for  adopting  the  theory  in  this  work  are 
now  discussed  and  it  is  hoped  that  such  discussion  will 
establish  the  value  of  the  concepts  of  the  theory. 

Experimental  Justification: 

The  Stress-Di 1 atancy  theory  leads  to  a  relationship  for 
plane  strain  of  the  form 

R  =  D . K  ...  Equation  ( 3 . 12) 


where  R 


D 


/ 


principal  stress  ratio, 


inverse  principal  strain  increment  ratio, 


K  =  a  frictional  parameter  which  at  constant -volume 
yielding  becomes  Kcv . 

A  tension-positive  convention  is  adopted  for  all 
mechanical  quantities,  and  Figure  3.8  illustrates  the 
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quantities  used.  Implicit  in  Equation  3.12  is  the  coaxiality 
of  principal  stresses  and  principal  strain  increments.  A 
fundamental  assumption  in  establishing  this  relationship  is 
the  rat-io  of  work  increments  of  a  stress  system,  therefore 
the  extension  to  non-coaxiality  can  be  made  if  the  work 
increments  are  formed  from  coaxial  components. 

The  quantities  D  and  R  may  easily  be  measured  in  a 
triaxial  or  plane  strain  apparatus,  assuming  that 
homogeneous  deformations  occur.  The  experimental  parameter  K 
is  the  slope  of  a  plot  of  R  versus  D.  This  may  be  found  for 
any  number  of  tests  reported  in  the  literature.  Rowe  (1972) 
discussed  such  experimental  evidence  at  length,  and 
concluded  that  is  a  curve-fitting  parameter  lying  within 

the  bounds  of  (i  nterparticle  friction)  and  .  Figure 

3.9  shows  the  variation  of  ft  throughout  a  triaxial  test. 
However,  in  plane  strain  ft  was  shown  to  be  essentially 
constant  at  the  value  of  fic*  .  This  can  be  explained  in 

terms  of  the  more  restrictive  kinematic  conditions  of  the 

\ 

plane  strain  test.  (Cornforth,  1964). 

Rowe  (1972)  showed  that  a  Stress-Di 1 atancy  relationship 
could  be  found  for  a  variety  of  strain  conditions,  provided 
that  was  allowed  to  vary  somewhat  during  straining.  For 

example,  Figure  3.9  shows  an  R-D  plot  for  a  conventional 
triaxial  compression  test.  The  value  of  was  attained 

only  following  extensive  grain  slippage  and  remoulding  of 


the  mater i a  1 . 
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FIGURE 


3.8  PRINCIPAL  STRESS  AND  STRAIN  INCREMENTS 
AND  STRESS- Dl  LATA  NCY  RELATIONSHIP 


D 


FIGURE  3.9  R-D  PLOT  FOR  TYPICAL  TRIAXIAL 


TEST  (  after  ROWE  ,  1972) 
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Because  the  Kinematic  conditions  of  the  plane  strain 
test  are  more  restrictive,  much  smaller  overall  deformations 
should  be  required  to  generate  substantial  remoulding.  This 
test  would  therefore  be  a  better  means  of  investigating  the 
influence  of  intergranular  fabric  characteristics  on  the 
development  of  the  R-D  relationship.  Such  features  as 
anisotropy  due  to  preferred  grain  orientation  were  studied 
in  this  manner  by  Oda  et.al.  (1978).  Markedly  different 
strength  envelopes  were  obtained  for  different  preferred 
grain  orientations  with  respect  to  the  principal  stress 
axes.  The  R-D  plots  for  some  of  their  tests  are  shown  in 
Figure  3.10.  While  the  prepeak  R-D  paths  vary  in  response  to 
intergranular  processes,  the  post-peak  paths  converge  to  a 
unique  value  of  K.  This  suggests  that  grain  slippage  and 
reorientation  and  consequent  fabric  expansion  created  a 
unique  mi cros tructur a  1  response  as  the  constant  volume  state 
was  approached.  The  observations  of  Morgenstern  and 
Tchalenko  (1967  a,b)  should  be  recalled  at  this  point.  They 
observed  the  development  of  a  microfabric  during  direct 
shear  of  reconsolidated  kaolin,  that  the  shearzone  of  the 
sample  developed  into  par t icle- 1  ike  domains  of  clay 
material,  and  that  an  essentially  unique  structural 
arrangement  of  these  domains  developed  as  the  constant 
volume  condition  was  approached. 

It  can  be  concluded  that  variation  of  during 

shearing  reflects  internal  energetics  during  evolution  of 
the  fabric  to  a  constant  volume  condition.  In  plane  strain, 


■  . 
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VARIOUS  INITIAL  SAND  FABRICS  (PDA  et.ol..l978) 
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the  value  of  is  essentially  constant  in  the  post-peak 
regime.  This  last  conclusion  has  great  significance  for 
modelling  post-peak  behaviour  in  plane  strain. 

The  structure  of  shearzones  was  clarified  by  Skempton 
(1966)  and  a  fine  example  of  a  large-scale  fault-zone  was 
discussed  by  Tchalenko  and  Ambrayseys  (1970).  The  common 
features  of  shearzones  ranging  from  microscale  (direct  shear 
tests)  to  macroscale  (regional  faults)  were  summarized  by 
Tchalenko  (1970).  As  a  first  approximation,  it  would  seem 
that  equivalent  fabric  processes  should  be  governed  by 
equivalent  physical  relationships.  It  can  then  be  concluded 
that  experiment  and  observation  confirm  the  general 
applicability  of  the  Stress-Di 1 atancy  relationship  to 
post-peak  yielding  of  shearzones  of  any  scale. 

Theoretical  Basis: 

Rowe's  original  argument  was  that  intergranular  (or  in 
its  extended  context  here,  intrafabric)  motion  consists 
primarily  of  irrecoverable  slip  at  grain  contacts.  Slippage 
is  controlled  by  i nterpar t i c le  friction,  but  the  incremental 
work  done  by  the  slip  between  two  adjacent  surfaces  cannot 
be  generalized  to  the  aggregate  slippage  of  an  irregular 
particulate  assemblage  without  considering  its  volumetric 
behaviour.  The  virtual  work  relationship  for  simple 
frictional  sliding  reduces  to  a  force  equation.  The 
equivalent  virtual  work  relationship  for  the  stress  tensor 
of  the  aggregate,  on  the  other  hand,  requires  equating 
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components  of  stress  and  strain  tensors.  Rowe  chose,  perhaps 
unfortunately,  to  explain  his  theory  in  terms  of  the  ratio 
of  input  to  output  work  and  this  was  not  a  satisfactory 
physica.l  basis  for  most  of  his  contemporar  i  es .  However, 

Horne  (1965)  went  to  some  trouble  to  explain  that  Rowe's 
concept  was  based  upon  a  suitable  frictional  equilibrium 
model.  De  Josselin  de  Jong  (1976)  demonstrated  by  means  of  a 
frictional  sliding  model  identical  to  Rowe's  that  the 
Stress-Di 1 atancy  relationship  was  in  fact  a  correct 
expression  for  the  equilibrium  of  a  dilatant  aggregate. 

Experimental  observation  of  sand  fabrics  sheared  in 
triaxial  tests  lead  Oda  (1972b)  to  an  alternative  derivation 
of  the  Stress-Di 1 atancy  relationship  based  solely  on 
mechanisms  of  intergranular  contact  and  slip.  More 
remarkably,  Oda  demonstrated  firstly  by  theory  and  then  by 
experiment  that  two  phases  of  i ntergr anu 1 ar  frictional 
mobilization  can  take  place.  Initially,  deviatoric  stress 
changes  give  rise  to  significant  changes  in  the  orientation 
of  i ntergr anu 1 ar  contact  areas  without  noticeable 
rear r angement  of  the  grains  themselves.  The  pre-peak  phase 
of  shearing  constitutes  rear rangement  of  interparticle 
forces  to  sustain  deviatoric  stress.  Progress i ve 1 y ,  further 
deformation  requires  interparticle  slip  which  occurs  by 
remoulding  of  the  grain  fabric,  or  by  particle  crushing  and 
cleavage,  or  both. 

Theoretical  bases  thus  exist  for  the  Stress-Di 1 atancy 
relationship  as  an  expression  of  equilibrium  of  a  frictional 
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system.  Oda' s  experimental  work  is  also  valuable  as  a 
clarification  of  the  pre-peak  and  post-peak  shearing 
processes  in  a  granular  aggregate.  From  an  entirely 
theoretical  point  of  view,  Horne  (1965)  studied  assemblies 
of  uniform  spheres,  which  enabled  bounds  to  be  placed  on  the 
value  of  <pt  ,  fully  in  accordance  with  experimental 
observat i on . 

It  is  worthwhile  to  describe  briefly  other,  parallel 
studies  of  granular  aggregates  undertaken  over  the  same 
period  as  Rowe's  work.  Rennie  (1959)  considered  the 
equilibrium  mechanics  of  an  assembly  of  ideal  particles  and 
developed  bounds  for  the  stress  systems  which  could  result. 
Further  elaboration  was  undertaken  by  Parkin  (1964),  and 
Trollope  (1968)  formalized  this  work  as  an  engineering 
stress  distribution  theory  which  he  called  Clastic 
Mechanics.  Unfortunately,  this  work  was  not  amenable  to 
generalized  numerical  analysis  and  could  not  be  used  to 
predict  magnitudes  of  deformations.  Recently,  a  numerical 
elaboration  was  provided  by  Trollope  and  Burman  (1980),  but 
it  still  remains  difficult  to  select  material  parameters 
from  test  data  in  order  to  carry  out  practical  engineering 
analysis  using  discrete  particle  concepts. 

Simplicity  of  Concepts: 

A  body  of  literature  has  been  developed  either  in 
support  of  or  in  opposition  to  Rowe's  work,  but  from  a 
practical  viewpoint  these  developments  do  not  substantially 


affect  the  significance  of  the  original  concepts.  Rowe 
proposed  a  remarkably  simple,  approximate  relationship  and 
verified  it  using  test  data  which  would  probably  be 
considered  inadequate  by  modern  standards.  For  the  purposes 
of  this  research,  Rowe's  relationship  is  attractive  for  its 
simplicity  and  its  implicit  recognition  of  the  internal 
mi crostructura 1  processes  controlling  post-peak  yielding. 

The  details  of  faithfulness  to  real  material  behaviour  can 
temporarily  be  set  aside  until  the  significance  of  post-peak 
weakening  and  dilatancy  have  been  evaluated  with  the  simple 
model . 

Accepting  the  simple  and  approximate  nature  of  the 
model,  its  adaptation  to  elastoplast ic  numerical  analysis 
must  be  clarified.  Considerable  research  effort  has  been 
spent  on  this  aspect  of  Stress-Di 1 atancy ,  rather  fruitlessly 
because  of  some  fundamental  misconceptions.  Adaptation  of 
the  model  will  next  be  clarified. 

Adaptation  to  E lastoplast ic  Theory: 

The  twin  concepts  of  the  yield  surface  and  the  plastic 
potential  were  adapted  to  soil  mechanics  from  classical 
plasticity  theory.  Drucker  and  Prager  (1952)  established 
that  frictional  yielding  had  to  be  accompanied  by  an 
associated  flow  rule  in  order  to  guarantee  stability  and 
uniqueness  on  theoretical  grounds.  Critical  State  soil 
mechanics  was  established  using  similar  concepts  to  Drucker 
and  Prager' s  work. 
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The  St ress-D i 1  a tancy  theory  was  naturally  regarded  as  a 
flow  rule  because  it  linked  components  of  incremental  strain 
to  the  current  stress  state.  In  this  research,  the 
mi cros tructura 1  control  of  yielding  has  been  emphasized,  and 
it  is  more  reasonable  to  regard  the  St ress-D i 1  at ancy 
rel at ionshi p  as  a  yield  function  control  led  by  the 
instantaneous  strain  rates.  By  integrating  the  strain  rates, 
the  instantaneous  volumetric  strain  establishes  the  current 
void  ratio.  Alternatively,  the  current  void  ratio 
establishes  the  available  strain  rate  ratio,  and,  as  noted 
by  Taylor  (1948),  the  instantaneous  yield  function.  It  is 
therefore  reasonable  to  establish  a  flow  rule  whereby 
current  strain  rate  increments  are  a  function  of  current 
void  ratio. 

One  further  piece  of  information  is  required:  these 
strain  rates  must  be  linked  physically  to  the  current  stress 
state.  Roscoe  et.al.  (1967)  showed  clearly  that  principal 
plastic  strain  increment  axes  tend  to  be  coaxial  with 
current  principal  stress  axes,  although  Drescher  and  de 
dosselin  de  dong  (1972)  and  Drescher  (1976)  presented  data 
which  support  a  restricted  amount  of  non-coaxiality.  While 
there  may  be  phases  of  transition  from  the  more  elastic 
pre-peak  processes  to  fully  developed  plastic  post-peak 
behaviour,  let  the  flow  rule  be  completed  by  assuming  the 
uncond i t i on a  1  coax ial ity  of  pr i nci pal  st ra i n  i nc remen t  axes 
and  principal  stress  axes. 
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If  the  coaxiality  assumption  is  not  made,  further 
information  is  required  to  specify  the  directional 
relationship  between  the  current  stress  axes  and  current 
strai n  .increment  axes.  An  axial  deviation  parameter  might  be 
introduced,  but  theoretical  and  experimental  justification 
would  need  to  be  sought. 

De  Josselin  de  dong  (1959)  considered  the  critical  void 
ratio  (constant-volume)  frictional  yielding  of  sand,  and 
established  that  there  could  be  a  restricted  range  of 
non-coaxiality  of  the  quantities  adopted  above.  His  research 
was  most  elegant,  and  on  theoretical  grounds  deserves  to  be 
extended  to  dilatant  yielding.  Thornton  (1979)  examined  the 
flow  rules  available  for  various  idealized  packings  of 
spheres  and  did  describe  bounds  on  the  "undefiniteness" 
described  by  de  Josselin  de  Jong.  There  is  a  large 
literature  on  such  theoretical  models,  and  there  have  been 
many  fine  experimental  research  efforts  aimed  at  clarifying 
flow  rules.  Arthur  et.al.  (1977)  portrayed  the  development 
of  yielding  in  terms  of  hardening  and  softening 
( dens i f i ca t i on  and  dilation)  but  did  not  appear  to  come  any 
closer  to  evaluating  the  importance  of  various  elements  of 
response  which  they  identified. 

The  purpose  of  the  Stress-Di 1 atancy  model  is  to 
evaluate  the  role  of  mi crostructura 1  dilatancy  in  overall 
s t ress - s t r a i n  response.  Such  a  model  is  limited  to  the 
shearband  (that  is,  internal).  The  evolution  of  discrete 
shearzones  and  non-uniform  straining  has  been  examined  as  a 
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bifurcation  problem  by  Vardoulakis  et.al.  (1978)  and  the 
parameters  used  in  their  work  are  necessarily  those 
governing  response  at  the  boundaries  of  the  shearband  (that 
is,  external).  With  clarification  of  the  importance  of 
internal  versus  external  characterizations  of  shearband 
response  as  an  aim  of  this  thesis,  the  finer  points  of 
plasticity  theory  and  observed  soil  behaviour  will  not  be 
discussed  further.  It  remains  to  evaluate  critically  a  model 
which  incorporates,  in  as  simple  a  fashion  as  possible,  a 
reasonable  representation  of  dilatancy.  The  mathematical 
development  of  elastoplast ic  Stress-Di 1 atancy  is  described 
in  detail  in  Appendix  C.  Henceforth,  the  Stress-Di 1 atancy 
model  will  be  referred  to  as  the  SD  model. 


3.5  A  POST-PEAK  PLASTICITY  MODEL 

Real  physical  and  numerical  limitations  to  the  adoption 
of  the  Stress-Di latancy  model  caused  consideration  to  be 
given  to  a  simplified  post-peak  model.  It  can  be  argued  that 
non-uniform  yielding  may  affect  and  control  stress-strai n 
response  of  a  material  element  of  any  scale.  The  post-peak 
plasticity  model  was  designed  to  be  a  simple  continuum  model 
reflecting  the  internal,  perhaps  non-uniform,  yielding 
processes  affecting  such  an  element.  By  this  means,  a 
large-scale  continuum  element  could  behave  as  if  affected  by 
an  internal,  stress  dilatant  shearzone  (or  shearzones)  of 
arbitrary  size  and  orientation.  As  a  simple  example,  plane 
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strain  testing  of  dense  sand  generally  shows  a  transition 
from  peak  to  residual  behaviour  over  a  few  percent  (axial) 
strain.  Application  of  the  Stress  Dilatancy  model  typically 
requires  a  total  shear  strain  of  at  least  100%  to  accomplish 
the  peak-residual  transition.  Localized  within  the  test 
sample  there  must  be  a  shearzone  which  is  straining  at  a 
much  higher  rate  than  the  sample  average. 

The  post-peak  plasticity  model  was  formulated  in  the 
simplest  possible  terms.  Linear  Mohr-Coulomb  strength 
envelopes  were  assumed  for  peak  and  residual  conditions,. 

A  schematic  illustration  of  the  model  is  given  in 
Figure  3.11.  The  accumulated  plastic  shear  strain  was  chosen 
as  an  indicator  of  available  strength  (Stroud,  1971)  and  to 
measure  the  peak-residual  transition.  The  derivable  strength 
index,  which  may  be  a  nonlinear  function  of  accumulated 
plastic  shear  strain,  is  used  to  interpolate  strength  and 
dilatancy  characteristics  between  peak  and  residual 
condi t ions . 

The  e 1  as  top  1  as t i c  form  of  the  model  is  similar  to  the 
CRD  model,  with  extra  terms  to  take  account  of  the  change  in 
strength  associated  with  an  increment  of  plastic  shear 
strain.  Mathematical  development  is  described  in  detail  in 
Appendix  D,  and  the  post  peak  plasticity  model  will 
henceforth  be  denoted  by  the  abbreviation  PPP. 
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Pre  -  Peak  Behavior 
Post- Peak  Behavior 


Isotropic  Elastic 
€  =  eE  +€p 

CE  =  isotropic  elastic  portion  of  strain 
€p  =  plastic  portion  of  strain 


At  an  intermediate  post- peak  point ,  X  , 
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Accumulated  plastic  shear  strain  =  2-7 
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Instantaneous  strength  Cj  =  DSI  •  Cp 

01  =  0R  ■+•  DSI  (</>p  — 0R  ) 

6  P 

Instantaneous  dilatancy  rate  D^  =  =  DSI  •  Dp 

*  max. 

Instantaneous  tensile  strength  tj  =  DSI  •  t  p 

Material  Parameters  K,G  ,  Cp  ,0p  ,  0r  ,7Pr,  DS IX  ,  D  p  ,  t  p 


FIGURE  3.11  SCHEMATIC  POST-PEAK  PLASTIC  MODEL 
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3.6  REVIEW  OF  ANALYTICAL  CONCEPTS 

This  chapter  has  been  devoted  to  the  development  of 
analytical  models  for  pursuing  the  behaviour  of  post-peak 
weakening.  In  particular,  known  micromechanical  attributes 
of  localized  shearzones  were  chosen  for  modelling.  This 
research  poses  the  difficult  problem  of  balancing  exessively 
theoretical  developments  against  sufficiently  complex  models 
of  material  response. 

To  start  with,  simple  one-dimensional  models  for 
progressive  shearzone  failure  were  reviewed  and  an  extension 
made  to  one  analysis  to  account  for  the  peak  to  residual 
strength  transition.  A  two-dimensional,  nonlinear, 
transverse- i sotropi c  elastic  constitutive  model  was  then 
developed  as  an  analytical  tool  for  practical  analysis  of 
shearbands  using  finite  element  techniques.  Together,  these 
elasticity-based  models  provide  means  for  obtaining 
s tress-deformat  ion  solutions  to  shearband  problems  of  known 
geometry  and  with  known  controls  over  shearband  behaviour. 

A  review  of  e 1  as  top  1 ast i c  theory,  as  adopted  for  this 
research,  was  given  as  a  basis  for  establishing  more 
rigorous  constitutive  models  for  shearzone  mechanics.  As  an 
illustration,  the  familiar  CRD  model  was  derived.  Models 
specifically  capable  of  modelling  post-peak  weakening  and 
associated  internal  dilation  were  then  developed.  The  SD 
model  is  theoretically  more  rigorous.  However,  the  geometric 
uncertanties  associated  with  shearzone  evolution  and  the 
practical  computational  problems  associated  with  modelling 
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such  geometry  necessitated  development  of  a  simpler  and  more 
phenomenological  model,  the  PPP  model. 

The  simple  one-dimensional  analytical  models  stand 
alone.  They  may  be  adapted  readily  to  superficial  analysis 
of  shearzone  problems  of  resticted  geometry.  In  order  to 
solve  more  general  problems,  the  more  powerful  and  realistic 
nonlinear  elastic  or  elastoplastic  models  are  required.  This 
demands  the  development  of  suitable  computational 
procedures,  which  for  the  complex  geometrical  and  stress 
conditions  of  shearband  problems  require  powerful, 
state-of-the-art  finite  element  analytical  techniques. 

The  computational  models  and  the  analytical  technique 
cannot  be  considered  separately.  To  a  large  extent  the 
selection  of  the  analytical  techniques  must  follow  the 
practical  dictates  of  material  models. 


4.  FINITE  ELEMENT  ANALYTICAL  TECHNIQUE 


A  major  portion  of  this  research  work  involved 
development  of  computer  programs  for  analysing  localized 
deformations.  It  was  important  at  the  outset  to  define 
design  criteria  in  order  to  utilize  state-of-the-art 
numerical  techniques,  but  so  that  development  work  could  be 
concentrated  where  it  was  most  necessary. 

This  chapter  describes  the  development  of  computer 
programs  for  finite  element  analysis  of  localization 
problems.  Design  criteria  and  computational  aspects  are 
discussed.  Alternative,  readily  available  programs  are 
reviewed.  Two  parallel  developments,  with  elastoplastic  and 
nonlinear  elastic  capabilities  respectively,  are  outlined. 

Verification  of  the  accuracy  and  capabilities  of  the 
adopted  finite  elements  is  provided  using  a  classical 
problem  of  linear  elastic  fracture  mechanics. 


4.1  REVIEW  OF  DESIGN  CRITERIA 

The  critical  elements  of  design,  identified  as  a 
consequence  of  nonhomogeneous  yielding,  are: 

1.  localized,  nonhomogeneous  deformations, 

2.  high  deformation  gradients, 

3.  stress  concentrations, 

4.  strength  limits  in  shear, 
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5.  strength  limits  in  tension. 


Localized  Deformations: 

The  development  of  discrete  shearzones  as  a  consequence 
of  post-peak  weakening  was  discussed  in  Chapter  2.  The 
finite  element  used  to  model  this  behaviour  must  not  distort 
homogeneous  deformation  fields  during  elastic  pre-peak 
straining,  yet  it  must  be  capable  of  reasonably  representing 
localized  deformation  when  post-peak  yielding  commences.  The 
distortion-free  criterion  requires  geometrical  behaviour 
independent  of  the  orientation  and  shape  of  the  element. 

This  is  not  necessarily  the  case  with  the  simple  and  popular 
Constant  Strain  Triangle  (CST),  and  therefore  cannot  be  the 
case  with  quadrilaterals  composed  of  CST' s  (Yamamoto  and 
Tokuda,  1971;  Desai  and  Abel,  1972;  Bathe  and  Wilson,  1976). 
Furthermore,  stress  equilibrium  can  only  be  approximated 
along  i nter -e 1 ement  boundaries.  Clearly,  elements  should  be 
able  to  represent  variations  of  stresses  in  order  to  meet 
this  equilibrium  criterion  as  well  as  possible  without 
demanding  excessive  mesh  refinement  (Cook,  1974).  A 
higher-order  general  purpose  element  is  required  to  meet 
such  objectives. 

Research  is  presently  being  conducted  into 
sel f -adaptat ion  of  finite  elements  (automatic  internal 
subdivision  using  non-nodal  degrees  of  freedom)  for  solving 
fracture  mechanics  problems  ( Peano  et.al.  1978,  1979;  Peano 
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and  Riccioni,  1979)  but  this  does  not  appear  to  have  reached 
the  stage  where  confident  application  can  be  made  to 
localization  problems.  Figure  4.1  shows  CST  and  multi-CST 
elements,  higher-order  isoparametric  elements,  and 
illustrates  the  self-adaptive  technique.  It  was  decided  to 
examine  higher-order  i soparamet r i c  elements  more  closely. 

High  Deformation  Gradients: 

In  Chapter  2,  deformation  compatabi 1 i ty  across  a 
shearzone  boundary  was  discussed,  and  it  became  apparent 
that  very  high  local  deformation  gradients  could  be 
expected.  The  finite  element  model  of  a  shearzone  is  a  thin 
continuum  or,  in  the  limit,  a  displacement  discontinuity. 

In  the  case  of  a  thin  continuum  element,  displacement 
compatabi 1 i ty  between  elements  is  assured.  However,  strain 
discontinuities  between  elements  are  permitted  and  stress 
equilibrium  along  the  boundaries  is  approximated.  Higher 
order  (that  is,  quadratic  order  or  higher)  i soparamet r i c 
elements  allow  more  accurate  representation  of  stress 
equilibrium  in  regions  of  high  deformation  gradient,  and 
thus  are  suitable  candidates  for  appropriate  representat ion 
of  shearband  deformation  fields. 

Di spl acement -di scont i nui ty  elements  were  first  utilized 
for  modelling  jointed  rock  (Goodman  et .al .  1968)  and  have 
been  extended  to  include  dilatancy  and  nonlinear  response  to 
both  normal  and  shear  stresses  (Goodman  and  Dubois,  1972). 
The  behaviour  of  these  elements  is  reduced  to  the 
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(element  performance  depends  upon  orientation  with  respect 
to  X-Y  axes) 


FIGURE  4.1  EXAMPLES  OF  FINITE  ELEMENTS  AVAILABLE 

FOR  LOCALIZATION  RESEARCH 
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relationship  between  stresses  on  the  boundary  and  the 
relative  displacements  along  and  across  the  boundary.  The 
element  itself  thus  represents  an  interface  between  other 
mater i aJ  s . 

Many  variations  of  the  basic  interface  formulation  have 
been  proposed  (Ghaboussi  et.al .  1973;  Zienkiewicz  et.al  . 
1970).  Rowe  and  Davis  (1977)  used  a  similar  element 
interface  to  introduce  rupture  lines  into  the  analysis  of 
bearing  capacity  problems,  and  the  study  of  pile/rock-socket 
interaction  has  been  addressed  using  the  same  approach  (Rowe 
and  Pel  Is ,  1980  )  . 

The  thin  continuum  element  creates  constitutive 
problems  only  if  large-displacement  or  large-strain 
formulations  are  required  to  accurately  represent  the  high 
shearzone  strains  or  strain  gradients.  On  the  other  hand, 
there  are  unresolved,  scale-dependent  constitutive  problems 
associated  with  the  interface  element.  Ladanyi  and 
Archambault  (1970)  and  Barton  (1975)  described  the  nonlinear 
strength  of  rock  joints  with  reference  to  the  physical 
mechanisms  involved.  However,  the  determination  of  an 
appropriate  scale  for  representative  measurement  of 
sur f ace-roughness  (Bruce, 1978;  T se ,  1979)  remains  open  to 
debate.  It  is  necessary  to  make  semi -arbi trary  assumptions 
of  stiffness  parameter  values  when  applying  the  interface 
approach  to  shearzone  problems,  and  these  assumptions  will 
change  somewhat  with  the  scale  of  the  problem  being  analysed 
(shear-box  shearband  versus  regional  faulting,  to  cite 


124 


extreme  examples).  Furthermore,  no  elucidation  of  the 
microstructura 1  constitutive  response  within  the  shearband 
is  possible  using  the  interface  approach. 

An-  interface  element  was  developed  as  part  of  this 
research.  It  is  illustrated  in  Figure  4.2,  the  midside  nodes 
being  necessary  for  boundary  compa tabi 1 i ty  with  adjoining 
higher -order  continuum  elements. 

At  the  stage  when  constitutive  response  was  being 
evaluated,  the  difficulties  of  accounting  for 
scale-dependent  interface  response  were  recognized  and  the 
alternative  of  a  thin  continuum  element  was  finally  adopted. 
Figure  4.2  also  shows  the  adopted  shearzone  continuum 
element.  Studies  ( Pande  and  Sharma,  1979)  have  indicated 
that  this  element  should  perform  reliably  for  very  high 
aspect  ratios  ( b/h= 1000) .  High  aspect  ratios  (b/h  up  to 
6000)  were  used  in  the  studies  described  in  Chapters  6  and 
7. 

Stress  Concentrations: 

Stress  concentrations  at  loaded  or  unloaded  boundary 
intersections  pose  mathematical  difficulties  for  analysis 
using  elastic  theory.  Recognition  of  the  singularities  that 
develop  in  mathematical  expressions  for  the  stress 
concentrations  lead  to  the  development  of  alternative  means 
for  representing  such  phenomena.  For  real  materials,  the 
problem  is  experimental  in  nature:  determination  of  a 
parameter  which  describes  the  effect  of  a  stress 
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Variable  4-6  node  interface 
element  (node  pairs  share 
same  coordinates ) 


Variable  4-8  node  ,  thin 
continuum  element  (aspect 
ratio  h/  b  >  10  ) 


FIGURE  4.2  ELEMENTS  FOR  REPRESENTING 

SHEARBAND  STRAIN  GRADIENTS. 
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concentration  for  a  particular  load  and  geometry.  The 
analogy  in  material  strength  theory  is  a  stress 
concentration  or  stress  intensity  factor,  which  must  be 
determined  mathematically  or  by  numerical  analysis. 

The  Key  concept  of  progressive  failure  invokes 
development  of  shear  stress  concentrations  which  exceed  the 
material  strength.  In  order  to  study  such  behaviour 
numerically,  finite  elements  must  be  capable  of  resolving 
the  spatial  extent  of  stress  concentrations.  In  principle 
this  can  always  be  done  with  increased  mesh  detail.  However, 
the  spatial  extent  of  a  required  level  of  detail  cannot 
always  be  predetermined  and,  in  any  event,  excessive 
refinement  extracts  a  cost  penalty.  Higher  order  elements, 
particularly  those  of  the  isoparametric  family,  can 
represent  stress  variations  effectively  without  excessive 
refinement  (Cook,  1974).  In  particular,  a  special  distortion 
of  the  eight  node  quadrilateral  (Q48)  element,  as  shown  in 
Figure  4.3,  allows  accurate  representat ion  of  the 
singularity  at  a  Mode  I  crack  tip.  (Barsoum,  1976  and  1977). 

For  the  foregoing  reasons,  the  Q48  element  was  adopted 
as  the  basic  tool  for  the  numerical  analysis  described  in 
this  thesis.  The  computer  programs  using  this  element  were 
developed  using  the  concepts  of  Cook  (1974)  and  Bathe  and 
Wilson  (1976),  and  are  described  separately  (Simmons, 

1980a, b).  The  reasons  for  this  development,  rather  than 
adaptation  from  available  program  listings,  are  discussed  in 
Section  4.2  below.  The  Q48  element  has  become  a  basic  tool 
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Mapping  form  of  Q48 
element 


Basic  Q48  element 
Nodes  1-4  mandatory 
Nodes  5-8  optional 


Special 

strain 
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r  4 


Distortion  ,  gives  rise  to 

singularity  at  node  I. 
stress  singularity  if  linear  elastic) 


-after  Barsoum  (1976) 


FIGURE  4.3  HIGHER  ORDER  ISOPARAMETRIC 


FINITE  ELEMENTS 


128 


of  finite  element  research  in  solid  mechanics  since  it 
effectively  combines  accuracy  and  economy.  Unfortunately,  a 
detailed  evaluation  of  its  reliability  for  Mode  II  or  mixed 
Mode  I /-Mode  II  stress  concentrations  has  yet  to  be 
publ i shed . 

The  stress  and  strain  singularities  may  take  different 
functional  forms  depending  on  the  nature  of  loading  and  the 
geometry  of  the  crack  or  notch  (Tada  et.al .  1973;  Tracey  and 
Cook, 1977).  Best -known  is  the 

i nverse-square-root -of -di stance  singularity  at  a  perfectly 
elastic  crack  tip,  which  can  be  modelled  using  a  special 
distortion  of  the  Q48  element  as  noted  above.  Generally,  to 
incorporate  a  known  singularity  into  a  numerical  solution 
such  as  a  finite  element  scheme  requires  the  embedment  of 
special  shape  function  terms  into  the  formulation  of 
designated  crack-tip  elements.  This  in  turn  requires 
specialized  coding  and  an  anticipation  of  the  correct 
singularity  form,  disadvantages  in  general  applications. 
Also,  the  form  of  the  singularity  may  change:  for  instance 
frictionless  yielding  at  an  initially  elastic  crack  tip 
changes  the  Mode  I  singularity  to  an  inverse-distance 
relationship.  This  would  be  very  difficult  to  incorporate 
into  a  specialized  crack-tip  element.  Wherever  possible,  it 
would  thus  seem  that  finer  element  subdivision,  good  mesh 
design,  and  genera  1 -purpose  elements  such  as  the  048  element 
are  the  best  means  of  generalizing  numerical  analysis  of 
stress  concentrations. 
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Strength  Limits  in  Shear: 

In  most  geotechnical  problems  there  will  be  some  region 
where  the  material  shear  stresses  approach  their  strength 
limit.  If  the  strength  limits  are  not  respected,  the 
analysis  may  have  little  practical  relevance  unless  the 
yielded  zone  is  insignificant  with  respect  to  the  overall 
structure.  When  material  approaches  a  shear  strength  limit, 
the  deformations  become  predominantly  irrecoverable. 

Strength  limits  and  plastic  deformations  should 
therefore  be  accounted  for  in  analysis.  Clough  and  Woodward 
(1967)  attempted  to  do  this  by  adopting  very  low  shear 
moduli  in  those  elements  where  strength  was  exceeded,  in  an 
otherwise  piecewise  linear  elastic  analysis.  Soon 
afterwards,  Duncan  and  Chang  (1970)  introduced  the 
hyperbolic  nonlinear  piecewise  elastic  model  based  upon 
earlier  work  by  Kondner  (1963).  This  model  adopts  tangent 
moduli  based  upon  a  hyperbolic  approximation  to 
work-strengtheni ng  triaxial  compression  stress-strain 

V 

curves.  It  has  become  quite  popular  on  account  of  its 
convenience,  being  based  on  standard  testing  techniques. 
Similar  work  by  Krishnayya  (1973)  represented  triaxial  test 
data  in  a  more  direct  manner.  More  recently,  Elwi  and  Murray 
(1979)  described  a  nonlinear  piecewise  orthotropic  elastic 
model  which  was  applied  to  strain-weakening  response  of 
concrete,  but  which  could  equally  well  be  used  for  rock. 

Many  e 1  as  top  1  as t i c  models  have  been  inspired  by  earlier 
rigid-plastic  models  developed  for  limit  equilibrium 
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analysis  (Drucker  and  Prager,  1952;  Davis,  1969)  but  others 
have  been  developed  as  completely  as  possible  from  observed 
soil  behaviour  in  simple  laboratory  tests  ( Roscoe  and 
Burlancf,  1968;  Lade  and  Duncan,  1975;  Evgin  and  Eisenstein, 
1980).  It  is  not  possible  to  review  the  literature  on  this 
subject  here  as  such  an  undertaking  would  be  immense  given 
the  published  material  now  available.  However,  it  is  worth 
mentioning  some  approaches  which  have  been  taken  for  the 
representation  of  strain  weakening. 

Goodman  et.al .  (1968)  modelled  the  post -peak  yielding 
of  rock  with  a  simple  nonlinear  secant  modulus  approach. 

More  realistic  nonlinear  elastic  models  were  used  by  Lo  and 
Lee  (1973)  and  Sture  (1976)  for  studying  progressive 
failure,  although  no  account  was  taken  of  the  geometric 
limitations  of  shearband  formation  in  these  studies.  Sture 
and  Ko  (1978)  demonstrated  that  stable  strain-weakening 
could  only  occur  in  a  continuous  medium  if  heterogeneous 
mechanisms  (shearbands)  were  introduced  into  the  medium. 
Analyses  by  Hoeg  (1973)  and  Prevost  and  Hoeg  (1975) 
demonstrated  the  more  powerful  potential  of  the 
e 1  as  top  1  as t i c  approach,  but  created  controversy  because  the 
original  stability  and  uniqueness  postulates  of  Drucker  and 
Prager  were  violated.  Concerns  over  the  significance  of 
these  postulates,  and  the  debate  on  implications  of 
non-uniqueness,  continue  to  this  day  (Cleary  et.al.  1979; 
Dong,  1980).  A  study  of  the  literature  could  easily  leave 
the  impression  that  a  model  displaying  suitable  mathematical 
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properties  (associated  flow  rules)  may  be  more  acceptable 
than  a  model  which  can  more  reasonably  reproduce  soil  or 
rock  behaviour. 

In- practical  terms  there  are  many  ways  of  representing 
soil  shear  strength  and  irrecoverable  deformations.  For 
practical  problem  solving,  a  simple  Mohr-Coulomb 
representat ion  of  strength  in  combination  with  the 
hyperbolic  model  appears  to  represent  the  current  state  of 
the  art.  For  research  purposes,  the  fundamentally  greater 
significance  of  the  elastoplastic  models  is  attractive. 

Tensile  Strength: 

Soils  and  jointed  rock  masses  are  character i stical ly 
weak  in  tension.  Analyses  in  which  significant  tensile 
stresses  develop  are  simply  invalid  except  as  crude 
indicators  of  tensile  rupture  location.  Zienkiewicz  et.al. 
(1968)  introduced  an  iterative  relaxation  procedure  to 
remove  excessive  tension.  While  the  concept  of  the  technique 
is  sound  and  forms  the  basis  for  most  elastoplastic 
computational  schemes,  there  is  a  fundamental  lack  of 
uniqueness  in  techniques  for  applying  a  tensile  yield 
criterion  in  this  form.  Experience  has  shown  also  that 
numerical  tension-removal  procedures  have  poor  convergence 
char acter i s t i cs  in  practice.  An  alternative  means  of  dealing 
with  tensile  yield  in  elastoplastic  analysis  was  developed. 
Both  schemes  were  implemented  where  appropriate  in  computer 
programs  written  for  this  research. 
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4.2  COMPUTATIONAL  ASPECTS 

The  only  feasible  means  of  modelling  highly  nonlinear 
material  behaviour  are: 

1.  piecewise  loading  using  extremely  small  increments 
and  constantly  updated  stiffness;  or 

2.  piecewise  loading  using  a  few  well -chosen 
increments,  suitable  approximate  stiffnesses,  and 
some  iterative  procedure  which  restores  computed 
behaviour  to  that  specified  by  the  material  laws. 

The  first  method  generally  is  uneconomical  in  practice,  and 
numerical  inaccuracies  or  instabilities  are  difficult  to 
control.  The  second  method  usually  can  be  adopted 
economically  provided  that  sound  and  consistent  numerical 
techniques  are  used.  Only  this  second  method  will  be 
di scussed . 

I r recover ab 1 e  (or  plastic)  deformations  dominate 
nonlinear  soil  or  rock  response  under  load.  Consider  the 
simple  example  of  Figure  4.4,  where  ideal  stress-strain 
behaviour  is  to  be  approximated  using  two  fundamentally 
different  material  models.  The  piecewise  nonlinear  elastic 
model  can  follow  the  portion  of  the  stress  curve  where  the 
tangent  stiffness  is  positive  and  the  tangent  volume  change 
rate  is  negative  (compressive  loading).  However,  a  direct 
numerical  solution  cannot  in  general  be  achieved  for  the 
dilatant  volume  change  curve  nor  for  the  strain-weakening 
stress  curve.  In  practice,  the  achievable  numerical  solution 
may  or  may  not  be  adequate  for  the  purposes  for  which  the 
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FIGURE  4.4  CAPABILITIES  OF  NONLINEAR  ELASTIC 

AND  ELASTOPLASTIC  MODELS. 
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analysis  was  undertaken.  The  el astopl ast ic  model  is  in 
principle  capable  of  using  some  trial  stiffness  and  then 
formulating  a  correcting  adjustment  to  maintain  agreement 
with  specified  behaviour.  The  nonlinear  elastic  (NLE)  model 
produces  its  results  by  direct  calculation  while  the 
elastoplastic  (EP)  model  requires  an  iterative  calculation 
sequence.  Computationally,  the  NLE  model  is  more  efficient 
but  less  capable  than  the  EP  model.  Therefore,  some 
iterative  process  could  in  principle  be  built  into  the  NLE 
model  to  achieve  more  reasonable  results  for  computational 
effort  equivalent  to  the  EP  model. 

Whether  or  not  the  NLE  or  EP  model  is  most  suitable  for 
a  given  problem  will  depend  very  much  on  the  nature  of  the 
problem.  If  prepeak  behaviour  only  is  invoked,  or  if  the 
materials  do  not  strai n-weaken ,  obviously  the  NLE  model  has 
economic  advantages.  If  prepeak  behaviour  only  is  invoked 
but  a  significant  volume  of  the  material  dilates,  the  misfit 
of  computed  strains  becomes  important  since  to  correct  these 
strains  imposes  significant  volumetric  expansion  on  the 
mass.  The  solution  to  any  field  problem  requires  equilibrium 
and  compa tabi 1 i ty  of  deformations.  The  displacement 
formulation  of  the  usual  finite  element  procedure  enforces 
compa t ab i 1 i ty  and  approximates  equilibrium.  It  becomes 
increasingly  important  to  enforce  the  compatabi 1 i ty  of 
correct  deformations,  as  dilatant  zone  behaviour 
increasingly  dominates  that  of  the  mass.  Since  most 
deformation  problems  are  undertaken  because  of  uncertainties 
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about  the  size  and  role  of  nonlinear  material  zones,  the  EP 
model  has  the  best  potential  for  geometrical  as  well  as 
numerical  accuracy.  Corrections  to  the  NLE  model  to  more 
closely,  mimi c  true  material  response  can  be  made,  but  there 
is  no  fundamental  significance  to  either  the  processes 
invoked  or  the  methods  used,  and  therefore  no  guarantee  as 
to  how  well  the  correction  process  will  perform  under  given 
conditions.  The  path  dependent  nature  of  nonlinear  response 
has  been  recognized  for  a  long  time,  and  piecewise  EP 
calculations  would  thus  seem  to  have  inherent  advantages 
over  NLE  calculations  in  any  event.  It  is  concluded  (for 
this  research)  that  the  NLE  approach  is  an  appropriate  tool 
for  yielding  which  does  not  involve  post -peak  weakening  and 
dilatancy,  but  that  the  EP  approach  must  be  adopted  if 
post-peak  mi crostructura 1  processes  are  to  be  accounted  for. 
In  both  models,  a  careful  piecewise  loading  approach  is 
required  particularly  if  there  are  changes  in  directions  of 
loads.  The  question  of  identifying  the  volume  within  which 
such  processes  operate  is  an  entirely  separate  problem.  In 
this  section  the  NLE  and  EP  model  computational  approaches, 
within  a  displacement  formulated  finite  element  scheme,  are 
now  described. 

Nonlinear  Elastic  Model: 

In  principle,  the  strain  and  stress  increments  for  each 
stage  of  loading  follow  the  secant  moduli  for  the  material 
at  the  start  of  the  increment.  It  is  not  generally  possible 
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to  predict  what  the  secants  are,  but  the  tangent  moduli  can 
be  evaluated  readily.  For  typical  nonlinear  loading,  shown 
in  Figure  4.5,  the  use  of  tangent  moduli  will  not  always 
accurately  predict  the  material  response.  In  practice,  the 
load  step  is  analysed  iteratively,  with  some  intermediate 
tangent  moduli,  in  order  to  approximate  the  secant 
behaviour.  The  average  stress  approach  (Kulhawy  and  Duncan, 
1970)  has  been  found  to  work  well  in  practice.  Within  such 
an  iterative  process  other  adjustments  may  be  made  to  the 
moduli.  For  example,  tensile  yield  can  be  recognized  and 
direction-dependent,  orthotropic  elasticity  used  to  weaken 
the  tensile  zone  in  the  appropriate  direction  (Sandhu, 

1973).  Shear  yielding  can  also  be  accounted  for. 
Mohr-Couloumb  yielding  was  treated  by  Clough  and  Woodward 
(1967)  by  appropriate  reduction  of  the  shear  modulus  in  an 
isotropic  elastic  formulation.  The  t ransverse- i sotropi c 
formulation,  which  allows  one  shear  modulus  to  be  adjusted 

independently  of  all  other  strain  components,  was 

\ 

successfully  used  to  simulate  the  response  of  a  weak 
shearband  and  this  is  described  in  Chapter  7.  A  schematic 
flow  diagram  for  an  increment  of  a  nonlinear  elastic 
analysis  is  shown  on  Figure  4.5. 

E lastoplast ic  Model: 

There  are  many  means  for  formulating  e 1  as  top  1  as t i c 
response.  For  di splacement -method  finite  elements,  results 
at  any  computational  stage  are  correct  for  deformations  but 
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FIGURE  4.5  NONLINEAR  ELASTIC  COMPUTATIONAL  PROCEDURE 
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incorrect  for  stresses  unless  the  true  secant  moduli  has 
been  used.  The  elastoplastic  formulation  should  thus  be  a 
means  of  correctly  predicting  stress  response  for  a  given 
strain  increment.  Use  of  the  term  elastoplastic  implies  that 
strain  response  consists  of  elastic  and  plastic  components. 

A  number  of  formulations  are  available  (Desai  and  Abel, 

1972;  Desai  and  Christian,  1977)  and  for  illustrative 
purposes  an  initial  stress  method  will  be  described  here. 
Figure  4.6  shows  a  typical  incremental  elastoplastic  load 
step.  The  unload/reload  elastic  stiffness  is  an  appropriate 
modulus  choice  since  if  the  load  step  results  in  a  stress 
state  within  the  yield  surface,  a  reasonable  response  has 
been  guaranteed.  Application  of  the  load  causes  a  first 
trial  elastic  strain  as  given  by  the  chosen  moduli.  The 
corresponding  trial  stresses  do  not  coincide  with  the 
material's  elastoplastic  response.  Out-of -ba 1 ance  forces 
equivalent  to  the  stress  discrepancy  can  be  computed.  The 
displacements  necessary  to  release  the  stress  discrepancy 
can  then  be  found  and  added  to  the  previous  trial 
displacements.  This  process  is  repeated  until  a  converged 
solution  is  obtained  (an  equilibrium  stress  state  with 
completely  compatable  elastoplastic  strains).  The  likelihood 
of  divergence  of  the  solution,  implying  possible  structural 
instability,  has  of  course  to  be  anticipated.  This  process 
is  shown  schematically  on  Figure  4.6. 

It  should  be  noted  that  many  documented  elastoplastic 
computer  programs  do  not  fully  consider  the  equilibrium 
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iterations  referred  to  above.  This  was  found  to  be  the  case 
with  three  programs  examined  (Wong,  1978;  Sandhu,  1973; 
Christian  et.al.  ,  1977).  Only  two  analytical  schemes  (Nayak 
and  Z i e'nki ewi cz ,  1972;  Bathe,  1978)  were  known  to  the  writer 
to  deal  correctly  with  equilibrium  iteration.  For  this 
reason,  a  primary  concern  of  computer  program  development 
for  this  research  was  the  proper  treatment  of  elastoplastic 
convergence.  The  next  sections  of  this  thesis  document  some 
available  computer  programs,  and  indicate  the  subsequent 
program  designs  undertaken. 


4.3  COMPUTER  PROGRAM  CHOICES 

There  is  an  immense  gulf  between  conceptual  development 
and  successful  implementation  of  numerical  techniques. 
Usually,  research  is  undertaken  to  explore  ideas  well  in 
advance  of  practical  servi ceab 1 i 1 i ty .  Hence  even  the 
present -day  wea 1 th  of  program  material  and  instant 
accessibility  through  modern  telecommunications  are  no 
guarantee  that  an  alternative  to  the  basic  re-writing  of 
computer  programs  can  be  found  by  the  researcher .  Often, 
there  is  a  lack  of  knowledge  or  experience  upon  which  to 
base  a  choice  between  writing  a  program,  modifying  an 
existing  program,  or  finding  and  proving  suitable  a  publicly 

available  program. 

There  is  a  mystical  quality  to  large  complex  computer 
programs  which  clouds  their  true  character.  Linear  elastic 
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finite  element  analysis  can  be  performed  reliably  by 
probably  hundreds  of  programs.  Every  departure  into 
nonlinear  behaviour  carries  not  merely  a  cost  penalty  but 
the  many  undefinable  uncertainties  of  approximation  and 
assumption.  There  is  no  such  phenomenon  in  existence  as  a 
nonlinear  finite  element  program  which  can  be  successfully 
and  reliably  used  without  continued  support  by  and 
consultation  with  its  originators.  The  claims  often  made  for 
program  capabilities  are  without  doubt  based  on  author's 
perceptions  of  the  correctness  of  the  principles  proposed. 
Nonlinear  analysis  is  far  more  complex  than  it  is  often 
taken  to  be,  and  author's  perceptions  are  not  always  fully 
substantiated  by  user's  experience.  This  is  not  to  condemn 
nonlinear  analysts  or  their  programs,  but  to  point  out  that 
it  is  naive  and  possibly  dangerous  to  believe  anything  about 
nonlinear  computer  programs  which  cannot  be  independently 
tried  and  proven  by  the  unaided  user.  It  was,  after  all,  on 
this  basis  that  linear  analyses  became  acceptable.  One  is 
therefore  tempted  to  conclude  that  any  development  of  new 
nonlinear  techniques  requires  a  new  computer  program. 

At  the  outset  of  this  research  the  envisaged  geometric 
and  material  modelling  problems  made  the  development  of  a 
new  program  seem  unavoidable.  A  brief  review  is  given  below 
of  the  alternatives  available  when  this  decision  was  made. 
Alternative  facilities  within  the  computing  system  at  the 
University  and  commercially  available  outside  the  University 


were  examined. 
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Program  Facilities  Available  at  the  University  of  Alberta: 

Programs  readily  available  through  the  Civil 
Engineering  facilities  at  the  time  when  this  thesis  was 
prepared  include  a  group  from  Ohio  State  University 
(designated  OSU  here,  and  described  by  Sandhu,  1973),  FENA2D 
and  FENA3D  (Krishnayya,  1973)  and  NONSAP  (Bathe  et.al.  1974) 

Attempts  to  use  the  OSU  programs  were  fruitless.  Only 
CST-type  elements  were  available,  nonlinear  procedures  were 
neither  adequately  described  nor  properly  coded,  and  special 
coding  (for  solving  only  the  problems  introduced  in  the 
manual  overview)  was  widespread.  Some  coding  was  obscure 
enough  that  it  was  not  possible  to  determine  how  the 
material  non  1 i near i t i es  (for  instance)  could  be  modified  for 
current  research  purposes. 

The  FENA  programs  are  adequately  coded  and  documented 
but  would  require  extensive  modifications  to  upgrade  the 
elements  and  incorporate  different  material  models.  The  OSU 
programs  were  quickly  abandoned  and  it  was  felt  that 

s 

comparable  energies  would  be  absorbed  either  in  modifying 
FENA  or  in  writing  a  program  from  first  principles.  NONSAP 
has  never  been  a  successful  nonlinear  analysis  tool  and  is 
now  somewhat  outdated  (independent  personal  communications, 
K.-J.  Bathe  and  D.W.  Murray). 

Long  after  original  program  development  was  embarked 
upon,  Elwi  (1981)  developed  the  FEPARCS  program  for 
post-peak  behaviour  of  concrete  shells.  With  minor 
modifications  to  the  material  model  (Elwi  and  Murray,  1979) 
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this  program  is  potentially  suitable  for  rock  mechanics 
research,  but  it  cannot  be  used  beyond  the  limitations  of 
nonlinear  elasticity. 

It- was  concluded  that  there  would  be  little  difference 
in  the  efforts  required  either  to  completely  develop  a  new 
program  or  to  adapt  an  available  program.  Therefore, 
computer  programs  were  written  specifically  for 
elastoplastic  and  for  nonlinear  elastic  analysis.  An  attempt 
was  made  to  make  various  sections  of  these  programs  as 
modular  as  possible.  Ideally,  a  master  management  program 
system  would  have  been  developed,  allowing  complete 
modularity  of  material  models,  elements,  and  solution 
algorithms.  Commercial  programs  of  this  nature  exist,  and 
have  great  advantages  when  further  modifications  are 
requi red . 

Program  Facilities  Available  Commercially: 

The  University  of  Alberta  computer  system  allows  direct 
incorporation  of  internal  computing  costs  within  an  overall 
operating  budget.  It  is  therefore  difficult  to  justify 
spending  "real"  dollars  on  using  programs  on  outside 
systems,  let  alone  afford  the  cost  of  developing  programs  on 
these  systems  at  commercial  rates.  However,  some  of  the 
programs  available  on  outside  systems  have  attractive 
capabilities  which  are  worthy  of  review  here. 

Nonlinear  and  drained  or  undrained  response  of  oilsand 
is  simulated  by  the  NEAT  program  (Thurber  Consultants 
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Limited,  1979).  An  updated  version,  OILSTRESS  (Byrne  and 
Grigg,  1980),  is  installed  on  a  computing  system  at  the 
University  of  British  Columbia  which  is  nearly  identical  to 
that  at'  the  University  of  Alberta.  OILSTRESS  has  a  procedure 
for  incorporat ing  dilatant  weakening.  Neither  of  these 
programs  were  available  when  this  research  was  undertaken, 
and  they  do  not  incorporate  the  higher  order  elements 
thought  necessary  in  any  event. 

A  popular  commercial  nonlinear  finite  element  program 
is  MARC  (MARC  Analysis  Research  Corporation,  1973).  MARC  was 
written  specifically  to  achieve  either  nonlinear  elastic  or 
elastoplast ic  response,  using  many  different  families  of 
elements  and  a  restricted  number  of  material  models  and 
solution  algorithms.  Only  Drucker-Prager  associated 
plasticity  is  available  for  frictional  materials,  and  there 
is  no  facility  for  specifying  other  material  models.  MARC  is 
expensive  and  is  generally  used  on  a  month-by-month  lease 
basis.  Widespread  usage  for  fracture  mechanics  analysis  and 
design  of  metal  structures  has  been  reported  (J.  Swanson, 
ANSYS  program  author,  personal  communication)  but  the 
program  is  in  a  state  of  restricted  support  at  present  (P. 
Patillo,  Amoco  Petroleum  Company,  personal  communication). 

It  has  been  adapted  and  somewhat  modified  for  geomechanics 
research  (Geertsma,  1976)  but  apparently  large  expenses  were 
incurred  with  rather  unsatisfying  results. 

Enlarged  versions  of  NONSAP  are  available  on  most 
commercial  systems.  There  is  no  immediately  available  guide 
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as  to  the  usage  pattern  for  the  program  but  it  is  unlikely 
to  be  significantly  improved  over  the  version  at  the 
University  of  Alberta. 

Large  capacity,  readily  available  finite  element  and 
generalized  structural  analysis  packages  include 
MSC/NASTRAN ,  STARDYNE ,  GT  STRUDL ,  SAPIV  and  ANSYS.  Features 
available  with  these  programs  include  enhanced  pre-  and 
post-processi ng ,  choice  of  solution  algorithms,  large 
element  libraries,  selection  of  material  models,  and 
large-strain  or  large-displacement  formulations.  The  most 
important  factor  to  be  evaluated  when  choosing  among  such 
program  systems  is  the  level  of  support  offered  by  the 
computer  service  organization  being  dealt  with. 

ANSYS,  available  through  most  service  companies,  is  the 
only  commercial  system  currently  undergoing  intensive 
research  and  development  (R.  Zirin,  General  Electric 
Company,  personal  communication  1979).  SAP  IV  is 
satisfactory  for  linear  elastic  problems  but  lacks 
significant  nonlinear  capacity.  STARDYNE  is  a  widely  used 
system  which  can  perform  economical  static  and  dynamic 
analyses,  but  it  lacks  support  in  nonlinear  material  model 
options.  MSC/NASTRAN  is  probably  the  largest  and  most 
diversified  of  all  systems  in  its  capabilities,  but  there  is 
no  documented  experience  with  the  MSC  (MacNeal  Schwendler 
Corporation)  material  model  enhancements  to  proper ly 
evaluate  capabilities  in  geotechnical  plasticity.  GTSTRUDL 
is  an  extremely  efficient  program  to  use  and  includes 
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geometric  nonlinear  analysis,  but  has  no  material  models 
suitable  to  geomechanics. 

ANSYS  has  gained  an  excellent  reputation  amongst 
practic-ing  engineers  for  its  ease  of  use,  interactive 
sophistication,  and  nonlinear  capabilities.  However,  it  does 
not  yet  support  frictional  plasticity  and  because  of  its 
highly  proprietary  nature  is  unlikely  to  be  enhanced  for 
geomechanics  applications  until  sufficient  demands  arise 
from  its  market.  The  originator  of  ANSYS,  John  Swanson, 
recommended  MARC  as  a  tool  for  frictional  plasticity  as 
recently  as  August  1979  (personal  communication). 

A  users  group  based  at  Massachusetts  Institute  of 
Technology  has  recently  marketed  ADINA/ADINAT .  These 
programs  (structural  analysis  and  thermal  analysis 
respectively)  are  deliberately  modular  in  design, 
specifically  embrace  satisfactory  iteration  methods  for 
nonlinear  analysis  (Bathe,  1978)  and  represent 
state-of-the-art  development  in  these  areas.  ADINA  has 
limited  commercial  support  but  has  been  widely  adopted  by 
research  groups.  There  is  documented  experience  of  its 
application  to  a  shearband  problem  (Dong,  1980).  Costs  for 
this  application  were  high  (by  university  research  standards 
at  any  rate)  and  it  does  not  possess  non-associ ated 
frictional  plasticity.  A  material  model  for  concrete  is 
available  and  other  material  models  can  be  "plugged-in  . 

It  was  decided  that  a  specialized  program  should  be 
developed  to  incorporate  the  geometric  and  material  demands 
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identified  at  the  outset  of  the  research  program.  Later,  two 
parallel  programs  were  developed  to  deal  specifically  with 
nonlinear  elasticity  and  elastoplast ici ty .  Much  benefit  was 
gained  .from  communications  from  and  discussions  with 
Klaus-durgen  Bathe  and  many  features  of  ADINA  were  adopted. 

4.4  REVIEW  OF  PROGRAM  DESIGN 

This  section  describes  the  various  aspects  of  the 
finite  element  programs  developed  for  this  research. 

I soparametr i c  Q48  elements  were  used,  and  appropriate 
boundary  conditions  and  loading  schemes  were  developed. 
Equilibrium  equations  were  solved  by  direct  gaussian 
elimination  and  backsubst i tut  ion .  Stress  sampling  and 
averaging  was  carried  out  in  a  manner  consistent  with  the 
i soparametr ic  formulation,  and  similar  techniques  for  stress 
initialization  were  developed.  These  features  are  common  to 
both  the  nonlinear  elastic  program  (NLCP)  and  the 
el astopl ast ic  program  (ESB)  and  are  described  in  more  detail 
below. 

Constitutive  models  as  described  in  Chapter  3  were 
incorporated  into  the  programs,  and  appropriate  nonlinear 
algorithms  for  each  class  of  material  behaviour  were 
developed . 


Element  Design: 


^  to 
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The  basic  continuum  element  is  a  variable  4  to  8  node 
isoparametric  quadrilateral  (Q48)  described  by  Bathe  and 
Wilson  (1976).  The  optional  midside  nodes  permit  economy  in 
areas  of  low  strain  gradient  and  also  provide  the 
quar ter-point  distortion  enabling  the  crack-tip  strain 
singularities  of  linear  elastic  fracture  mechanics  to  be 
represented,  as  noted  in  Section  4.1.  A  matching  4  or  6  node 
interface  element,  in  an  isoparametric  formulation  but  based 
upon  the  work  of  Goodman  et.al.  (1968),  was  also  developed. 
When  the  midside  nodes  are  included,  the  Q48  elements  may 
have  curved  boundaries.  Experience  (R.  Zirin,  General 
Electric  Company,  personal  communication)  has  shown  that 
under  certain  configurations  these  elements  do  not  perform 
very  well  (Figure  4.7).  When  used  to  check  various  problems 
of  classical  elasticity,  the  elements  performed  remarkably 
well:  comparative  accuracy  of  the  Q48  element  was  generally 
much  better  than  that  achieved  using  an  equivalent  number  of 
nodes  but  simpler  elements. 

A  classical  problem  of  linear  elastic  fracture 
mechanics  was  used  to  test  the  capabilities  of  the  continuum 
element,  and  the  results  are  discussed  in  Section  4.6. 

The  interface  element  has  so  far  been  developed  only  as 
an  elastic  tool,  since  the  constitutive  requirements  for  its 
nonlinear  response  were  not  investigated  in  this  thesis.  It 
performed  in  a  similarly  excellent  manner  to  the  Q48  element 
when  tested  on  elastic  problems. 


. 
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Physical  configuration 


Natural  r,  s  coordinate  mapping 


Satisfactory 


Unsatisfactory 


FIGURE  4.7  Q48  ELEMENT  CONFIGURATIONS 
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Boundary  and  Loading  Conditions: 

Both  NLCP  and  ESB  allow  nodal  constraint  to  be 
specified  in  either  of  the  global  coordinate  directions.  It 
would  be  a  simple  undertaking  to  extend  capabilities  to 
include  inclined  roller  supports  but  this  was  not  undertaken 
for  this  thesis. 

Both  NLCP  and  ESB  allow  bodyforces  to  be  generated  from 
global  bodyforce  densities  (such  as  sel f -weight ) .  Otherwise, 
global  force  components  may  be  specified  at  nodes. 

There  is  no  facility  for  accepting  distributed  forces 
directly,  but  an  auxiliary  program  (WEBT)  can  generate  the 
required  global  force  components  at  nodes  for  arbitrary 
surface  traction  distributions.  This  was  not  incorporated  as 
an  automatic  feature  of  NLCP  and  ESB:  the  correct 
work-equivalent  forces  along  a  quadratic  element  edge  (that 
is,  having  a  midside  node)  do  not  coincide  directly  with  the 
statically  equivalent  forces  for  any  given  traction 
distribution.  They  may,  however,  be  easily  computed  using 
WEBT,  but  such  automatic  features  were  not  priorities  for 
the  research  program. 

Equation  Solving: 

Nonlinear  problems  are  solved  by  a  succession  of  linear 
approximations.  In  nonlinear  elasticity,  the  equilibrium 
equations  are  formed  from  the  incremental  forces, 
displacements,  and  incremental  tangent  elastic  moduli. 

Purely  elastic  stiffness  equations  are  most  efficiently 


151 


solved  by  direct  Gaussian  elimination  and  backsubst i tut  ion 
(Meyer,  1973  and  1975)  and  the  main  questions  concern  the 
method  of  manipulating  equations  and  loads.  If  core  usage 
had  bee.n  an  important  limiting  factor,  some  form  of 
out -of -core  solver  would  have  to  have  been  developed, 
particularly  since  the  Q48  elements  dramatically  increase 
the  bandwidth  of  the  equations.  Core  usage  was  not  an  issue, 
so  the  entire  symmetric  bandwidth  was  stored. 

For  elastoplast ic  analysis  the  tangent  el astopl ast ic 
stiffness  leads  to  nonsymmetric  stiffness  equations,  which 
have  to  be  fully  recalculated  at  every  equilibrium 
iteration.  It  is  often  more  economical  to  use  a  constant 
initial  stiffness  (for  example,  the  elastic  unload/reload 
stiffness)  and  not  have  to  perform  so  much  stiffness 
recalculation.  However,  more  equilibrium  iterations  are 
required  with  this  constant -st i ff ness  approach  and  the 
relative  economy  of  one  or  the  other  stiffness  approach 
varies  from  problem  to  problem. 

The  constant -st i ffness  approach  was  adopted.  It 
performed  quite  well  except  for  conditions  near  structural 
collapse,  or  at  first-yield  in  strain-weakening  problems. 

The  option  of  one  or  the  other  stiffness  approach  would  be 
valuable  if  further  program  development  occurs. 

Thought  was  given  also  to  using  the  Gauss-Seidel 
iterative  procedure  for  solving  the  equilibrium  iteration 
steps.  This  proved  to  be  less  economical  than  standard 
Gaussian  Elimination  and  Backsubst i tut  ion ,  and  so  was  not 
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adopted . 

S t  ness  Samp 1 i ng  and  A verag i ng : 

The  design  of  the  Q48  finite  element  is  based  on 
provision  of  a  suitable  displacement  field.  The  derivatives 
of  the  displacements  (strains)  can  vary  greatly  within  these 
elements.  The  Gauss  points  of  an  element  are  defined  by 
natural  geometry  (Figure  4.8),  and  the  isoparametric  element 
stiffness  coefficients  are  obtained  by  numerically 
integrating  stiffness  functions  by  sampling  the  functions  at 
these  Gauss  points.  It  has  been  shown  (Hinton  et.al .  1975; 
Barlow,  1976)  that  the  second-order  (or  2x2)  Gauss  points 
are  positions  within  the  element  at  which  the  strains 
sampled  provide  a  least-squares  best  fit  to  the  element 
strain  field.  Therefore,  it  is  customary  to  sample  the 
strains  and  stresses  at  the  2x2  Gauss  points  and  then  fit  a 
suitable  smoothing  function  to  obtain  suitable  stresses  at 
other  element  locations.  Averaged  nodal  stresses  are  then 
calculated  from  the  smoothed  stress  values  of  all  elements 
contributing  to  the  node  in  question. 

Initial  stress  fields  are  most  easily  specified  at  the 
nodal  points.  The  smoothing  process  may  be  inverted  in  order 
to  interpolate  suitable  initial  stress  values  at  the  Gauss 
points. 

A  question  arose  with  the  use  of  these  smoothing 
functions.  It  is  easy  to  specify  a  distribution  of  boundary 
tractions  which  satisfies  (for  example)  a  gravitational 
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FIGURE  4.8  ISOPARAMETRIC  ELEMENT  GAUSS  POINTS 
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stress  field.  The  assumed  form  of  the  interpolating  function 
leads  to  Gauss  point  stresses  which  reflect  correctly  the 
gravity  stress  field,  but  mathematically  the  equivalent 
forces  at  the  element  nodes  do  not  agree  with  the  statically 
equivalent  forces  one  might  calculate  as  a  check.  The  effect 
of  these  minor  but  irritating  paradoxes  was  not  fully 
explored  and  possibly  deserves  more  attention,  but  did  not 
lead  to  any  errors  in  subsequent  calculations. 

Nonlinear  Elasticity  Algorithm: 

Figure  4.5  shows  the  operation  of  a  nonlinear  elastic 
program.  The  initializing  procedure  used  in  NLCP  to  evaluate 
moduli  selects  correct  tangent  values,  or  default  initial 
tangent  values,  for  starting  the  increment.  Stress 
increments  are  calculated  using  these  moduli,  and  the 
resultant  overall  stresses  form  the  basis  of  the  next  trial. 
This  leads  (in  theory),  to  moduli  softer  than  required. 
However,  displacement  finite  element  formulations  lead  to 
over-stiff  structural  discretization,  so  the  weaker  modulus 
to  some  degree  compensates  for  discretization  error. 

The  average  stress  approach  of  Kulhawy  and  Duncan 
(1970)  is  probably  a  more  stable  process  than  that  used  in 
NLCP,  but  only  minor  modifications  would  be  required  to  NLCP 
to  implement  the  average  stress  approach. 


E lastoplast ic  Algorithm: 
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Figure  4.6  shows  a  typical  elastoplastic  computat iona 1 
procedure,  with  a  constant  stiffness  iterative  solution 
technique.  Central  to  plasticity  theory  is  the  concept  that 
one  or  more  yield  surfaces  in  stress  space  separate  the 
region  within  which  deformation  is  elastic  from  that  which 
defines  elastoplastici ty .  For  any  stress  sampling  point  it 
is  necessary  to  Know  whether  or  not  a  strain  increment 
starts  from  a  condition  of  elastoplastici ty  and  whether  or 
not  trial  elastic  stresses  computed  during  an  incremental 
cycle  result  in  an  elastoplastic  state.  It  is  a  misleading 
simplification  to  visualize  stress  points  and  stress 
increment  vectors  in  the  manner  of  Figure  4.9,  but  the 
following  concepts  are  well  illustrated  in  this  manner. 

Mathematically,  the  yield  surface  is  conveniently 
described  as  the  locus  of  zero  values  of  some  yield  function 
"f".  The  initial  stress  point,  "a"  on  Figure  4.9A,  must  lie 
within  (elastic)  or  on  (elastoplastic)  the  current  yield 
surface.  Application  of  a  trial  stress  increment  may  result 
in  a  positive,  zero,  or  negative  value  of  the  trial 
resultant  "b" .  Elastoplastic  response  occurs  only  when  "f" 
becomes  positive  at  "b" .  (In  more  general  terms  than  shown 
on  this  figure,  the  yield  surface  will  change  as  a  function 
of  the  plastic  work  achieved  in  yielding  and  of  the  change 
i n  stress  state ) . 

Bearing  in  mind  that  a  trial  strain  increment  was 
applied,  the  correct  elastoplastic  response  has  to  be 
computed.  The  proportion  "ab' "  of  the  trial  strain  increment 
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which  is  elastic  can  be  computed  from  the  stress  states  "a" 
and  “b" .  The  remainder  "b'c"  is  elastoplast ic  and  the 
elastic  and  plastic  portions  can  be  computed  from  the 
const i  t-ut ive  laws.  In  order  to  maintain  numerical  accuracy, 
a  subi ncrementa 1  approach  is  used  in  applying  the  laws,  as 
shown  in  Figure  4.9B.  Generalized  subi ncrementa 1  procedures 
are  discussed  more  fully  by  Bushnell  (1977). 

Numerically,  there  have  to  be  many  controls  on  the 
process.  Exact  zero  is  a  difficult  quantity  computationally, 
therefore  a  tolerance  is  necessary  on  the  " f"  values  which 
constitute  the  yield  surface.'  The  number  of  subincrements  is 
important,  there  being  complex  tradeoffs  between  economy, 
accuracy,  and  stability.  The  stress  difference  "be"  at  each 
sampling  point  leads  to  compatible  strain  states  which  do 
not  exist  in  stress  equilibrium  with  the  specified  loading 
conditions.  Successive  application  of  the  resulting 
out -of -ba 1 ance  forces  has  to  be  carefully  controlled.  In  the 
ESB  program,  tolerance  levels  are  placed  on  the  comparative 
out -of -ba 1 ance  force  and  incremental  work  magnitudes 
( Simmons ,  1 980a ) . 

Constitutive  Models: 

The  common  ancestor  of  all  models  is  linear  isotropic 
elasticity,  used  in  incremental  form.  Two  programs  were 
developed,  NLCP  for  nonlinear  elasticity  and  ESB  for 
e 1  as top  1  as t i c i ty .  The  constitutive  models  incorporated  into 
these  programs  are  described  in  Chapter  3  and  in  Appendices 
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B , C ,  and  D . 

In  summary,  the  hyperbolic  nonlinear  isotropic  and 
transversely- i sotropic  shearband  models  were  employed  in  the 
NLCP  program.  This  program  was  developed  as  a  tool  for 
practical  analysis  and  its  application  to  a  practical 
problem  is  described  in  Chapter  7.  The  various  el astopl ast ic 
models:  CRD,  SD ,  and  PPP;  were  incorporated  into  the  ESB 
program  primarily  for  research  purposes.  In  Chapter  5  the 
application  of  the  ESB  program  to  simple  test  problems  is 
described,  while  Chapter  6  explains  the  analysis  of  a  case 
history  which  may  have  involved  progressive  failure. 

Before  embarking  on  the  discussion  of  such  highly 
nonlinear  problems,  it  is  first  necessary  to  establish  the 
accuracy  capabilities  of  the  Q48  element  by  comparison  with 
closed-form  solutions  to  an  appropriate  linear  problem.  A 
crack  problem  of  linear  elastic  fracture  mechanics  was 
chosen;  this  allows  examination  of  the  desired  attributes 
for  resolving  stress  concentrations. 


4.5  TEST  PROBLEM:  ACCURACY  OF  THE  048  ELEMENT 

A  classical  problem  of  linear  elastic  fracture 
mechanics  is  the  stress  intensity  factor  KI  for  a  Mode  I 
double-edge  cracked  plate.  This  problem  was  used  by 
Ingraffea  (1977)  for  similar  checking  purposes.  Geometry  and 
loading  conditions  are  shown  in  Figure  4.10,  and  are 
identical  to  those  given  by  Ingraffea. 
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Statement  of  Problem  ••  Calculate  Mode  I  stress  intensity  factor  for 

various  L/a  ratios  to  establish  optimum 

discretization  for  a  limited  number  of  nodal  points. 


FIGURE  4.10  DOUBLE -EDGE-CRACKED  PLATE  PROBLEM 

(after  Ingraffea  ,1977) 
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The  stress  intensity  factor  KI  is  a  scaling  factor 
which,  for  a  given  loading  and  geometry,  describes  the 
strength  of  the  singular  stress  and  strain  fields  near  the 
crack  tip.  The  closed-form  solution  for  KI  for  the 
double-edge-cracked  plate  problem  is  known.  What  is  of 
interest  here  is  the  derivation  of  KI  from  a  numerical 
solution  to  the  problem.  Figure  4.11  indicates  the  form  of 
the  stress  and  strain  solutions  to  the  problem.  The 
displacements  of  the  finite  element  solution  provide  a 
simple  means  for  back-calculating  KI.  Since  the  singular 
field  is  influential  only  near  the  singularity  source, 
employment  of  a  finite  element  imposes  a  fixed  scale  on  the 
approximating  singular  field  of  the  shape  functions.  The 
determination  of  an  appropriate  element  size  for  most 
accurate  solution  of  the  problem  is  thus  the  primary  aim  of 
this  exercise.  It  is  a  most  important  exercise  in  the 
guidance  it  provides  for  mesh  design  for  other  problems. 

With  the  Q48  element,  two  independent  estimates  of  KI 
may  be  made  (Barsoum,  1977;  Shih  et.al.  1976).  These  are  the 
"C.O.D."  (Crack  Opening  Displacement)  and  "Shih"  estimates 
indicated  in  Figure  4.11.  Results  of  a  series  of 
calculations  are  shown  in  Figure  4.12,  which  also  gives 
Ingraf fea' s  results.  Ingraffea  used  only  the  Shih  estimation 
while  this  study  uses  both  estimates.  It  can  be  seen  that 
Ingraffea' s  results  were  successfully  reproduced. 

The  comparison  between  the  two  estimates  is 
interesting.  In  both  cases  the  minimum  error  was  obtained 
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where 


Ki  =  p /7Ta  for  the  double  -  edge- cracked  plate  of  Fig.  4.10 


When  applied  to  the  crack-tip  element  , 
the  shape  functions  for  the  side  ABC 
(ABC*  is  symmetrical)  yield  (for  ©=180°) 


V-  =(4  +  (_41Tb  +  2yc )  17 


-(ii) 


Let  the  f.e.  approximation  to 

Using  eq.(i)  and 

ignoring  H.O.T.  Ki*  =  4*  (Vc-Vc1) 

ie.  K:*  =  -/ST  -SH±^  vc  (COD. 

Using  eg.(ii)  Ki*  *^2^ 

Theorectical  value  of  Ki  =  2.74  p 


Ki  be  Ki* 

estimate ) 

(Shih  et.  ol.  estimate) 


FIGURE4.il  CLOSED -FORM  NEAR -FIELD  ELASTIC  SOLUTION  FOR 

DOUBLE  -EDGE -CRACKED  PLATE  PROBLEM 
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Conclusions:  I.  The  Shih  estimate  is  insensitive  to  element  size  once  a 

given  minimun  size  is  exceeded.  It  fully  takes  advantage 
of  the  Q48  element. 


2.  The  C.O.D.  estimate  is  more  precise  for  a  given  element 
size,  but  is  sensitive  to  the  discretization.  It  does  not 
fully  take  advantage  of  the  Q48  element. 


FIGURE  4.12  RESULTS  OF  PLATE  PROBLEM 
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for  L/a  approximately  equal  to  0.28,  and  in  both  cases 
smaller  L/a  ratios  indicate  a  lack  of  stiffness  of  the  mesh. 
The  Shih  method,  which  makes  full  use  of  the  quadratic 
element.,  is  insensitive  at  higher  L/a  ratios,  while  the 
C.O.D.  estimate  becomes  too  stiff.  (Both  the  "Shih"  and 
"C.O.D."  estimates  are  defined  in  Figure  4.11). 

It  can  be  concluded  that  the  Q48  element  is  a 
potentially  very  accurate  element  for  resolving  stress 
concentration  effects,  although  the  stress  results  will  not 
display  the  same  order  of  accuracy  as  the  displacements.  By 
making  full  use  of  the  higher  order  mode,  the  effect  of 
stress  concentrations  is  not  critically  dependent  on  the 
size  of  element  used  to  study  the  problem.  Such  size  effects 
have  concerned  other  researchers  (Bazant  and  Cedolin,  1979). 


5.  BEHAVIOUR  OF  COMPUTATIONAL  MODELS 


There  are  two  basic  aspects  to  the  development  of  a 
constitutive  model  for  numerical  analysis.  Firstly,  the 
physical  concepts  and  necessary  approximations  have  to  be 
established.  Secondly,  numerical  techniques  for  implementing 
the  model  have  to  be  developed. 

Simple  material  test  configurations  are  used  to 
evaluate  parameters  for  the  model,  and  as  a  matter  of 
self-consistency  the  model  must  be  capable  of  reasonably 
reproducing  such  test  behaviour.  By  this  means,  the  physical 
concepts  and  approximations  are  established. 

Numerical  techniques  must  be  tested  against  proven 
solutions.  For  linear  elasticity  this  process  is  quite 
straightforward  since  a  wide  selection  of  problems  having 
closed-form  solutions  exists  (for  example,  Poulos  and  Davis, 
1974).  For  elastoplastic  problems  the  range  of  closed-form 
solutions  is  far  more  restrictive,  but  the  same  procedure 
may  be  followed. 

In  this  chapter,  development  of  the  various 
computational  models  is  presented.  Sections  5.1  to  5.3 
discuss  the  constitutive  behaviour  aspect  of  the 
verification  process,  by  deriving  parameters  from  test  data 
and  simulating  the  test.  The  particular  example  chosen  (the 
plane  strain  compression  test)  is  shown  to  be  dominated  by 
nonuniform  post-peak  yielding,  and  an  unresolved  numerical 
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impasse  was  reached.  In  Section  5.4,  two  bearing  capacity 
problems  are  compared  successfully  with  established 
solutions.  Conclusions  concerning  the  present  stage  of 
computational  model  development  are  made. 


5.1  DERIVATION  OF  MODEL  PARAMETERS 

Cornforth  (1964)  conducted  plane  strain  compression 
tests  on  Brasted  Sand  (a  river  sand)  over  a  range  of 
densities.  The  influence  of  strain  conditions  was  discussed 
by  comparison  with  tri axial  compression  and  plane  strain 
extension  tests  on  the  same  material.  Other  sources  of  plane 
strain  test  data  are  available  (for  example,  Oda  et.al. 

1978)  but  Cornforth' s  presentation  concentrates  on  the 
measurement  of  strength  parameters,  dilatancy  rates,  and 
development  of  ultimate  strength  assuming  homogeneous 
deformation.  Cornforth  also  described  clearly  the 
nonhomogeneous  behaviour  he  encountered,  so  his  tests  are 
particularly  useful  for  the  purposes  of  this  discussion. 

Constant  -  Volume  Friction  Angle: 

Cornforth  presented  full  stress-strain  details  for  two 
plane  strain  tests.  One  involved  constant  lateral  stress, 
axial  compression  while  the  other  involved  constant  axial 
stress,  lateral  extension.  Since  lateral  deformations  were 
s t ress -con t ro 1 1 ed ,  no  post-peak  data  were  available  for  the 
latter  test.  The  R-D  relationships  for  these  tests  are  shown 
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on  Figure  5.1  and  indicate  similar  pre-peak  characteristics. 
The  single  post-peak  characteristic  is  consistent  with  a 
const ant -volume  friction  angle  of  32° .  Other  plots  of 
Cornforth7 s  show  peak  strength  as  a  function  of  initial 
porosity  and  are  also  consistent  with  a  const ant -volume 
friction  angle  of  32°. 

In  Cornforth's  plane  strain  apparatus,  the  post-peak 
geometrical  evolution  of  the  samples  could  not  be  observed. 
After  completing  a  test  the  failure  zone  was  examined  and 
found  to  be  always  looser  than  elsewhere  in  the  specimens. 
The  overall  volume  changes  were  always  larger  in  comparable 
triaxial  tests  than  in  plane  strain.  It  was  concluded  that 
there  is  less  kinematic  freedom  in  the  plane  strain 
configuration,  leading  to  a  much  more  restricted  zone  of 
post-peak  weakening.  Following  these  arguments,  the  overall 
sample  strain  required  to  reach  ultimate  conditions  is  less 
in  plane  strain  tests  and  the  overall  volumetric  expansion 
correspondingly  lower. 

Assuming  consistency  in  sample  preparation,  the 
evolution  of  a  dilating  zone  in  Cornforth7 s  tests  was 
simulated  using  the  relationship  between  R  and  D  at  peak 
strength  for  a  number  of  samples  of  different  initial 
densities.  Figure  5.2  shows  the  resulting  R-D  plot  for  both 
plane  strain  and  triaxial  tests.  It  may  be  concluded  (after 
Rowe,  1972)  that  the  cons  tan t -vol ume  friction  angle  for 
plane  strain  is  between  32°  and  33°.  For  triaxial  tests,  the 
value  of  at  peak  strength  (28.7°)  lies  between  the 
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FIGURE  5.1  STRESS- DILATANCY  PLOTS,  SELECTED  PLANE- 

STRAIN  TESTS  ,  BRASTED  SAND  (of  ter  Comforth,  1964) 
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FIGURE  5.2  PLOTS  FROM  PLANE  STRAIN  AND  TRIAXIAL 

TESTS  AT  PEAK  STRENGTH  ,  CONVENTIONAL 
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mineralogical  friction  angle  of  quartz  (26.2°)  and  the 
constant  volume  friction  angle. 

Ultimate  strengths  measured  by  Cornforth  indicate 
friction  angles  of  32.3°  and  33°  for  plane  strain  and 
triaxial  tests  respectively.  Since  these  conditions  appear 
to  correspond  to  zero  volume  change,  these  values  should 
closely  approximate  the  constant -volume  friction  angle. 

In  summary,  all  evidence  suggests  that  the  operational 
const ant -volume  friction  angle  lies  between  32°  and  33°. 

Variation  of  Dilatancy  Rate  with  Void  Ratio: 

Cornforth  established  maximum  and  minimum  void  ratios 
of  0.792  and  0.475  respectively.  Assuming  no 
stress-dependency  of  these  values  over  the  stress  ranges  of 
interest  here,  these  values  may  be  adopted  as  limits  of  a 
functional  representat ion  of  dilatancy  rate  with  void  ratio. 
Figure  5.3  shows  CornforttVs  peak  dilatancy  rate  expressed 
in  terms  of  the  parameter  A  .  Peak  conditions  are  assumed 
to  represent  homogeneous  deformation  and  a  series  of  peak 
values  at  different  initial  densities  are  assumed  to 
simulate  the  evolution  of  A  with  changing  void  ratio.  A 
suitable  curve- f i t t i ng  function  is  shown  in  Figure  5.3. 

Variation  of  Dilatancy  Rate  with  Confining  Stress: 

There  is  assumed  to  be  no  variation  of  A  with  mean 
compressive  stress  in  Cornforth' s  tests.  Any  convenient 
functional  parameters  may  therefore  be  selected.  Values 
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FIGURE  5.3  EMPIRICAL  CURVE-FITTING  OF  DILATANCY  RATE 

AS  A  FUNCTION  OF  VOID  RATIO,  VOLUME 
CHANGE  DATA,  BRASTED  SAND 
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consistent  with  a  convenient  relationship  are  shown  in 
Figure  5.4.  In  other  circumstances  some  variation  might  be 
expected,  For  example  the  test  data  of  Oda  et.al.  (1978) 
presented  in  Figure  3 . 4C  are  consistent  with  smaller 
instantaneous  friction  angles  at  higher  confining  stresses. 

Consistency  Amongst  Adopted  Parameters: 

The  parameters  derived  above  are  consistent  with 
Stress-Di 1 atant  homogeneous  deformation  at  peak  strength. 
Using  the  dilatancy  data  it  should  be  possible  to  predict 
the  measured  values  of  peak  strength  or  vice  versa.  Figure 
5.5  compares  predicted  and  measured  peak  strengths  and 
demonstrates  a  lack  of  consistency  which  becomes  more 
pronounced  with  increased  density. 

On  theoretical  grounds  (Horne,  1965)  the  dilatancy 
rates  measured  by  Cornforth  are  very  high.  Also,  conditions 
at  peak  strength  are  more  complex  than  the  Stress-Di 1 atancy 
relationship  might  indicate.  Finally,  the  exact  procedure  by 
which  Cornforth  arrived  at  his  dilatancy  data  is  not  clearly 
established,  and  elastic  components  of  strain  have  not  been 
fully  accounted  for  (Rowe,  1972).  It  is  best  for  the 
purposes  of  this  work  to  accept  that  the  measured  dilatancy 
rate  is  an  excellent  indicator  of  material  processes,  but  to 
find  a  more  acceptable  dilatancy  rate  consistent  with 
measured  strengths. 

The  measured  friction  angles  can  be  used  to 
back-ca 1 cu 1  a te  values  of  dilatancy  rate  which  fit  the 
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Relationship  between  dilatancy  rate  and  stress  regime, 


For  no  stress  -  dependency,  assume 


P0  =  -10  kPa. 

Pcv=  - 10000  kPa. 
m  =  0.0 

^maxcf 


FIGURE  5.4  ASSUMPTION  OF  NO  VARIATION  IN  DILATANCY 


RATE  WITH  STRESS  REGIME 
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FIGURE  5.5  COMPARISON  OF  4>  PREDICTED  FROM  VOLUME 

CHANGE  DATA  WITH  </>  MEASURED:'  PLANE 

STRAIN  TESTS  ,  BRASTED  SAND 
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Stress-Di latancy  relationship.  This  is  shown  in  Figure  5.6 
The  maximum  di latancy  rate  is  then  consistent  with  Horne's 
theoretical  considerations,  and  the  data  of  Figure  5.6  will 
be  adapted  for  the  studies  which  follow. 

Elastic  Parameters: 

Elastic  parameters  to  fit  the  pre-peak  part  of  the 
models  will  vary  both  with  density,  confining  stress,  and 
stress  path.  Cornforth  did  not  include  sufficient  data  to 
make  a  study  of  variations  with  confining  pressure 
worthwhile,  and  this  aspect  is  ignored  here.  The  variation 
with  density  can  be  assessed  from  Cornforth' s  data  as  shown 
in  Figure  5.7.  The  Young's  modulus  must  be  calculated  from 
the  Plane  Strain  modulus  using  an  appropriate  operational 
value  of  Poisson's  ratio.  Figure  5.8  shows  detail  of  a  plane 
strain  test  and  indicates  that  the  operational  value  of 
Poisson's  ratio  is  almost  0.5  at  maximum  density.  These 
values  were  used  to  calculate  the  Young's  moduli  shown  in 
Figure  5.7. 

Alternative  estimates  of  Poisson's  ratio  may  be  made  by 
assuming  that  isotropic  elasticity  governs  stress  response 
in  the  zero-strain  direction  of  Cornforth' s  tests.  From 
Figure  5.8,  this  zero-strain  Poisson's  ratio  assumes  values 
of  0.30  to  0.33,  and  such  values  are  typical  of  operational 
Poisson's  ratios  in  the  very  small  strain  regime  much  prior 
to  peak  strength. 
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Measured  dilatancy  rates  at  peak,  all  tests. 

Dilatancy  rates  computed  from  conventional  test  strengths, 
with  (j>  =325° 

C  V 


FIGURE  5.6  DILATANCY  RATES  CONSISTENT  WITH  MEASURED 

STRENGTHS  IN  PLANE  STRAIN  TESTS. 
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a)Dense  , relative  porosity  80%  ;  b) Medium-Dense  , relative  porosity  65%;  c) Loose -Medium  , 
relative  porosity  40  %i  d)  Loose,  relative  porosity  15%. 


FIGURE  5  7  CONVENTIONAL  PLANE  STRAIN  TESTS:  VARIATION 
OF  PREPEAK  ELASTIC  MODULUS  WITH  VOID 
RATIO,  BRASTED  SAND,  (after  Cornforth,  1964 ) 
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specimen,  initial  porosity  34.9%) 
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FIGURE  5.8  INTERPRETATION  OF  STRESS  DILATANT  MODEL 

FROM  PLANE  STRAIN  TEST  DATA. 
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While  two  quite  different  Poisson's  ratio  values  seem 
to  be  consistent  with  different  aspects  of  Cornforth' s 
tests,  it  is  necessary  to  view  all  such  elastic  parameters 
as  convenient  curve-fitting  data  only.  It  is  acknowledged 
that  the  mechanics  of  stress-strain  response  in  the  region 
of  peak  strength  are  very  complex  and  it  is  the  role  of  this 
research  to  concentrate  on  realistic  simulation  of  post-peak 
response.  Therefore,  the  more  computationally  convenient 
zero-strain  values  of  Poisson's  ratio  were  finally  adopted 
as  they  lead  to  more  stable  el astopl ast ic  response.  These 
values  were  used  to  reduce  the  measured  Plain  Strain  moduli 
to  values  of  Bulk  and  Shear  moduli  for  computation. 

Tensile  Strength: 

Brasted  Sand  was  reported  to  be  a  clean  cohensionless 
material  and  the  appropriate  tensile  strength  cutoff  value 
is  zero. 

Summary: 

The  foregoing  analysis  of  Cornforth' s  data  can  now  be 
assembled.  Two  conditions  of  density  were  chosen,  dense  and 
loose-medium ,  having  initial  void  ratios  of  0.529  and  0.650 
respect i ve 1 y . These  correspond  to  conditions  (a)  and  (c)  of 
Figure  5.7,  while  condition  (c)  is  shown  in  greater  detail 
in  Figure  5.8. 

Selection  of  the  SD  parameters  was  quite 
s t r a i ght f orward .  The  CRD  parameters  had  to  be  chosen  with 
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account  taken  of  the  elastic  pre-peak  deformations,  in  order 
to  match  the  peak  SD  conditions  as  well  as  possible.  The  PPP 
parameters  are  an  extension  of  the  CRD  model,  with  account 
for  the* observed  strain  required  to  obtain  ultimate 
conditions.  All  parameters  are  shown  in  Table  5.1. 

5.2  SIMPLE  PLANE  STRAIN  TEST  SIMULATION 

A  sample  having  the  same  dimensions  as  Cornforth's  test 
configuration  is  shown  in  Figure  5.9.  Homogeneous 
deformation  is  assumed,  so  that  a  single  element  can  be  used 
in  the  analyses.  Conventional  deformat  ion-control  led  axial 
compression  was  applied  using  a  variable  number  of 
displacement  increments. 

Using  both  the  Stress-Di 1 atancy  ( SD )  and 
Constant -Rate-of-Di 1  at  ion  (CRD)  Mohr -Cou lomb  models,  axial 
strain  to  a  total  of  16%  was  simulated.  The  results  are 
shown  on  Figures  5.10  and  5.11  for  the  dense  and 
loose-medium  samples  respectively.  Naturally,  the  CRD  model 
did  not  record  any  strength  change.  It  can  be  seen  that  the 
assumption  of  homogeneous  deformation  in  the  test  was  not 
correct  because  only  about  half  of  the  strength  drop  from 
peak  to  residual  was  accomplished  by  the  SD  model.  The  sand 
must  have  weakened  in  a  (thin)  shearzone  where  the  local 
dilatancy  rate  and  accumulated  volumetric  strain  were  much 
higher  . 
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TABLE  5.1 


PARAMETERS  FOR  SD,CRD,PPP  ANALYSES 
.UPON  DATA  FROM  CORNFORTH  (1964) 


BASED 


MODEL 

CONDITION 

UNITS 

DENSE 

LOOSE -MEDIUM 

A-LL 

Bulk  modulus  K 

psi 

8445 

2841 

Shear  modulus  G 

psi 

3238 

1199 

(Poisson’s  ratio ,  j/) 

- 

(0.330) 

(0.315) 

tenst 

psi 

0.0 

0.0 

SD 

4>  cv 

degrees 

32.5 

32.5 

e  max 

- 

0.792 

0.792 

e  min 

- 

0.475 

0.475 

e0  (initial) 

— 

0.529 

0.650 

n 

— 

15 

1.5 

X  rnaxo 

— 

0.38 

0.38 

Po 

psi 

-  10 

-10 

Pcv 

psi 

-10000 

-10000 

m 

- 

0.0 

0.0 

CRD 

e  peak  (approx) 

— 

0.5168 

0.6385 

PPP 

c'  peak 

psi 

0.0 

0.0 

</)'  peak 

degrees 

46.467 

38.959 

D 

— 

0.30743 

0.13813 

PP  P 

(f)  '  residual 

degrees 

32.5 

325 

V  PR 

- 

0.043 

0.063 

Dp 

- 

0.30233 

0.1 1 II 1 

*  DSIX 

1.0 

1.0 
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Initial  Stresses 
ojrc  =  -  40  psi 
8  cryo  =  -  90  psi 

^xyo=  0 

Dense,  e0  =  0.529 
Loose-Medium 

6o  -  0.650 


4  <> 


X 

-► 


FIGURE  5.9  SIMPLE  PLANE  STRAIN  TEST  SIMULATION 
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Legend 


- Test  Data 

O  SD  computed 

□  CRD  computed 

-a — a-PPP  computed 


FIGURE  5.10  SIMULATED  PLANE  STRAIN  TEST: 

DENSE  SAND,  eo  =0.529  (after  Cornforth,  1964) 


Volumetric  Strain  (%) 
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Legend 


-  Test  Data 

O  SO  Computed 

□  CRD  Computed 

-a --a-  ppp  Computed 


Axial  Strain  % 


FIGURE  5.11  SIMULATED  PLANE  STRAIN  TEST 

LOOSE-MEDIUM  SAND  ,  e»  =  0.650 

(after  Cornforth  ,1964) 
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There  is  a  modest  discrepancy  between  the  computed  SD 
peak  strength  and  that  obtained  from  the  test,  which  can  be 
ascribed  either  to  computational  approximation  or  to 
localized  progressive  failure  in  the  test  sample.  A  detailed 
pursuit  of  the  reasons  for  the  discrepancy  was  not 
undertaken . 

The  PPP  model  was  applied  to  the  problem  in  the 
following  manner.  The  peak  strength  was  chosen  equal  to  that 
predicted  by  the  SD  data.  The  residual  strength  was  chosen 
equal  to  the  const ant -volume  friction  angle.  The  dilatancy 
rate  from  peak  to  residual  was  based  on  approximation  to  the 
test  data  while  the  plastic  shear  strain  required  for 
post -peak  weakening  was  based  on  the  shape  of  the  test 
stress-strain  curve.  The  results  of  the  PPP  simulation  show 
excellent  agreement  with  test  data  except  that  the  dilatancy 
rates  in  both  dense  and  loose-medium  samples  were  clearly 
overestimated.  This  was  due  to  the  fact  that  all  of  the 
test-sample  dilatancy  was  assumed  to  be  plastic,  whereas  a 
significant  portion  of  it  is  in  fact  elastic  expansion 
accompanying  the  drop  in  deviatoric  stress.  The  dilatancy 
rate  parameter  is  an  independent  variable  and  so  closer 
agreement  with  the  volumetric  strain  data  could  have  been 
pursued  in  a  straightforward  fashion. 

The  void  ratio  changes  computed  during  these  tests  are 
shown  in  Figure  5.12.  The  limitations  of  the  CRD  model  are 
immediately  evident.  Firstly,  no  physical  material  can 
continue  to  dilate  indefinitely.  Secondly,  the  post-peak 
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Legend 

SD  Computed 

O  e0=  0.529 
a  e  o  =  0.650 


CRD  Computed 
•  e  o=0.529 
▲  e0=  0.650 

PPP  Computed 

x  eo  =  0.529 
+  e0=  0.650 


FIGURE  5.12  VOID  RATIO  CHANGES  DURING  SIMULATED 

PLANE  STRAIN  TESTS. 
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strength  is  not  influenced  by  the  evolving  dilatancy,  and  by 
approximately  15%  axial  strain  the  void  ratios  for  two 
materials  of  different  strengths  are  equal.  Obviously  the 
most  realistic  application  of  the  CRD  model  is  to  analysis 
of  problems  where  shearzones  already  exist  close  to  or  at 
residual  strength. 

There  is  an  apparent  paradox  in  the  dilatancy  rates 
implied  by  Figure  5.12,  caused  by  the  interaction  of  elastic 
and  plastic  strain  components.  For  either  the  dense  or 
loose-medium  case,  the  dilatancy  rates  chosen  as  material 
parameters  are  essentially  the  same  for  all  three  models 
(Table  5.1).  The  dilatancy  rates  shown  in  Figure  5.12 
include  both  elastic  and  plastic  volume  change.  The  greater 
the  rate  of  stress  change,  the  greater  the  associated 
elastic  strain  changes.  Therefore,  the  overall  SD  dilatancy 
rate  is  a  little  higher  than  for  the  CRD  model  at  first 
yield,  but  becomes  smaller  as  the  effects  of  lower  density 
influence  the  material's  plastic  dilatancy  rate.  The  PPP 
model  dilates  very  strongly,  indicating  that  the  elastic  and 
plastic  volume  changes  are  of  approximately  equal  magnitude. 
It  is  necessary  to  recall  that  the  material  dilatancy  rate 
parameter  affects  only  plastic  components  of  strain. 

The  SD  model  shows  a  satisfactory  trend  of  dilatant 
weakening.  However,  it  should  only  be  used  within  the  actual 
shearzone  and  must  therefore  be  associated  with  a  reasonable 
shearband  element  configuration.  On  the  other  hand,  the  PPP 
model  provides  a  convenient  phenomenological  tool  for 
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representing  the  effects  of  nonhomogeneous  deformation 
within  a  larger  volume  which  can  be  treated  as  homogeneous. 

Having  established  the  pattern  of  response  of  the 
model s at  tempts  were  made  to  analyse  a  plane  strain  test 
configuration  into  which  a  shearband  was  introduced. 
Insurmountable  numerical  difficulties  were  eventually 
encountered,  but  the  aims  and  results  will  now  be  discussed. 


5.3  BEHAVIOUR  OF  A  NONHOMOGENEOUS  TEST 

Figure  5.13  shows  a  simple  plane  strain  test.  The  size 
of  the  "specimen"  is  different  from  that  used  for  the 
homogeneous  tests  (Figure  5.9),  in  order  to  study  a  wide 
variety  of  shearband  orientations  and  thicknesses.  The 
configuration  of  elements  imposes  a  severe  numerical  test 
because  the  shearband  element  (number  2)  is  known  to  be  of  a 
shape  which  is  very  unfavourable  to  reliable  numerical 
per formance . 

Figure  5.14  shows  the  stress  sampling  points  (2x2 
Gaussian  quadrature  points)  for  this  problem.  Stresses 
calculated  at  these  points  formed  the  basis  for  all 
el astopl ast ic  computations. 

Material  parameters  for  all  tests  were  those  shown  in 
Table  5.1.  A  series  of  different  tests  were  planned,  as 
fol lows : 

1.  Elements  1,2,3  elastic,  to  test  for  uniformity  of 
response  under  uniform  conditions; 
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FIGURE  5.13 


SIMPLE  PLANE  STRAIN  TEST. 
VARIABLE  ATTITUDE  OF  SHEARBAND 
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FIGURE  5. 


14  STRESS  SAMPLING  POINTS  FOR 
SHEARBAND  TEST  PROBLEM 
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2.  Elements  1,2,3  elastoplast ic,  again  to  test  for 
uniformity  of  response  for  uniform  CRD,  SD ,  and  PPP 
condi t ions ; 

3.  Elements  1  and  3  elastic,  element  2  elastoplast ic  to 
explore  the  relationship  between  overall  sample 
response  and  response  of  the  shearzone; 

4.  Repeats  of  series  3  with  different  geometrical 
configurations  of  the  shearband. 

The  first  two  series  were  successfully  carried  out. 
Using  double  precision  computation,  uniform  behaviour  was 
noted  to  9-figure  accuracy  and  response  was  identical  to 
that  described  in  Section  5.2.  Samples  were  tested  to  16% 
axial  strain  without  any  numerical  difficulties  whatsoever, 
despite  the  nonuniform  element  shapes  and  Gauss  point 
locations . 

It  was  not  possible  to  obtain  any  results  for  Series  3 
and  4,  because  the  el astopl ast ic  algorithm  would  not 
converge.  A  number  of  numerical  control  parameters  are 
employed  in  the  algorithm  and  sensitivity  analysis  revealed 
that  none  of  these  parameters  had  any  significant  effect  on 
the  convergence  process.  Examination  of  the  stress  and 
strain  behaviour  indicated  that  nonuniform  stress 
distributions  were  being  computed  when  each  iteration  of  the 
yield  algorithm  was  performed.  Stress  concentrations 
developed  at  Gauss  points  II  and  III  of  elements  1  and  3 
respectively.  Stresses  at  Gauss  points  I  and  IV,  II  and  III 
respectively  of  the  shearband  element  (number  2)  were 
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identical  but  oscillated  about  the  correct  solution  from 
iteration  to  iteration.  Characteristics  of  this  process  are 
shown  schematically  in  Figure  5.15. 

The  oscillatory  behaviour  of  the  yielding  iterations 
occurred  regardless  of  the  elastoplastic  model  employed, 
although  it  was  naturally  more  exaggerated  in  the  post-peak 
weakening  models  ( SD  and  PPP).  The  mechanism  believed  to  be 
responsible  for  this  behaviour  is  as  follows.  The  onset  of 
yielding  effectively  created  a  model  whose  stiffness  is 
highly  nonuniform,  whereas  the  equilibrium  iterations  were 
performed  using  a  uniform  incremental  stiffness.  Stress 
concentrations  developed  as  a  consequence  of  the  effectively 
nonuniform  stiffness,  and  the  equilibrium-correction 
algorithm,  sensing  this,  overcorrected  the  response 
behaviour.  Couching  the  behaviour  in  different  terms,  the 
computational  procedure  did  not  specifically  account  for  the 
details  of  equilibrium  across  the  shearband  (Vardoulakis 
et.al.  1978;  Pariseau,  1979)  and  was  not  capable  of 
resolving  the  lack  of  local  equilibrium  computed  with  the 
three-element  model. 

Typical  details  of  the  lack  of  convergence  are  also 
shown  in  Figure  5.15.  Two  measures  are  employed  for  checking 
convergence.  One  is  a  measure  of  the  out -of -ba 1 ance  force 
magnitude  at  each  iteration,  expressed  as  a  ratio  of  the 
out -of -ba 1 ance  force  magnitude  at  the  first  iteration.  The 
second  is  a  measure  of  the  incremental  work  at  each 
iteration,  expressed  as  a  ratio  of  the  incremental  work 
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Characteristics  of  Stress  Oscillations  in  Shearband 
Element  during  Equilibrium  Iterations  for  an 
Elastoplastic  Load  Step 


FIGURE  5.15  LACK  OF  CONVERGE  OF  ELASTOPLASTIC 

ALGORITHM  FOR  SHEARBAND  ANALYSES. 
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performed  during  the  first  equilibrium  iteration.  For 
uniform  yielding,  each  of  these  values  plots  as  a  straight 
line  on  a  semi  - logar i thmic  scale  versus  number  of  cycles. 
Deviation  from  an  essentially  straight  line  indicates  a 
breakdown  of  the  convergence  process,  and  development  of  the 
oscillatory  stress  state. 

A  number  of  possible  remedies  could  have  been  pursued 
but  were  not.  Perhaps  the  best  potential  means  for  improving 
convergence  would  have  been  adoption  of  a  tangent 
elastoplast ic  stiffness  rather  than  the  constant  elastic 
stiffness  algorithm.  Smaller  load  increments  and  less 
stringent  performance  tolerances  had  little  or  no  effect.  It 
was  decided  to  attempt  a  shearband  stress  averaging 
procedure,  whereby  the  computed  stresses  at  Gauss  points  I 
and  III,  II  and  IV  were  averaged  at  each  step. 

Shearband  Stress  Averaging: 

This  procedure  averages  the  stress  results  across  the 
top  and  bottom  of  the  shearband  element  and  assigns  the 
average  stress  values  to  the  Gauss  point  pairs  II-IV  and 
I  - 1 1 1  respectively.  By  this  means  it  was  hoped  to  avoid  the 
stress  oscillation  and  subsequent  out -of -ba 1 ance  force 
cycling  experienced  above. 

Initial  numerical  experiments  were  carried  out  using 
the  CRD  model,  and  the  stress  averaging  procedure  was  found 
to  allow  satisfactory  convergence  to  occur.  Figure  5.16 
shows  the  convergence  characteristics  for  a  set  of 
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experiments.  Cases  A  and  B  show  the  advantage  of  the 
averaging  procedure,  while  Case  C  shows  that  convergence 
could  be  obtained  using  an  accelerator.  Note  that  a  very 
large  number  of  cycles  were  required  to  obtain  satisfactory 
convergence  (to  about  0.1%  in  terms  of  stress  state).  Figure 
5.17  shows  the  deformed  shape  of  the  test  as  deformation 
proceeded . 

Further  experiments  were  conducted  using  the  CRD  model. 
Firstly,  the  centre- top  of  the  specimen  was  prevented  from 
translating.  This  problem  did  not  converge:  it  is  a  severe 
test  on  the  constitutive  formulation  since  it  demands 
intense  strain  increment  gradients  in  the  shearzone  and 
should  really  be  handled  by  further  mesh  refinement. 
Convergence  characteristics  are  shown  in  Figure  5.16  by  Case 
D.  Secondly,  stress  averaging  was  carried  out  for  all 
elements  of  the  mesh:  more  uniform  convergence  was  achieved 
as  shown  by  Case  E  in  Figure  5.16,  but  the  deformed  shape  of 
the  end  elements  was  not  satisfactory.  It  was  concluded  that 
Case  C  represented  the  most  effective  result  using  the  CRD 
model . 

The  relationship  between  the  el astopl ast ic  behaviour  of 
the  composite  model  and  the  overall  (external)  behaviour  of 
the  sample  (ie,  the  behaviour  which  could  be  deduced  from 
measurement  of  external  dimensions  of  the  sample)  was  next 
examined.  For  the  configuration  analysed  ( T  =  0 . 5  inches, 

=60°)  the  plastic  dilatancy  rate  in  the  shearzone  was 
specified  as  0.30233  (Table  5.1)  whereas  the  overall 
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CASE  A  LE/CRD/LE  ft  =1.0  no  shearband  stress  averaging,  top  translating. 

8  LE/CRD/LE  ft  =1.0  with  shearband  stress  averaging,  top  translating. 
C  LE/CRO/LE  ft  =1.4  ,  otherwise  as  for  B. 

D  as  for  C  ,  but  top  constrained  against  translating. 

E  as  for  C  ,  stress  averaging  in  all  elements. 

(ft  is  acceleration  factor  for  solution  algorithm.) 


Cycles  of  Equibrilium  Iteration 


FIGURE  5.16  CONVERGENCE  CHARACTERISTICS  FOR  3- ELEMENT 

SIMULATION  OF  PLANE  STRAIN  TEST.  FIRST 
ELASTOPLASTIC  LOAD  INCREMENT  SHOWN,  AND 
EFFECTS  OF  ACCELERATOR  AND  SHEARBAND 
STRESS  AVERAGING  COMPARED. 
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FIGURE  5. 
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17  DEFORMATIONS  OF  3-ELEMENT  SIMULATION 
OF  PLANE  STRAIN  TEST.  FOUR  CONVERGED 
STEPS  OF  CRD  MODEL  RESPONSE  ,  WITH 
SHEARBAND  STRESS  AVERAGING,  SHOWN. 
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el  as  topi  as t i c  dilatancy  rate  was  measured  as  0.3019.  This 
near-coincidence  seems  fortuitous,  but  no  detailed 
investigation  was  undertaken  to  check  whether  other  factors 
may  have  dictated  this  result.  It  would  be  interesting  to 
pursue  this  point  via  a  small  parametric  study.  This  was  not 
carried  out  because  the  CRD  model  was  not  seen  as  an 
important  aspect  of  this  part  of  the  research. 

Attempts  to  implement  the  SD  model  failed  due  to 
numerical  difficulties  within  the  shearband.  During  the 
elastoplastic  calculations,  trial  elastic  stress  increments 
tended  to  result  in  small,  temporary  tensile  states  which 
prevented  satisfactory  performance  of  the  SD  model.  It  is 
suggested  that  some  reformulation  of  the  SD  model,  or 
perhaps  some  relaxation  of  the  numerical  tolerances,  could 
have  helped  achieve  convergence.  The  matter  was  not  pursued 
at  this  stage  because  quite  a  far-reaching  test  program 
would  be  necessary,  and  the  matter  would  be  best  left  for 
another  investigation. 

The  PPP  model  produced  similar  behaviour  to  that  of  the 
SD  model.  Convergence  was  not  achieved.  Stress  oscillations 
in  the  outer  (elastic)  elements  indicated  that  very  small 
displacement  increments  would  be  necessary,  yet  attempts  to 
do  this  still  resulted  in  very  poor  partial  convergence 
followed  by  divergence  as  tensile  yielding  occurred. 


Conclusions  from  the  nonhomogeneous  test: 
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Numerical  difficulties  were  encountered.  Reasonable, 
converged  solutions  were  obtained  only  with  the  CRD  model. 
The  post-peak  weakening  models  would  require  more 
soph  i  st-i  cat  ed  solution  techniques,  or  more  elaborate  and 
specialized  loading  specifications. 

The  problems  encountered  with  the  nonhomogeneous  test 
are  hardly  surprising.  To  research  the  behaviour  of  the 
computational  technique  and  the  various  consi t i tut i ve  models 
would  be  an  end  in  itself,  worthy  of  much  time  and  effort. 
Thought  was  given  to  using  the  NLE  model  within  the 
shearband.  This  could  be  done  without  much  trouble,  but  the 
value  of  the  exercise  was  judged  questionable  for  the 
following  reasons.  Firstly,  the  hyperbolic  stress  strain 
curve  would  give  no  information  on  post-peak  behaviour  since 
it  specifically  deals  with  pre-peak  behaviour.  Secondly, 
numerical  i 1 lcondi t ioni ng  could  be  expected  as  peak  strength 
was  approached.  Thirdly,  the  incremental  elastic  shearband 
model,  while  readily  allowing  the  shearband  slip  mode  to 
develop,  would  not  contribute  any  specifically  valuable 
insights  into  the  influence  (controlling  or  otherwise'  of 
the  various  parameters  describing  the  process.  This  could  be 
handled  just  as  adequately  with  a  2-rigid-block  model  with 
the  Mohr -Cou lomb  criterion  governing  interface  slip.  The  NLE 
shearband  slip  mode  is  viewed  more  as  a  convenient 
computational  procedure,  when  examining  overall  structural 
response,  than  as  an  established  model  of  material 


behaviour . 
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The  only  question  worth  raising  at  this  point,  in 
relation  to  this  research,  is  the  role  of  the  coaxiality 
criterion  in  the  plastic  flow  rule.  There  is  variable 
evidence  (Drescher,  1976;  Roscoe  et.al.  1967;  Stroud,  1972) 
concerning  the  existence  or  otherwise  of  noncoaxiality. 
Numerical  experiments  with  discrete  models  (Trollope  and 
Burman,  1980;  Thornton,  1979)  suggest  that  de  Josselin  de 
Jong's  (1959)  conclusions  regarding  a  restricted,  indefinite 
range  for  noncoaxiality  are  sound.  The  means  by  which  this 
mechanism  could  be  incorporated  into  a  numerical  procedure 
are  not  explored  here,  but  perhaps  this  matter  needs  to  be 
examined  quite  carefully  to  see  whether  some  clarifications 
are  i n  order . 

Experience  with  this  test  configuration  reinforces  the 
opinion  that  post-peak  yielding  poses  delicate  numerical 
problems.  The  tools  presently  developed  are  clearly 
inadequate  and  many  avenues  for  further  work  have  been 
indicated.  Clearly  the  tests  are  quite  severe.  However,  the 
following  section  demonstrates  that  despite  the 
computational  difficulties  experienced,  the  basic  numerical 
procedures  are  reliable. 


5.4  BEARING-CAPACITY  PROBLEMS 

Section  5.3  described  the  numerical  difficulties 
encountered  when  attempts  were  made  to  apply  the 
e 1  as  top  1  as t i c  constitutive  models  to  a  problem  of 
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non-uniform  deformation.  In  order  to  assess  whether  these 
were  due  to  characteristics  of  the  constitutive  models  or  to 
the  numerical  solution  algorithms,  e 1 astopl ast i c  analyses 
were  carried  out  for  problems  having  established  solutions. 
Only  the  CRD  model  could  be  tested  in  this  way,  as  the  SD 
and  PPP  models  were  developed  specifically  for  this 
research . 

Two  problems  were  considered.  Firstly,  the  ultimate 
bearing  capacity  of  a  flexible  strip  footing  on  cohesive, 
frictionless  soil  was  evaluated.  Secondly,  the 
load-deformation  behaviour  for  a  flexible  strip  footing  on 
cohesive,  frictional  soil  was  compared  with  a  published 
numerical  solution. 

Bearing  Capacity  of  Cohesive,  Frictionless  Soil: 

Figure  5.18  shows  the  finite  element  mesh  used  for 
predicting  the  yield  and  collapse  loads  for  a  flexible  strip 
footing  on  an  el astopl ast ic  half-space.  The  Known  solutions 
for  this  problem  are: 

firstyield:  qrTTCu  ...Eq  uat i on  (5.1) 

col  1  apse :  q  =  (jr  -t-  2)  Cu  . . .  Equation  (5.2) 


The  1 oad -deforma t i on  behaviour  for  this  problem  is 
shown  on  Figure  5.19,  each  point  representing  the  vertical 
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E  =1000  tsf. 

V  =0.25 

Cu  =  2.5  tsf.  (</>  =  0) 


Theoretical  Solution  : 
First  yield  =  7T  Cu 
Col  lapse  =  (7T+2)  Cu 


*  max 


tensile  strength  =  125  tsf. 


FIGURE  5.18  BEARING  CAPACITY  PROBLEM  FOR 

CHECKING  AGAINST  CLOSED -FORM  SOLUTION. 
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displacement  under  the  centre  of  the  footing  as  a  function 
of  load  level.  A  repeat  analysis  indicated  the  onset  of 
yield  at  the  Gauss  point  shown  in  Figure  5.20,  at  a  load 
level  within  0.2%  of  the  theoretical  value  of  Equation  5.1. 
Further  analyses,  of  load  levels  greater  than  the  collapse 
value  given  by  Equation  5.2,  failed  to  converge  and  indicate 
collapse  in  accordance  with  the  Known  solution.  Figure  5.20 
also  shows  the  Gauss  points  which  were  yielding  at  this  load 
level.  Given  the  coarseness  of  the  mesh  and  the  lack  of 
special  techniques  for  introducing  rupture  lines  at  collapse 
(Rowe  and  Davis,  1978),  these  results  demonstrate  very 
satisfying  performance. 

Figure  5.21  indicates  convergence  behaviour  during  an 
e 1  as  topi  as t i c  load  increment  for  this  problem.  A  straight 
line  plot  on  a  semi  - logar i thmic  scale  indicates  uniform 
behaviour.  An  accelerating  parameter  can  be  used  in  the 
convergence  process,  and  this  figure  demonstrates  the 
numerical  performance  obtained  by  varying  the  accelerator. 
Firstly,  curvature  indicates  the  spreading  of  the  yielded 
zone  (more  Gauss  points  yielding).  Secondly,  the  oscillation 
of  the  accelerated  iterations  demonstrates  the  potential 
instabilities  which  may  be  introduced  by  this  means. 

Thirdly,  a  rather  large  acceleration  factor  does  not  lead  to 
a  corresponding  reduction  in  the  iterations  required  for 
convergence.  In  fact,  the  convergence  rate  becomes  a  little 
slower  for  the  highly  accelerated  iterations.  Figure  5.21  is 
important  because  it  demonstrates  proper  functioning  of  the 
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FIGURE  5.19  LOAD -DEFORMATION  BEHAVIOUR  SHOWING 

FIRST-YIELD  AND  COLLAPSE  LOADS  FOR 
FOOTING  ON  COHESIVE  SOIL. 
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FIGURE  5.20  FOOTING  ON  COHESIVE  SOIL5 

YIELD  ZONES  FOR  FIRST  YIELD 
AND  COLLAPSE. 
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FIGURE  521  CONVERGENCE  CHARACTERISTICS  FOR  BEARING  CAPACITY 

PROBLEM,  SHOWING  INFLUENCE  OF  ACCELERATION  FACTOR 
FOR  A  PARTICULAR  LOAD  STEP. 
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elastoplast ic  algorithm.  Details  of  the  convergence  plot,  of 
course,  will  vary  from  problem  to  problem.  For  a  particular 
problem,  convergence  will  also  vary  somewhat  with  different 
mesh  detai 1 s . 

Load-Deformat  ion  Behaviour  of  Cohesive,  Frictional  Soil: 

Hoeg  et.al.  (1968)  published  an  analysis  of  bearing 
capacity  of  a  strip  load  on  an  elastoplastic  soil  which 
utilized  a  finite  difference  solution  procedure.  They 
examined  effects  due  to  load  level,  boundary  roughness, 
Poissons  ratio,  and  location  of  lateral  boundaries. 
Subsequently  Zienkiewicz  et.al.  (1975)  examined  associated 
and  nonassoci ated  visco-elastoplastici ty  and  included  a 
load-deformation  result  for  a  flexible  strip  footing  on  a 
cohesive,  frictional  soil.  The  boundaries  of  the  deforming 
mass  were  chosen  to  be  the  same  as  those  used  in  the 
original  work  (Hoeg  et.al.  1968). 

A  similar  geometry  was  adopted  by  Christian  et.al. 
(1977)  who  analysed  cohesive,  frictional  soil  with  variable 
dilatancy  rates.  Their  work  provides  quite  a  detailed 
discussion  of  various  incremental  plasticity  laws,  but 
description  of  their  computational  technique  suggests  that  a 
rather  unsatisfactory  procedure  for  equilibrium  iteration 
had  been  used. 

It  was  decided  to  repeat  the  analyses  of  Zienkiewicz 
et.al.  (1975),  although  this  was  for  a  non-dilatant 
( nonassoci ated )  material.  There  was  a  reasonable  assurance 
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that  the  same  basic  elastoplastic  model  had  been  used  and 
that,  therefore,  the  results  should  compare  closely  with 
analyses  using  programs  developed  for  this  research.  Figure 
5.22  shows  details  of  the  mesh  and  gives  relevant  material 
data.  Figure  5.23  shows  a  comparison  of  the  present  study 
with  that  of  Zienkiewicz  et.al.  (1975),  and  the  agreement  is 
remarkably  good.  Also  shown  on  this  figure  are  indications 
of  the  iterative  effort  required  at  each  stage  of  the 
analyses.  Gauss  points  which  were  yielding  at  collapse  are 
shown  in  Figure  5.24  in  comparison  with  the  earlier  study. 

Convergence  data  for  the  writer's  program  ESB,  used  for 
this  analysis,  are  shown  in  Figure  5.25.  The  characteristics 
are  somewhat  curved,  indicating  the  spreading  of  yielding 
during  iterative  solution  of  a  load  step.  Small 
discontinuities  in  the  gradients  of  these  curves  represent 
some  elastic  unloading  associated  with  spreading  of  the 
elastoplastic  zone.  The  convergence  rate  diminishes 
noticeably  as  the  collapse  load  is  approached. 

Discussion  of  Bearing  Capacity  Analyses: 

The  results  of  these  two  test  problems  demonstrate 
unequ i vocab 1 y  the  accuracy  and  capabilities  of  the  computer 
program  ESB  written  for  this  research.  Considerable  time 
could  have  been  spent  in  parametric  studies  of  the  problems, 
particularly  in  order  to  obtain  a  feel  for  the  effect  of  the 
plastic  dilatancy  rate  on  the  load_deformat ion  behaviour. 
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Material  Properties  E  =  30000  psi 

v  =0.30 
c  =  10  psi 
0  =  20° 

£  P 

nonassociated  flow  rule  D  =  -  =  0 

y  P 


(tensile  strength  of  20  psi  used) 


FIGURE  5.22  BEARING  CAPACITY  PROBLEM  FOR  LOAD- 

DEFORMATION  RESPONSE  OF  FRICTIONAL  SOIL. 
(  after  Zienkiewicz  et. aL  1975) 
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FIGURE  5.23  COMPARISON  OF  COMPUTED  AND  PUBLISHED 

LOAD- DEFORMATION  RESPONSE  OF 

FRICTIONAL  SOIL. 


210 


Computed  yielding  zones  at  collapse  ESB  program ,  CRD  model, 

(Simmons  ,  1980a) 


Published  yielding  zones  at  collapse  (Zienkiewicz  et.  aL  1975) 

FIGURE  5.24  COMPARISON  OF  YIELDMG  ZONES  AT 

COLLAPSE  5  COMPUTED  FOR  THIS  STUDY 
VERSUS  PUBLISHED  DATA. 
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Out  -  of- Balance  Force  Ratio,  A  V 
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Numbers  of  Cycles 


FIGURE  5.25  CONVERGENCE  CHARACTERISTICS  FOR  LQAD- 

DEFORMATION  PROBLEM,  FOR  FOUR  ELASTO- 
PLASTIC  LOAD  STEPS . 
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For  the  study  of  yield  and  collapse  loads,  a  remarkably 
coarse  mesh  was  used.  The  only  numerical  problem  associated 
with  this  analysis  was  the  development  of  some  tension  zones 
underneath  the  footing.  The  material  model  has  a  tension 
strength  cutoff  procedure,  but  a  small  tensile  strength  was 
employed  so  as  to  avoid  influencing  the  behaviour  too  much. 
Use  of  a  more  refined  mesh  would  have  permitted  sufficient 
deformat iona 1  freedom  so  as  not  to  generate  any  tension  at 
all . 

As  far  as  is  understood,  the  Zienkiewicz  et.al.  (1975) 
study  used  a  time-stepping  algorithm  for  visco- 
elastoplastici ty.  This  would  be  similar  to  the  writer's  work 
only  in  its  requirements  for  equilibrium  iteration,  but  the 
numerical  results  still  indicate  surprisingly  good 
correlations  between  two  independently-developed  procedures. 


5.5  CONCLUSIONS  CONCERNING  COMPUTATIONAL  MODELS 

The  analyses  described  in  this  chapter  raise  as  many 
questions  as  they  answer.  There  is  insufficient  literature 
describing  experience  with  numerical  analysis,  particularly 
in  describing  numerical  difficulties,  and  it  is  hoped  that 
in  future  authors  will  be  less  hesitant  in  describing  these 
difficulties.  There  is  a  desperate  need  to  de-mystify  the 
subject  of  e 1  as  top  1  as t i c  finite  element  analysis,  in  order 
to  encourage  its  acceptance  as  a  tool  for  research  and  for 
practical  problem  solving. 
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The  success  of  the  ESB  program  in  reproducing 
established  elastoplast ic  behaviour  implies  that  its  basic 
program  design  is  satisfactory.  Quite  possibly,  more 
sophisticated  procedures  will  be  required  to  overcome  some 
of  the  numerical  difficulties  encountered.  It  is  clear  that 
the  nonhomogeneous  deformation  problem  is  an  intrinscial ly 
difficult  one,  to  the  point  where  it  might  best  be  pursued 
by  other  means  at  present. 

To  this  point,  a  class  of  physical  problems  involving 
localized  deformations  has  been  described,  and  some  means  by 
which  these  problems  may  be  explored  by  numerical 
experimentation  have  been  developed.  Chapters  6  and  7 
describe  application  of  the  elastoplastic  and  nonlinear 
elastic  shearband  models  to  two  we  1 1 -documented  case 
histories:  the  so-called  progressive  failure  of  a  slope  cut 
in  overconsolidated  clay,  and  the  construction  and  operation 
of  an  embankment  dam  on  a  clay  shale  foundation. 


6.  SHEARBAND  PROPAGATION  IN  THE  SAXON  CLAY  PIT  WALL 


Progressive  failure,  as  discussed  in  Chapter  2, 
involves  the  interaction  of  three  principal  elements: 

1.  strain-weakening  strength  parameters; 

2.  deformation  parameters; 

3.  ground  stress  state. 

Because  there  are  many  parameters  to  be  considered,  it  is 
unlikely  that  a  unique  set  can  be  found  as  a  solution  for  a 
progressive  failure  problem.  More  likely,  a  few  sets  of 
parameters  may  all  satisfy  the  conditions  of  the  problem. 
This  lack  of  uniqueness  must  be  expected,  and  unfortunately 
it  makes  difficult  the  task  of  transferring  experience  from 
one  site  to  another.  The  limitations  of  the  one-dimensional 
progressive  failure  models  (Chapter  3)  are  related  to 
deformations,  because  an  adequate  appreciation  of  the 
deformation  field  surrounding  the  failure  cannot  be 
obtained.  The  lack  of  uniqueness  mentioned  above  could  in 
many  cases  be  resolved  if  the  surrounding  deformation  field 
was  better  understood. 

The  response  of  the  Saxon  Clay  Pit  wall  to  full-face 
excavation  was  carefully  monitored  by  Burland  et.al.  1977. 
Details  of  the  deformation  field  lead  to  the  hypothesis  of 
true  progressive  failure,  causing  propagation  of  a  shearzone 
behind  the  toe  of  the  wall.  Only  one-dimensional  models  were 
available  for  analysing  this  hypothesis,  and  so  the 
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operational  strength  controls  in  the  field  remain  somewhat 
i ndetermi nate . 

This  case-history  provided  much  of  the  impetus  for 
development  of  the  analytical  approach  of  this  thesis.  At 
the  time  of  writing,  certain  analytical  techniques  still  had 
not  been  developed  to  the  stage  of  routine  application  to 
problems  of  the  Saxon  Clay  Pit  type. 

The  case  history  is  reviewed  in  this  Chapter. 
Application  of  the  one-dimensional  progressive  failure 
models  is  described  in  order  to  define  a  limited  range  of 
parameters  for  detailed  deformation  analysis.  The  most 
significant  question,  whether  or  not  true  progressive 
failure  did  occur,  is  answered  by  the  presentation  of 
deformation  analyses  which  assumed  the  negative  argument  to 
begin  with. 


6.1  REVIEW  OF  FIELD  BEHAVIOUR 

The  Saxon  Clay  Pit  is  operated  by  the  London  Brick 
Company  at  Whittlesey  near  Peterborough,  England. 

Overconso 1 i da  ted  clay  shale  is  mined  in  a  25  metres  high 
face  at  a  slope  of  72°  by  a  mobile  con t i nuous- face  planer. 
The  section  of  the  pit  wall  described  by  Burland  et.al.  1977 
is  about  200  metres  long.  The  planer  moved  parallel  to  the 
wall,  removing  10m  to  15m  from  the  face,  and  completing  a 
full  traverse  of  the  face  in  3  to  6  months.  Figure  6.1  is  a 
plan  view  of  the  studied  pit  wall,  showing  successive  faces 
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of  excavation.  When  the  study  commenced,  the  face  had 
advanced  approximately  650  metres.  The  field  measurements 
terminated  when  the  planer  was  moved  to  another  location. 

Geological  Conditions: 

Figure  6.2  is  a  cross  section  of  the  working  face,  and 
also  shows  a  geological  profile.  Between  3  and  6  metres  of 
surficial  deposits,  collectively  termed  "callow",  overlie 
the  mineable  clay  shale.  The  callow  consists  of  peat,  sandy 
gravel,  and  completely  weathered  clay  shale,  and  was 
periodically  stripped  for  some  distance  away  from  the  pit 
wall. 

The  clay  shale  consists  of  8  to  10  metres  of  Middle 
Oxford  Clay  overlying  17  metres  of  Lower  Oxford  Clay.  The 
Middle  Oxford  Clay  is  moderately  weathered  at  the  top,  with 
frequent  oxidized  fissures,  and  a  homogeneous  mass 
appearance.  Lower  down,  it  becomes  less  fissured  and 
weathered  and  more  blocky  in  appearance.  It  is  summarized  as 
a  grey-green,  calcareous  plastic  clay.  The  Lower  Oxford  Clay 
consists  of  two  lithological  types:  dark  brown-grey  highly 
bituminous  strongly  laminated  shale  and  interbeds  of  paler 
green-grey  blocky  clay. 

Underlying  strata  are  3.2  metres  of  green-grey  dense 
clayey  silt  and  fine  sand,  locally  cemented  for  the  top  0.6 
metres,  termed  the  Kellaways  Sand  (and  "Rock");  2.1  metres 
of  dark  blue-grey  plastic  Kellaways  Clay;  2.5  metres  of 
massive  biolithic  limestone;  and  then  alternating  clays, 
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FIGURE  6.1  PLAN  VIEW  OF  EXCAVATION  FACE,  SAXON  CLAY  PIT 
(ofler  Burlond  et.ol.  1977) 
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FIGURE  6.2  GEOLOGY  AND  EXCAVATION  CROSS-SECTION 

(offer  Burlond  ef.ol.  1977) 


219 


limestones  and  sands  in  a  thick  sequence.  The  minimum 
estimated  depth  of  burial  of  the  Oxford  Clay  is  about  330 
metres . 

Oxford  C 1  ay  F abr i c :  There  are  two  sets  of  major  joints, 
of  100  metres  or  more  lateral  extent,  forming  near-para  1  lei 
5  to  20  metre  spacings.  One  set  is  approximately  parallel 
and  the  other  approximately  perpendicular  to  the  face,  as 
indicated  in  Figure  6.1.  These  joints  appear  to  die  out 
upwards  in  the  middle  Oxford  Clay.  The  sma 1 ler-scale  fissure 
fabric  is  typical  of  an  overconsol idated  clay:  a  blocky 
fissure  fabric  ranging  from  10  to  300  millimeters  in  spacing 
is  displayed. 

Geotechnical  Properties: 

The  unit  weight  was  approximately  constant,  and 
averaged  19.9  KNrrr3.  Average  liquid  and  plastic  limits  were 
55%  and  24%  respectively,  denoting  highly  plastic  clay  and 
clay  shale.  The  average  calcium  carbonate  content  was  10%  to 
20%,  which  is  high  and  which  probably  caused  local 
cementing.  Summary  properties  are  shown  on  Figure  6.3.  With 
depth,  moisture  contents  plot  consistently  below  the  plastic 
limits,  implying  that  brittle  behaviour  could  be  expected. 

Laboratory  undrained  shear  strength  values  range  from 
50  kPa  to  more  than  1200  KPa  with  depth.  The  strengths  were 
found  to  be  strongly  anisotropic,  typically  having  a  ratio 
of  1.7  between  horizontally  and  vertically  oriented 
specimens.  The  ratio  Eu/Cu  shows  no  net  increase  with  depth 
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FIGURE  6.3  SUMMARY  GEOTECHNICAL  PROPERTIES  (oHer  Burlond  et.ol.  1977) 
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and  averages  about  100.  The  ratio  Eh/Ev  is  approximately  2. 

Peak  strength  parameters  from  triaxial  tests  are 
scattered,  but  not  in  a  consistent  manner:  average  values 
are  c'^  *  =80  kPa,£^P  =28°.  Direct  shear  tests  parallel  to 
bedding  gave  peak  parameters  c^  =172  kPa,^^  =27.5°  and 
residual  parameters  c'^  =3.5  kPa ,  =  1  3°  .  Figure  6.4 

illustrates  that  typical  shear  stress/displacement  curves 
were  very  sharp  and  strengths  dropped  to  near  residual  after 
only  3  to  4  millimeters  of  shearing  displacement. 

Sampling  of  the  Kellaways  beds  proved  difficult  and 
testing  indicated  substantial  disturbance.  Therefore,  little 
reliable  data  was  available  for  these  materials. 

Instrumentation : 

A  variety  of  instrumentation  and  measurement  techniques 
were  employed,  to  measure  ground  movement  and  groundwater 
pressure . 

P i ezometer s :  Casagr ande- type  standpipes  were  installed. 

\ 

Groundwater  pressures  dropped  as  the  excavated  face 
approached  piezometers.  Significantly,  the  lower  piezometers 
recorded  the  lowest  water  levels.  This  could  have  been  due 
to  pressure  drops  associated  with  dilatant  shearing  in  the 
basal  shearzone.  However,  it  may  also  have  been  due  to 
downward  flow  into  the  more  permeable  basal  Kellaways  Sand, 
which  was  exposed  in  drainage  ditches  in  the  floor  of  the 
pit.  Interpretation  of  the  piezometric  measurements  was 
difficult  because  of  the  highly  anisotropic  initial  fabric, 
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FIGURE  6.4  DIRECT  SHEAR  TEST  SUMMARY  DATA 

(offer  Burlond  et  ol  1977} 
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and  subsequent  stress  relief  and  drainage. 

Precise  surveying:  This  was  used  to  control  surface 
movement  points,  mapping,  and  photogranmetry .  A  grid  of 
surface- movement  points  was  monitored  throughout  the  study. 
Reference  pillars  were  installed  in  the  base  of  the  pit,  and 
were  affected  by  sudden,  uncontrolled  basal  heaving  due  to 
groundwater  pressure  in  the  underlying  aquifer.  Wherever 
possible,  subsequent  measurements  were  corrected  for  this 
occurrence . 

Photoqrammetry :  The  positions  of  the  face,  and  of  major 
joints,  were  recorded  by  a  series  of  eight  photogrammetr ic 
surveys . 

Hor i zonta 1  Extensometers :  A  horizontal  multiple  point 
extensometer  was  installed  on  the  upper  surface  of  the  clay 
behind  the  wall,  to  measure  surface  strains  and  to  indicate 
the  influence  of  the  major  joints  on  the  surface 
di spl acements . 

Inc  1 i nometers :  Five  vertical  inclinometers  were 
installed  to  measure  lateral  movements  with  depth.  An 
overall  accuracy  of  less  than  10  millimeters  in  30  metres 
was  achieved.  The  surface  collars  were  surveyed  using  the 
precise  survey  grid. 

Ver t i ca 1  Extensometers :  Following  early  site 
experience,  it  was  found  necessary  to  measure  the 
distribution  of  vertical  displacements  with  depth  thoughout 
the  height  of  the  face  and  to  a  certain  depth  below  it.  Two 
multipoint  magnet  extensometers  with  accuracies  better  than 
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1  millimeter  were  installed. 

Observed  Horizontal  Movements: 

The  first  instruments  installed  were  the  horizontal 
ex tensometer s .  Little  or  no  horizontal  strain  was  measured 
for  up  to  31  metres  from  the  face,  even  though  significant 
horizontal  displacements  were  measured.  This  suggested  block 
movement  towards  the  pit,  and  some  discrete  over  thrusts  were 
found  near  the  base  of  the  wall,  particularly  one  located 
1.6  metres  above  the  base.  Micrometer  slip  gauge  measurement 
points  were  mounted  at  eight  locations  along  the  overthrust. 
A  typical  slip  episode  (from  immediately  after  passage  of 
the  planar  until  its  imminent  return)  is  shown  in  Figure 
6.5.  Note  that  the  slip  movement  accelerated  when  the  planar 
was  close  to  the  gauge  location.  These  early  measurements 
indicated  that  the  ground  within  a  region  of  1.0  to  1.5 
times  the  wall  height  was  sliding  as  a  block  on  a  horizontal 
shearzone  formed  by  a  series  of  bedding  planes  near  the  pit 
base.  More  instrumentation  was  then  installed  to  study 
ground  behaviour  during  propagation  of  the  shearzone. 

Horizontal  movements  with  depth,  as  measured  by 
inclinometers,  showed  that  displacement  at  the  base  of  the 
excavation  was  always  at  least  70%  of  surface  movement.  Some 
horizontal  movement  was  observed  down  to  3  metres  below  pit 
base  level.  The  inclinometer  tubes  kinked  near  pit  base 
level  as  the  face  advanced.  Examination  of  a  tube,  recovered 
after  the  planer  had  passed,  showed  kinking  to  have  also 
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FIGURE  6.5  TYPICAL  OVERTHRUST  GAUGE  MOVEMENTS 

(offer  Burlond  et.ol.  1977) 
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developed  just  below  pit  base  level.  After  the  planer  was 
moved  to  a  new  location  significant  t i me "dependent 
inclinometer  movements  continued  to  be  observed. 

Observed  Vertical  Movements: 

Significant  consolidation  of  the  callow  was  observed  to 
result  from  the  drawdown  of  the  originally  perched  upper 
water  table. 

T i me -dependent  settlements  were  observed  generally. 
There  appeared  to  be  somewhat  of  an  acceleration  of  the 
settlement  rate  when  the  planer  passed  close  to  a 
measurement  point. 

Movements  recorded  by  a  vertical  extensometer  are 
summarized  as  a  function  of  time  in  Figure  6.6.  Settlements 
are  seen  to  decrease  with  depth  until  by  mid-height  of  the 
face  they  give  way  to  heaving.  Thus  the  entire  sliding  block 
underwent  increased  compression  as  horizontal  movements 
developed.  Base  heave  amounted  to  just  over  100  millimeters 
in  two  years,  during  which  the  face  was  cut  back  60  metres. 

Overall  Displacement  Pattern: 

Summary  surface  displacements  at  points  on  the  top  of 
the  moving  block  are  shown  in  Figure  6.7.  Typical 
displacement  trajectories  as  a  function  of  distance  from  the 
face  are  shown  in  Figure  6.8.  Some  influence  of  the  callow 
was  noted  from  the  measurements.  When  the  excavated  face 
passed  close  to  the  callow  (that  is,  prior  to  another  cycle 
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FIGURE  6.6  VERTICAL  COMPRESSION  PATTERN  VARIATION 

WITH  TIME  (after  Burlond  et.ol.  1977) 
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FIGURE  6.7  SUMMARY  SURFACE  DISPLACEMENTS 

(offer  Burlond  et.  ol.  1977) 


Distance  from  face  : 
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FIGURE  6.8  INFERRED  SURFACE  DISPLACEMENT  TRAJECTORIES 

(after  Burland  et.ol.  1977) 
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of  stripping)  extra  movement  was  noted,  presumably  as  a 
result  of  the  extra  wall  height. 

Inferred  Shearzone  Propagation: 

By  understanding  the  excavation  to  be  a 
quasi -continuously  advancing  face,  a  model  for  the  observed 
behaviour  was  developed  as  shown  on  Figure  6.9.  As  the  face 
approached  a  given  surface  point,  the  tensile  strain  at 
first  increased  slowly.  A  sudden  increase  in  tensile  strain, 
with  the  face  between  20  and  30  metres  away,  was  inferred  to 
mark  the  end-region  of  the  shearzone.  Following  this, 
nonextensional  block  glide  occurred. 

In  conclusion,  some  stick-slip  shearzone  movements  were 
also  interpreted.  Although  the  overall  mechanism  of  movement 
was  clearly  identified,  the  propagation  of  the  shearzone  was 
inferred  to  be  sensitive  to  such  matters  as  local  variations 
in  strength,  drainage  conditions,  presence  of  major  joints, 
and  rate  of  face  excavation. 

6.2  APPLICATION  OF  ONE-DIMENSIONAL  MODELS 

A  brief  review  of  one-dimensional  progressive  failure 
models  was  presented  in  Chapter  3.  Each  of  these  models  was 
applied  to  the  Saxon  Clay  Pit  problem  in  order  to  determine 
relationships  among  the  three  principal  elements  (described 
at  the  beginning  of  this  chapter). 


Height  above  datum  ••  m  Total  horizontal  tensile  strain 
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FIGURE  6.9  INFERRED  SHEARBAND  YIELD  MECHANISM 
(after  Burlond  et.ol.  1977 ) 
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In  order  to  apply  these  models,  the  problem  geometry 
had  to  be  simplified,  and  appropriate  strength  and 
deformation  parameters  selected.  Although  a  substantial 
geotechnical  testing  program  was  undertaken,  there  was  a 
shortage  of  data  on  which  to  base  refinements  to  the 
selection  of  these  parameters. 

The  relationship  between  the  initial  ground  stress 
state,  the  unloading  modulus  of  the  sliding  block,  and 
reasonable  strength  parameters  was  explored.  Comments  are 
made  about  the  advantages  and  disadvantages  of  various 
models,  and  the  applications  of  more  detailed  deformation 
analyses  are  discussed. 

Geometry  and  Material  Parameters: 

The  actual  pit  wall  stood  27  metres  high  on  a  72c 
slope,  with  3  to  6  metres  of  overlying  callow  stripped  off 
for  some  distance  back  from  the  face.  An  idealized  vertical 
wall  27  metres  high,  shown  in  Figure  6.10,  was  used  as  a 
model  for  all  analyses. 

Laboratory  tests  gave  vertical  Young's  moduli  averaging 
about  100  MPa,  and  the  horizontal  Young's  moduli  were 
generally  higher  by  a  factor  of  two.  Consequently,  a  ioung's 
modulus  of  200  MPa  was  chosen  as  a  standard.  However,  it  is 
generally  recognized  that  field  moduli  are  substantially 
higher,  and  a  Young's  modulus  of  400  MPa  was  also  adopted  as 
a  reserve  value.  The  drained  direct  shear  strength 
parameters  (parallel  to  bedding)  noted  on  Figure  6.4  were 
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FIGURE  6.10  IDEALIZED  SLOPE  FOR  ANALYSIS 
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adopted . 

As  noted  earlier,  it  is  difficult  to  be  precise  about 
the  operational  pore  pressures  along  the  sliding  surface. 

Use  of  the  average  pore  pressure  coefficient  r^  was  decided 
upon.  The  average  maximum  value  of  this  parameter  was  0.2, 
but  this  does  not  allow  for  pressure  decreases  associated 
with  dilatant  shearing  in  the  sliding  zone.  Calculations 
were  therefore  made  for  a  range  of  ru  between  0.0  and  0.3. 

An  alternate  and  much  more  rigorous  approach  (Cleary,  1976) 
will  be  discussed  at  the  conclusion  of  this  chapter. 

Application  of  the  PR  Model: 

The  PR  model  (Palmer  and  Rice,  1973)  relates  the  work 
done  in  lateral  elastic  unloading  of  the  sliding  block, 
energy  release  during  the  peak-residual  transition,  and 
energy  absorbed  in  friction  along  the  shearband.  As  an 
approximation,  no  relative  slip  occurs  along  the  shearband 

until  peak  strength  is  attained.  It  is  also  assumed  that  the 

\ 

physical  end-region  in  which  the  peak-residual  transition 
occurs  is  negligible  in  proportion  to  the  length  of 
shearband  where  sliding  occurs  with  residual  resistance 
only.  A  characteristic  material  length  ^  obtainable  from 
direct  shear  tests  measures  the  energy  density  of  the 
peak- res i dua 1  transition.  For  the  Saxon  Clay  Pit  tests,  an 
essentially  constant  value  of  £)  =2.85  mm  was  measured  at 

the  different  normal  stress  levels  quoted. 
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Figure  6.10  also  indicates  the  relationship  between  the 
uniform  far-field  horizontal  stress  assumed  in  the  model  and 
the  standard  coefficient  of  lateral  pressure  at  rest,  Ko. 

The  application  of  the  model  yields  a  linear  relationship 
between  the  value  of  Ko  and  L,  the  shearband  length.  Results 
are  presented  in  Figures  6.11  and  6.12  for  a  range  of  rw  and 
for  the  two  assumed  values  of  the  Young's  modulus.  Clearly, 
as  the  effective  stress  on  the  band  decreases,  the  value  of 
Ko  necessary  for  forming  a  given  band  length  also  decreases. 
Also,  longer  band  lengths  require  larger  Ko  values,  for  the 
same  effective  stress  conditions.  What  is  not  so  obvious  is 
the  relationship  between  Ko  and  the  Young's  modulus.  All 
other  things  being  equal,  less  strain  energy  density  is 
stored  in  the  stiffer  material,  and  hence  a  higher  Young's 
modulus  requires  a  higher  Ko  to  form  a  shearband  of  a  given 
length . 

For  a  shearband  between  20  metres  and  30  metres  in 
extent,  the  PR  model  predicts  Ko  values  within  the  range 
0.85  to  1.15.  In  contrast,  the  suggested  Ko  range  based  upon 
plasticity  index  and  overconsolidation  ratio  (BrooKer  and 
Ireland,  1965)  is  1.4  to  1.7.  This  will  be  discussed  below. 

Application  of  the  CW  Model: 

The  CW  model  (Christian  and  Whitman,  1969)  relates  the 
work  done  in  lateral  elastic  unloading  of  the  sliding  block 
to  energy  absorbed  in  frictional  sliding  along  the  band.  The 
loading  stiffness  for  sliding  was  considered,  but  a 
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E  =  200000  kPa 


10 


20  30 

L  (m.) 


40 


Legend 


PR  model 


- CWX  model 


-  CW  model  (  peak  /  residual ) 

- CW  model  (residual) 


FIGURE  6.11  ONE  DIMENSIONAL  MODEL  PREDICTIONS  ,  E  =200  MPa. 
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E  =400000  kPa 


L(m.) 


L  (m.) 


L  (m.) 


-  CW  model  ( peak  /  residual) 

- CW  model  (residual) 


Legend  -  PR  model 

- CWX  model 

FIGURE  6.12  ONE -DIMENSIONAL  MODEL  PREDICTIONS ,  E  =  400  MPa. 
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perfectly  brittle  drop  from  peak  to  residual  resistance  was 
assumed.  Relative  slip  along  the  base  zone  occurs  at  all 
stages  of  deformation,  and  the  shearband  is  considered  to  be 
that  portion  where  maximum  strength  has  been  attained.  The 
model  can  be  applied  with  equal  facility  to  cases  which  do 
not  involve  strain-weakening. 

In  order  to  evaluate  the  CW  model  for  the  Saxon  Clay 
Pit,  representat i ve  shearband  stiffnesses  had  to  be 
determined  for  both  peak  and  residual  sliding.  Referring  to 
the  direct  shear  tests  of  Figure  6.4,  the  slip  stiffnesses 
in  the  direct  shear  tests  were  measured  as: 

(peak)  kp  =  900  MPa.rrr1  (average) 

(residual)  kR=125  MPa.m'1  (for  7th  shear) 

The  model  was  applied  in  two  forms.  Firstly,  a  full 
peak-residual  transition  was  assumed  with  peak  stiffness. 
Secondly,  only  residual  resistance  was  assumed,  with 
residual  stiffness.  The  CW  model  also  leads  to  a  linear 
relationship  between  the  values  of  Ko  and  L,  and  these 
results  are  also  shown  on  figures  6.11  and  6.12.  The  same 
trend  of  individual  results  holds,  except  that  the  effect  of 
changes  in  Young's  modulus  is  not  so  marked. 

Of  particular  note  is  the  close  correspondence  of  the 
strain-weakening  and  residual  cases.  This  is  a  result  of  the 
choice  of  slip  stiffness  parameters  obtained  from  the  direct 
shear  tests:  combinations  of  peak  stiffness  and  strength, 
and  residual  stiffness  and  strength,  lead  to  the  same 
relationship  between  shearband  length  (L)  and  Ko.  Clearly, 
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more  detailed  test  information  might  make  it  easier  to  have 
faith  in  the  use  of  different  strength/stiffness 
combinations.  However,  if  these  model  parameters  and 
calcul at i ons  are  represent  at  ive  of  field  cond i t i ons ,  / 1  may 
be  concluded  that  progressive  failure  did  not  necessarily 
occur  in  the  Saxon  Clay  Pit. 

There  is  a  substantial  difference  in  the  predictions  of 
the  PR  and  CW  models.  The  calculated  Ko  values  from  the  CW 
model  represent  a  greater  divergence  from  the  empirical 
values  presented  by  Brooker  and  Ireland  (1965).  This  could 
be  due  to  differences  between  laboratory-scale  and 
field-scale  shearband  slip  stiffness  (as  described  by  Palmer 
and  Rice,  1973).  The  shearzone  was  observed  in  the  field  to 
consist  of  a  number  of  surfaces  of  discrete  slip,  over  a 
thickness  of  at  least  1.6  metres  and  probably  extending 
below  the  base  of  the  pit.  The  previous  conclusions 
regarding  progressive  failure  versus  residual  slip  would 
only  be  altered  if  the  field  relationship  between  the  slip 
stiffnesses  was  different  from  that  observed  in  laboratory 
test i ng . 

Application  of  the  CWX  Model: 

The  CWX  model  is  an  extended  version  of  the  CW  model, 
developed  for  this  research  to  include  finite  post-peak 
stiffness.  It  is  described  in  Chapter  3  and  detailed  in 
Appendix  A. 
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The  assumed  shearband  slip  response  is  indicated  in 
Figure  6.13.  The  post-peak  characteristic  of  the  direct 
shear  tests  is  highly  curved,  and  some  simple  and  consistent 
means  had  to  be  developed  for  selection  of  an  appropriate 
value  of  the  post-peak  stiffness  R.  The  shaded  area  on 
Figure  6.13B  represents  the  energy  density  available  for 
post-peak  release  in  the  PR  model.  It  was  decided  to  choose 
R  so  that  the  energy  density  available  for  post-peak  release 
in  the  CWX  model  was  the  same  as  that  used  in  the  PR  model. 
This  is  represented  by  the  shaded  area  on  Figure  6.13C.  The 
values  of  R  calculated  on  this  basis  ranged  from  65.0  kPa  to 
53.5  kPa  as  ru  was  varied  between  0.0  and  0.3.  The 
stress-slip  curve  of  Figure  6.13A  is  drawn  to  scale  to 
represent  conditions  at  an  ru  value  of  0.0. 

Results  of  the  CWX  model  are  quite  surprising,  as  the 
predictions  are  almost  indistinguishable  from  those  of  the 
CW  model.  (The  relationship  between  Ko  and  L  is  almost 
linear).  It  is  concluded  that  the  behaviour  of  the 
one-dimensional  CW  models  is  not  sensitive  to  the  details  of 
post-peak  response .  On  a  more  detai led  level ,  there  will  of 
course  be  a  difference  in  stress  distribution  and  slip 
distribution  along  the  shearband.  However ,  it  is  only  the 
initial  slip  stiffness  (be  it  peak  or  residual)  which 
significantly  affects  the  interaction  with  the  unloading  of 
the  sliding  block  above  the  shearband. 


Summary : 
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Figure  6.I3A  CWX  Model  Stress-Slip  Curve. 


Figure  6.I3B  PR  Model  Figure  6.I3C  CWX  Model 

Details  of  Equivalent  Post- Peak  Energy  Densities 


FIGURE  6.13  DERIVATION  OF  POSTPEAK  STIFFNESS 

FOR  CWX  MODEL  . 
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Application  of  the  one-dimensional  models  has  helped 
clarify  the  interaction  between  the  principal  elements  of 
the  progressive  failure  problem.  Differences  between  the  PR 
and  CW  model  predictions  can  be  explained  in  terms  of 
different  assumptions.  Parameter  differences  arising  from 
test  data  also  contribute  in  this  regard. 

The  lack  of  contrast  between  the  CW  and  CWX  predictions 
is  surprising  and  perhaps  deserves  further  attention. 

If  the  direct  shear  test  stiffnesses  are  representative 
of  field  behaviour,  then  the  contrast  between  peak  and 
residual  stiffnesses  leads  to  almost  identical  CW 
relationships  between  Ko  and  shearband  length  L.  Perhaps, 
then,  progressive  failure  need  not  have  occurred  at  Saxon 
Clay  Pit.  Only  a  more  detailed  deformation  analysis  could 
test  this  hypothesis. 

The  empirically-obtained  values  of  Ko  (Brooker  and 
Ireland,  1965)  are  much  higher  than  any  of  the  models 
predicted.  Predictions  of  higher  values  of  Ko  could  be  made 
under  any  of  the  following  conditions: 

1.  Higher  operational  Young's  modulus; 

2.  Higher  slip  stiffnesses  ( CW  models); 

3.  Lower  pore  pressures  (suctions)  as  a  result  of 
dilatant  shearband  slip. 

More  attention  could  perhaps  be  focussed  on  these  matters  at 


a  later  date. 
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6.3  FINITE  ELEMENT  ANALYSIS  PROCEDURES 

During  the  original  site  investigation,  the  possibility 
that  only  residual  strength  was  mobilized  in  the  field  was 
not  precluded.  Experience  with  the  one-dimensional  models 
also  raised  the  question  of  whether  or  not  progressive 
failure  need  have  occurred  in  the  Saxon  Clay  Pit.  The 
minimum  estimated  overconsol idat ion  ratio  of  10  for  the 
Oxford  Clay  deposit  at  the  site  suggests  that  insitu 
preshearing  could  have  developed  by  flexural  slip  during 
stress  relief. 

Detailed  deformation  analysis  is  required  to  address 
the  question  of  progressive  failure;  the  one-dimensional 
models  lead  to  a  number  of  feasible  combinations  of 
controlling  parameters  but  the  deformation  patterns,  it  may 
be  expected,  should  yield  a  unique  set  of  parameters 
compatible  with  field  deformation  measurements.  Numerical 
difficulties  were  anticipated  with  the  finite  element 
analysis,  and  it  was  therefore  decided  to  investigate  in 
detail  only  the  case  of  residual  strength  mobilization.  For 
comparison,  the  case  of  softened  (cohesion  intercept  set  to 
zero)  peak  strength  mobilization,  with  no  postpeak 
weakening,  was  also  considered. 

A  number  of  non- routine  matters  had  to  be  considered  in 
designing  and  carrying  out  the  finite  element  analysis. 

These  included: 

1.  overall  dimensions  of  mesh; 

2.  simulation  of  excavation  procedures; 
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3.  selection  of  material  models  and  parameters; 

4.  selection  of  shearband  thickness; 

5.  mesh  detailing  in  the  critically  stressed  and 
-deforming  notch  region. 


Overall  Dimensions  of  Mesh: 

The  simplified  vertical  notch  shown  in  Figure  6.10  was 
adopted  for  finite  element  modelling.  With  a  27  metres  high 
face,  and  a  shearband  with  stress  concentrations  possibly 
extending  40  metres  behind  the  face,  lateral  and  bottom  mesh 
boundaries  had  to  be  chosen  to  minimise  any  effects  of 
boundary  constraints.  Distances  from  the  face  to  the  left 
(excavated)  and  right  boundaries  were  chosen  as  110  metres 
and  330  metres  respectively.  A  series  of  preliminary 
discretizations  were  undertaken,  since  it  was  critically 
important  to  provide  sufficient  mesh  detail  while 
maintaining  the  greatest  possible  computational  economy.  The 
final  design  was  not  made  until  the  simulation  of  excavation 
was  decided  upon  and  the  final  shearband  thickness 
determined . 

Simulation  of  Excavation  Procedures: 

It  is  standard  practice  in  simulation  of  excavations  to 
assume  an  initial  Ko  stress  distribution  and  then  remove 
excavated  material.  This  is  done  by  physically  eliminating 
the  excavated  portion,  and  applying  equal  and  opposite 
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tractions  along  the  excavated  boundary  to  create  stress-free 
surfaces.  The  situation  at  the  Saxon  Clay  Pit  is  more 
complex  because  a  long  history  of  incremental  excavation  had 
been  carried  out  prior  to  the  commencement  of  the  field 
measurement  program.  This  is  illustrated  by  part  (A)  of 
Figure  6.14. 

The  finite  element  simulaton  of  a  long  sequence  of 
small  excavation  increments  was  not  feasible.  A  two-stage 
scheme  was  therefore  designed,  and  is  illustrated  in  part 
(B)  of  Figure  6.14.  Firstly,  the  bulk  of  the  excavation  was 
achieved  by  removal  of  a  large  amount  of  material.  This 
created  a  pit  wall  isolated  from  boundary  effects,  and 
subjected  to  an  appropriate  stress  field  corresponding  to  a 
"history"  of  small  excavation  steps.  Secondly,  a  10  metre 
section  of  wall  was  removed  by  the  usual  procedures ,  in 
order  to  study  the  incremental  and  final  displacement  and 
stress  fields  resulting  from  a  typical  pass  of  the  planer. 
Selection  of  these  stages  had  an  important  influence  on  mesh 
discretization  close  to  the  wall(s). 

Selection  of  Material  Models  and  Parameters: 

It  was  assumed  that  a  reliably  convergent  elastoplastic 
analysis  could  be  carried  out  only  for  non-weakening 
material  response,  following  the  experiences  outlined  in 
Chapter  5.  In  practical  terms,  this  implies  a 
pseudo-undr  a i ned  strength.  For  residual  strength 
mobilization  along  a  shearband  of  constant  depth  below 
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approximately  10  m.  of 
wall  periodically  removed. 


XA)  FIELD  SITUATION 


^-stress  state  ot  notch  fully  adjusted 
to  history  of  excavation. 


(B)  FINITE  ELEMENT  SIMULATION 


(Bl)  Firstly,  adjust  stress  state  at  notch  to 
"history"  of  excovotion. 


(B  2)  Secondly,  remove  10  m.  of  material  from 
wall  and  observe  response. 

(  B  3)  Remove  another  10  m. ,  if  desired. 


FIGURE  6.14  SIMULATION  OF  EXCAVATION  PROCEDURE. 
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ground  surface,  pseudo- undr a i ned  strength  is  realistic  if  no 
pore  pressure  changes  occur  during  shearing.  On  theoretical 
grounds  (Rice  and  Rudnicki ,  1979)  the  use  of  a 
pseudo-undrained  strength  equivalent  to  the  ambient  shear 
strength  under  pre-existing  effective  stress  conditions  has 
been  shown  to  be  realistic.  Therefore,  the  CRD  elastoplast ic 
model  and  the  transverse- i sotropic  shearband  nonlinear 
elastic  models  could  be  adopted  directly  for  deformation 
analysis  under  residual  strength  conditions.  The  CRD  model 
was  also  used  for  analysis  of  the  softened  peak  strength 
case:  a  pseudo-undrained  strength  equivalent  to  the  shear 
strength  under  ambient  effective  stresses  was  chosen  and  any 
strength  loss  due  to  weakening  was  assumed  to  be  offset  by 
dilatant  pore  pressure  reductions  (Rice  and  Rudnicki,  1979). 

By  assuming  undrained  behaviour,  the  question  of 
detailed  processes  near  the  shearband  was  partly 
circumvented.  Undrained  behaviour  over  the  time-scale  of  an 

excavation  step  is  probably  a  reasonable  assumption,  except 

\ 

perhaps  for  local  processes  in  the  shearband.  This 
assumption  leads  to  better  numerical  performance  of  the 
nonlinear  models,  which  in  turn  leads  to  greater  confidence 
in  model  predictions.  Model  predictions  could  thus  be 
compared  to  field  measurements  with  a  much  better  cognizance 
of  the  similarities  and  differences  involved. 

Prior  to  performing  nonlinear  analyses,  several  elastic 
tests  had  to  be  undertaken.  The  nature  and  extent  of  the 
stress  concentrations  at  the  notch  had  to  be  established, 


248 


and  an  optimum  shearband  thickness  chosen. 

The  notch  was  first  analysed  with  uniform  isotropic 
elastic  properties,  and  for  this  the  Young's  modulus  used  in 
the  one-dimensional  studies  was  adopted. 

A  nonuniform  isotropic  elastic  analysis  was  also 
carried  out  to  assess  the  effect  of  nonuniform  elastic 
properties  on  the  nature  and  extent  of  the  stress 
concentrations  at  the  notch.  High  modulus  contrasts  are 
known  to  be  associated  with  strain  concentrations  along 
interfaces  of  different  materials.  Therefore,  the  shearband 
and  overlying  Oxford  Clay  were  assigned  elastic  stiffnesses 
three  times  less  than  the  basal  materials.  It  was  expected 
that  this  would  realistically  simulate  base  stiffness 
without  introducing  noticeable  mater i a  1 -contrast  effects 
into  the  results. 

Undrained  behaviour  in  principle  requires  an  isotropic 
Poisson's  ratio  approaching  0.5.  There  is  considerable 
experience  to  suggest  that  as  this  limit  is  approached, 
numerical  instability  and  inaccuracies  may  be  introduced.  A 
Poisson's  ratio  of  0.35  was  therefore  chosen  for  the  uniform 
elastic  analysis  to  ensure  reliable  performance.  For  the 
nonuniform  elastic  analysis,  a  higher  Poisson's  ratio  of  0.4 
was  selected.  The  Young's  modulus  was  chosen  to  be 
considerably  smaller  than  for  the  previous  case,  in  order  to 
replicate  laboratory  measured  values.  (The  insights  of  the 
one-dimensional  analysis  allow  the  effects  of  higher  modulus 
values  to  be  assessed). 


. 

O  6  .  f 
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For  subsequent  nonlinear  elastic  analyses,  the 
transverse- i sotropic  shearband  model  was  assigned  initially 
isotropic  elastic  parameters.  When  shearband  yield  was 
initiated,  the  Gv  modulus  was  automatically  reduced  as 
required.  This  prevented  any  prejudicial  assumptions  about 
shearband  behaviour  from  being  introduced. 

Appropriate  undrained  shear  strengths  were  assigned  to 
all  materials.  The  values  chosen  for  the  shearband  reflected 
residual  strength  and  "softened"  peak  strength  (cohesion  set 
to  zero),  at  an  ru  value  of  0.0.  Again,  insights  into  the 
effect  of  varying  rk  are  possible  using  the  one-dimensional 
model  predictions. 

Table  6.1  shows  the  material  parameters  used  in  the 
finite  element  analysis. 

Selection  of  Shearband  Thickness: 

The  observed  shearzone  consisted  of  a  series  of 
discrete  sliding  surfaces,  extending  for  at  least  1.6  metres 
above  the  base  of  the  pit.  Discrete  sliding  surfaces 
possibly  also  developed  in  the  Kellaways  clay  down  to  3 
metres  below  pit  base  level,  according  to  some  field 
measurements.  The  finite  element  shearband  consisted  of  a 
single  layer  of  Q48  elements  whose  lower  surface  coincided 
with  pit  base  level.  A  series  of  uniform  isotropic  elastic 
analyses  were  undertaken  to  examine  the  effects  of  shearband 
thickness  on  behaviour  of  the  stress  concentrations. 
Thicknesses  of  0.005,  0.01,  0.1,  1.0,  and  2.0  metres  were 


TABLE  6.1 

PARAMETERS  FOR  ANALYSIS  OF  SAXON  CLAY  PIT 
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tried.  For  a  10  metres  long  element  near  the  notch,  the 
element  aspect  ratio  (Chapter  4)  varied  from  2000  to  5, 
while  for  the  60  metres  long  element  at  the  right  boundary 
of  the  mesh,  aspect  ratios  of  12000  to  30  resulted. 

Behaviour  was  assessed  in  terms  of  the  horizontal 
displacement  of  the  pit  wall  5  metres  above  the  base, 
interpolated  from  nodal  displacements.  The  average  maximum 
compressive  stress  for  the  shearband  Gauss  points  nearest 
the  excavation  was  also  examined.  These  results  are  shown  in 
Figure  6.15.  It  was  decided  that  a  shearband  0.01  metre 
thick,  or  greater,  would  be  satisfactory,  but  a  final 
thickness  of  1.0  metre  was  chosen  so  as  to  reasonably 
reflect  the  field  observations.  Apart  from  some  sensitivity 
of  the  stresses  at  the  shearband  tip,  the  pattern  of  stress 
concentration  behind  the  face  was  essentially  constant  when 
the  shearband  thickness  was  varied. 

Mesh  Detailing  near  Notch: 

Figure  6.16  shows  a  typical  detail  of  an  early  mesh 
design.  The  shearband  tip  element  is  an  ordinary  Q48  type. 
The  first  stage  of  unloading  produced  severe  stress 
oscillations  along  the  shearband.  Even  though  the  average 
value  of  these  stresses  seemed  satisfactory,  nonlinear 
analysis  (which  commences  with  elastic  trials)  would  not 
have  been  possible.  The  shear  stress  and  normal  stress 
components  were  out  of  phase  as  well,  resulting  in  severe 
oscillations  of  mobilized  friction  angle  along  the 
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FIGURE  6.15  ASSESSMENT  OF  OPTIMUM  SHEARBAND  THICKNESS. 
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shearband . 

At  first  it  was  assumed  that  these  stress  oscillations 
arose  from  the  consequences  of  trying  to  fit  the  functional 
form  of  the  singularity  (unknown,  but  probably 
i nver se- logar i thmi c )  with  the  partially  complete  polynomials 
of  the  element  shape  functions.  As  an  approximation, 
therefore,  the  midside  nodes  adjacent  to  the  tip  were  moved 
to  the  quar ter -poi nts  to  represent  the  r~ k  singular i ty  of 
linear  elastic  fracture  mechanics  (Barsoum,  1976  and  1977, 
see  also  Chapter  5).  This  is  shown  in  Figure  6.16B.  Minor 
but  ineffective  smoothing  of  the  oscillations  resulted. 

It  was  then  assumed  that  the  problem  was  caused  by  lack 
of  mesh  refinement.  A  much  more  detailed  mesh  was  devised, 
but  the  only  effect  on  the  oscillating  stresses  was  to  make 
the  amplitudes  of  oscillation  larger.  Figure  6.17 
demonstrates  the  oscillations  in  normal  and  shear  stresses 
along  the  upper  Gauss  points  of  the  shearband  adjacent  to 
the  tip. 

The  oscillations  in  stresses  were  definitely  related  to 
the  element  configuration.  Upon  re-reading  of  Barsoum 
(1977),  reference  was  found  to  a  study  of  rectangular  versus 
triangular  representat ion  of  the  r " K  s i ngu 1 ar i ty ,  using  Q48 
elements.  Hibbit  (1977)  demonstrated  that  the  quarter-point 
node  distortion  for  a  rectangular  Q48  element  leads  to  an 
unbounded  strain  energy  density  integral,  hence  the  element 
stiffness  becomes  unbounded.  He  noted  that  in  some  cases 
numerical  results  of  reasonable  accuracy  might  be  obtained 
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FIGURE  6.17  UNIFORM  ELASTIC  NOTCH  STRESSES 
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because  the  singularity  in  the  strain  energy  field  of  the 
element  is  weak.  By  collapsing  one  side  of  the  Q48  element 
to  form  a  six-node  triangle,  the  strain  singularity  can  be 
represented  and  the  strain  energy  integral  is  always 
bounded . 

Remodelling  of  the  mesh  in  the  vicinity  of  the 
shearband  tip  was  undertaken,  to  triangular ize  the  elements 
where  a  strain  singularity  had  to  be  represented.  The  tip 
detail  is  shown  in  Figure  6.16C.  Stress  distributions  for 
the  uniform  isotropic  elastic  test  using  this  mesh 
arrangement  are  also  shown  on  Figure  6.17  and  the  result  is 
most  satisfactory. 

Summary: 

The  final  mesh  design  is  shown  in  Figure  6.18.  A  total 
of  233  nodes  and  76  elements  are  represented,  while  219 
nodes  and  70  elements  remain  after  the  second-stage 
excavation  of  10  metres  of  the  wall.  The  elements  below  pit 
base  level  have  elastic  stiffnesses  three  times  that  of  the 
shearband  and  wall  elements. 

E 1  as  top  1  as t i c  analysis  using  the  CRD  model  was 
selected,  and  parameters  were  chosen  to  represent  undrained 
behaviour.  Nonlinear  elastic  analysis  was  restricted  to  the 
automatic  reduction  of  the  Gv  modulus  to  simulate  shearband 
yielding:  the  hyperbolic  nonlinear  elastic  models  were  not 
invoked  because  they  would  only  have  introduced  extra 
complicating  factors  into  the  i nterpretat i on  of  results. 
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FIGURE  6.18  OUTLINE  OF  FINITE  ELEMENT  MESH 
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6.4  SIMULATION  OF  EXCAVATION  BEHAVIOUR 

In  principle,  the  objectives  of  the  simulation  of 
excavation  behaviour  were  twofold: 

1.  Examination  of  displacement,  strain,  and  stress 
patterns  in  order  to  evaluate  the  hypothesis  that 
only  residual  sliding  occurred; 

2.  Generation  of  a  set  of  relationships  among  the 
parameters  controlling  behaviour,  to  be  presented  in 
a  form  similar  to  that  shown  in  Figures  6.11  and 
6.12. 

The  first  and  most  important  aspect  was  to  obtain  solutions 
for  each  of  the  two  excavation  stages.  This  proved  to  be 
very  costly  in  terms  of  computation  time  and  of  effort 
involved  in  evaluating  the  results.  The  elastoplastic 
analysis,  in  particular,  invoked  large  computation  costs. 

The  nonlinear  elastic  analysis  was  much  cheaper  to  perform, 
as  expected,  but  demanded  a  great  deal  of  evaluation  effort 
because  of  the  extreme  sensitivity  of  results  to  variations 
in  the  material  parameters. 

Consequently,  no  effort  was  made  to  generate 
relationships  among  the  parameters  controlling  behaviour. 
This  objective  is  of  great  interest,  but  would  be  most 
efficiently  dealt  with  after  refinements  were  made  to  the 
analytical  procedures. 

Initial  ground  stress  conditions  were  assumed  to 
correspond  to  a  Ko  value  of  1.0.  In  light  of  the 
one-dimensional  PR  analysis  results,  this  would  lead  to  a 
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shearband  between  20  and  30  metres  long  if  rtt  =0.0  and  full 
progressive  failure  developed.  It  therefore  seemed  to  be  the 
most  convenient  starting  point. 

The  various  aspects  of  the  excavation  simulation, 
treated  in  detail  below,  are: 

1.  Stage  I  elastoplastic  analysis, 

2.  Stage  II  elastoplastic  analysis, 

3.  Stages  I  and  II  nonlinear  elastic  analysis. 

Stage  I  Elastoplastic  Analysis: 

An  initial  attempt  was  made  to  achieve  a  converged 
elastoplastic  solution  in  a  single  unloading  step,  but  this 
proved  impossible.  The  geometrical  and  loading  conditions  at 
the  notch  constitute  a  very  severe  test  on  the  numerical 
behaviour  of  the  elastoplastic  algorithm.  A  series  of  ten 
partial  unloadings,  each  constituting  one-tenth  of  the 
unloading  stop  forces,  was  therefore  decided  upon. 

Yielding  of  the  shearband  commenced  at  the  first  load 
step,  due  to  the  elastic  stress  concentraton .  Once  yielding 
spread  across  the  first  shearband  element  (a  "propagation" 
of  10  metres),  the  convergence  rate  slowed  down  very 
dramatically.  This  was  caused  by  the  initial  elastic 
stiffness  adopted  for  the  equilibrium  analysis.  In  order  to 
improve  the  convergence  rate,  reductions  had  to  be  made  in 
the  elastic  stiffness  parameters  for  yielded  elements.  Under 
general  stress  conditions  this  procedure  is  not  advisable, 
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because  it  alters  the  energy  balance  between  the  elastic  and 
plastic  strain  components.  However  it  was  suitable  in  this 
case  because  the  stress  state  in  fully-yielding  elements  was 
essentially  constant  (constant  vertical  stress  and  constant 
maximum  shear  stress),  hence  the  elastic  component  of 
elastoplast ic  strain  was  negligible.  Figure  6.19  shows 
schematically  the  effects  of  reducing  the  elastic  stiffness, 
and  shows  the  resulting  improvement  in  convergence  when  a 
reduction  to  10%  of  original  stiffness  was  used. 

Of  interest  at  this  point  is  a  brief  discussion  of  the 
computational  costs  of  the  elastoplastic  model.  When  the 
best  convergence  rate  was  achieved,  the  elastoplastic 
solution  for  one  load  step  typically  required  150  CPU 
seconds  on  the  University's  Amdahl  470  V / 7 .  This  was  for 
only  9  yielding  elements  and  an  overall  mesh  of  76  elements, 
and  the  ESB  program  convergence  rates  are  comparable  with 
the  best  commercially  available  programs.  The  tolerance 

levels  and  numerical  controls  on  the  yielding  process  also 

\ 

deserve  brief  mention  here.  The  tolerance  level  on  the 
out -of *ba 1 ance  force  ratio  was  set  at  0.05.  In  other  words, 
a  5%  force  imbalance  was  considered  acceptable.  The 
tolerance  level  on  the  yield  surface  was  set  at  0.1%.  This 
means  that  the  yield  "surface"  consisted  of  "f"  values 
between  -0.001  and  +0.001.  An  overcorrect  ion  of  15% 

( over r e 1 axa t i on  factor  1.15)  was  made  in  applying  the 
equilibrium  iteration  forces.  Subincrements  for  computing 
elastoplastic  response  were  10  at  low  levels  of  yielding, 
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FIGURE  6.19  IMPROVED  CONVERGENCE  TECHNIQUE 
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and  15  thereafter. 

The  convergence  characteristics  shown  on  Figure  6.19 
have  some  irregular  or  changed  curvatures.  In  step  8,  the 
Kink  in  the  curve  is  due  to  propagation  of  yielding  into  the 
adjoining  shearband  element.  Propagation  is  detected  in  this 
stepwise  fashion  because  of  stress  sampling  at  the  element 
Gauss  points.  The  decreased  convergence  rate  in  step  10  (the 
last  portion  of  unloading)  is  due  to  tensile  yielding  which 
developed  in  the  upper  region  of  the  sliding  block.  This  is 
noticeable  here  because  of  the  lack  of  mesh  refinement.  The 
analogy  in  field  behaviour  would  be  the  opening  of  a  joint 
sub-parallel  with  the  excavation  face. 

Stage  I  of  excavation  was  designed  to  set  suitable 
initial  conditions  for  studying  the  response  of  the  slope  to 
subsequent  excavations.  Results  from  Stage  I  were  carefully 
examined  and  Figure  6.20  shows  the  pattern  of  displacements 
along  the  shearband.  Other  results  will  be  presented  and 
discussed  in  relation  to  Stage  II  of  excavation. 

Stage  II  E lastoplast ic  Analysis: 

Figure  6.21  shows  the  stresses  along  the  boundaries  of 
the  Stage  II  excavation,  existing  after  Stage  I  was 
completed.  There  is  a  sharp  "peak"  in  the  value  of  in 

the  shearband.  This  was  ignored  and  a  linear  extrapolation 
of  the  o£  distribution  adopted  instead,  because  boundary 
stresses  were  obtained  by  a  nodal  averaging  procedure,  and 
in  the  above  instance  the  influence  of  higher  stress  levels 
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FIGURE  6.20  HORIZONTAL  DISPLACEMENTS  FOR  STAGE  I 
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FIGURE  6.21  BOUNDARY  STRESSES  FOR 
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below  the  shearband  had  to  be  filtered  out. 

Forces  equal  and  opposite  to  these  stresses  had  to  be 
calculated  for  the  Stage  II  excavation  simulation.  Six 
element's  were  removed  from  the  mesh.  The  quar ter-poi nt  nodes 
surrounding  the  previous  shearband  tip  were  moved  back  to 
their  midside  location,  and  those  midside  nodes  adjacent  to 
the  new  shearband  tip  were  moved  to  their  respective 
quar terpoi nts  in  order  to  represent  the  new  position  of  the 
singular i ty . 

Stresses,  strains,  and  displacements  for  the  remaining 
elements  and  nodes  were  saved  from  the  Stage  I  analysis. 

This  resulted  in  unavoidable  approximations  in  the  Stage  II 
analysis.  Some  nodes  would  undergo  incremental  displacements 
from  different  geometrical  locations  than  they  occupied  for 
Stage  I.  Likewise,  the  Gauss  points  of  distorted-node 
elements  are  in  different  positions  physically  from  their 
undistorted  locations.  Strictly  speaking,  corrections  and 
adjustments  should  have  been  made  to  allow  for  these 
geometrical  problems.  A  more  pragmatic  approach  was  decided 
upon:  using  a  series  of  Stage  II  elastic  tests,  the  errors 
arising  from  lack  of  correction  for  node-position  changes 
were  evaluated.  Only  a  localized  region  was  affected  and  the 
stress  error  in  this  region  never  exceeded  10%.  Likewise, 
the  displacement  errors  were  found  to  be  less  than  4%.  Given 
the  local  nature  of  the  errors  and  their  small  relative 
magnitude,  it  was  decided  to  accept  the  approximations 
without  further  concern. 
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Stresses  along  the  upper  Gauss  points  of  the  shearband 
and  horizontal  strains  from  the  uppermost  Gauss  points  of 
the  sliding  block  are  shown  in  Figure  6.22.  This  figure  also 
shows  these  quantities  at  the  end  of  the  Stage  I  excavation. 
Figure  6.22  thus  summarizes  the  incremental  response  of  the 
pit  wall  and  shearband  to  the  passing  of  the  planer.  Note 
that  the  horizontal  strain  increment  is  closely  related  to 
the  stress  changes  that  occurred  along  the  shearband. 

The  pattern  of  incremental  horizontal  displacements,  if 
plotted  in  a  similar  manner  to  those  in  Figure  6.20,  show 
the  same  essential  block  slip  motion  with  discrete  shearing 
of  the  shearband.  The  relative  slip  displacements  across  the 
1  metre  thick  shearband  were  25  millimetres  at  the  new  face 
and  10  millimetres  at  a  distance  of  10  metres  behind  the  new 
face . 

Selected  incremental  displacement  vectors  are  plotted 
in  Figure  6.23.  These  show  small  settlement  tendencies  for 
about  22  metres  below  the  upper  surface.  Net  heave  occurred 
along  the  base  of  the  shearband,  implying  compression  of  the 
5  metre  zone  above  the  shearband  base. 

Stage  I  and  Stage  II  Nonlinear  Elastic  Analysis: 

Unloading  procedures  for  the  nonlinear  elastic  analyses 
were  the  same  as  for  the  e 1 astop 1 ast i c  analyses,  except  that 
only  single  loading  steps  were  used.  This  caused  problems  in 
controlling  the  shearband  stresses  in  the  yielded  portion  of 
the  band.  The  pattern  of  discrete  shearing  of  the  band,  and 
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FIGURE  6.22  STRESS-DEFORMATION  RESPONSE  TO  EXCAVATION  INCREMENT, 

CRD  ELASTOPLASTIC  ANALYSIS. 


268 


ELASTOPLASTIC  ANALYSIS 


269 


block  motion  above  the  band,  was  maintained  but  smaller 
displacements  were  computed.  Similar  unloading  forces  for 
Stage  II  excavation  resulted. 

Considerable  difficulties  were  encountered  in 
controlling  the  stresses  in  the  yielded  portion  of  the 
shearband.  The  results  were  very  sensitive  to  the  Gv  values, 
which  were  chosen  automatically  for  stress  adjustment. 
However,  a  deliberate  effort  was  being  made  to  obtain  a 
viable  solution  with  a  single  load  step,  although  some 
attempts  were  made  to  use  partial  unloading  steps  as  for  the 
elastoplastic  analysis.  The  everriding  concern  was  to  use 
the  nonlinear  analysis  as  a  direct  ("one-shot")  tool,  mainly 
to  see  how  well  it  could  be  made  to  perform  in  relation  to 
the  sophistication,  expense,  and  exaggerated  preparation 
time  of  the  elastoplastic  analysis. 

Figure  6.24  shows  the  stress-deformation  results 
obtained  using  nonlinear  elastic  analysis,  which  may  be 
compared  directly  with  those  of  Figure  6.22  for  the 
elastoplastic  analysis.  The  strains  are  almost  50%  smaller 
and  the  strain  increment  is  not  so  sharply  concentrated  at 
the  zone  of  shearband  yield  propagation.  The  stresses  are 
not  very  satisfactory,  but  if  the  stresses  for  the  zones  of 
shearband  yielding  indicated  by  the  elastoplastic  analysis 
are  averaged,  the  results  are  quite  satisfactory. 

Selected  incremental  displacement  vectors  are  plotted 
in  Figure  6.25,  which  may  be  compared  directly  with  those  of 
Figure  6.23  for  the  elastoplastic  analyses.  The  displacement 
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FIGURE  6.24  STRESS -DEFORMATION  RESPONSE  TO  EXCAVATION  INCREMENT  , 

NONLINEAR  ELASTIC  ANALYSIS. 
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increments  are  generally  a  little  larger  and  heave  is  shown 
to  extend  for  a  distance  of  7  or  8  metres  above  the  base  of 
the  shearband.  Relative  slips  of  42  millimetres  at  the  new 
face ,  and  15  millimetres  at  a  distance  of  10  metres  behind 
the  new  face,  were  calculated. 

For  comparison,  a  typical  nonlinear  elastic  load 
increment  required  about  20  CPU  seconds  on  the  Amdahl  470 
V/7.  This  is  at  least  an  order  of  magnitude  cheaper  than  one 
partial  load  step  of  elastoplast ic  analyses.  Given 
comparable  (large)  preparation  times,  the  computational 
advantage  of  the  nonlinear  elastic  approach  is  obvious. 


6.5  CONCLUSIONS  REGARDING  BEHAVIOUR 

A  number  of  aspects  of  the  field  measurements  deserve 
detailed  interpretation.  Discussion  here  will  be  restricted 
to  those  aspects  which  can  be  addressed  with  a  minimum  of 
speculation.  In  order  of  importance,  these  are: 

1.  Proving  or  disproving  the  hypothesis  that  only 
res idua 1 -strength  sliding  took  place, 

2.  Examining  the  performance  of  the  e 1 astop 1 ast i c  and 
nonlinear  elastic  models, 

3.  Assessing  the  influence  of  t i me -dependent  processes. 


Did  Progressive  Failure  Occur? 
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Figure  6.26A  is  a  schematic  view  of  the  interpretation 
advanced  by  Bur  land  et.al.  (1977)  on  the  basis  of  field 
measurements.  This  i nterpretat ion  was  based  on  modelling  the 
excavation  process  as  quasi -cont i nuous ,  with  the  total 
strains  and  stresses  at  any  point  being  a  reflection  of  the 
effects  of  a  continuously  advancing  face.  The  discrete  zone 
of  large  strain-rate  was  assumed  to  correspond  to  the 
postpeak  weakening  portion  of  the  shearband  yield  model. 
Superimposed  on  Figure  6.26A  are  the  increments  of  shear 
stress  and  horizontal  extension  strain  associated  with  10 
metres  of  excavation  of  the  face  (this  can  easily  be 
calculated  from  the  figure).  In  terms  of  increments  of 
stress  and  strain,  it  is  not  easy  to  explain  a  positive 
change  of  strain  with  a  negative  change  of  stress.  Therefore 
the  explanation  advanced  by  Burland  et.al.  (1977),  which 
seems  plausible  in  terms  of  total  stress  and  strain  patterns 
and  a  quas i -cont i nuous  excavation  process,  does  not  appear 
to  be  entirely  consistent  in  terms  of  discrete  increments  of 
response . 

Figure  6.26B  is  an  equivalent  schematic  view  of  the 
predictions  of  the  residual  strength  finite  element 
analysis.  The  increase  in  strain-rate  is  associated  with  the 
immediate  prepeak  elastic  zone.  Expressed  in  terms  of  shear 
stress  and  horizontal  extension  strain  increments,  which  are 
also  shown  superimposed,  there  is  a  much  more  consistent 
relationship  of  positive  and  negative  increments.  The 
decrease  in  horizontal  extension  strain  which  can  be  noted 
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(B)  PREDICTED  BY  FINITE  ELEMENT  ANALYSIS 


FIGURE  6.26  SCHEMATIC  INTERPRETATIONS  OF  RESPONSE 
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in  Figure  6.22  close  to  the  free  face  has  been  ignored  in 
Figure  6.26B  because  it  is  believed  to  have  been  caused  by 
horizontal  stress  concentrations  in  the  first  stage  of  the 
finite  element  analysis.  These  would  not  exist  with  more 
complex  material  models,  nor  in  reality. 

Figures  20  and  22  from  Bur  land  et.al.  (1977)  can  be 
rei nterpreted  in  terms  of  deformation  increments.  Using  the 
displacement  histories  from  points  28  and  29  of  the  field 
study,  differentiating  to  obtain  strains,  and  then  noting 
the  strain  change  with  distance  from  the  face,  it  is 
possible  to  represent  the  increment  of  horizontal  extension 
strain  measured  in  the  field.  It  should  be  noted  that  only 
two  points  have  been  treated  in  this  fashion;  with  more 
field  points  the  resultant  data  would  be  more  scattered  but 
more  fully  representative  of  field  conditions.  For  the 
purposes  herein, the  data  from  these  two  points  can  be  used 
as  a  basis  for  representing  field  response  since  the 
differentiations  of  displacement  were  published  for  these 
two  points  only,  whereas  for  any  other  points  the 
differentiations  would  have  to  be  approximated  from 
published  displacements.  It  is  not  thought  that  the  sparsity 
of  utilized  field  data  represents  too  great  a  lack  of 
general i ty . 

Figure  6.27  shows  the  resulting  incremental  horizontal 
extension  strain  and  shear  stress  patterns  calculated  by 
finite  element  analysis  assuming  both  residual  and  softened 
peak  strengths.  Also  shown  are  the  incremental  strains 
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derived  from  the  field  study. 

There  is  a  surprising  coincidence  both  in  magnitude, 
form,  and  position  with  respect  to  the  excavated  face, 
between-  the  measured  and  predicted  behaviour.  Of  particular 
note,  however,  is  the  relationship  between  the  magnitude  of 
incremental  shear  stress  and  incremental  strain  along  the 
shearband.  Although  a  constant  yield  stress  was  used  on  the 
shearband,  the  increment  of  shear  stress  resembles  the 
classical  peak-residual  strain  weakening  curve  proposed  in 
the  field  interpretation. 

On  the  basis  of  Figure  6.27 ,  which  presents  the 
rel at ionshi p  between  incremental  shearband  stress  and 
incremental  extensional  strain  in  the  sliding  block  above 
the  shearband ,  the  hypothesis  of  "residual  strength "  control 
of  behaviour  is  tent at ivelv  confirmed. 

For  comparison,  equivalent  results  are  shown  on  Figure 
6.27  for  the  e 1 astop 1 ast i c  analysis  assuming  an  undrained 
shear  strength  equal  to  the  softened  peak  strength.  The 
pattern  of  response  is  sufficiently  different  in  detail  that 
there  can  be  little  doubt  that  only  residual  -  level  strength 
was  being  mobilized  in  the  field. 

The  overall  extensional  displacement  increments 
calculated  using  the  two  strength  assumptions  are  of 
interest.  Although  the  yielded  zone  in  the  softened  peak 
strength  case  was  significantly  smaller  than  in  the  residual 
strength  case,  the  softened  peak  strength  case  lead  to 
incremental  displacements  about  five  times  larger.  No 
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FIGURE  6.27  COMPARISON  OF  MEASURED  AND  PREDICTED 
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variations  in  the  elastic  parameters  can  explain  such 
differences  of  displacement  magnitude:  the  differences  can 
best  be  explained  as  a  function  of  the  different  stress 
fields  above  the  shearband. 

It  is  concluded  that,  for  a  variety  of  reasons  such  as 
flexural  slip  during  lateral  straining,  progressive  failure 
did  not  occur  in  the  Saxon  Clay  Pit  wall. 


Performance  of  the  Finite  Element  Models: 

Comparison  of  Figures  6.22  and  6.24  suggests  that  the 
elastoplast ic  analysis  can  be  accepted  while  the  nonlinear 
elastic  analysis  cannot.  This  does  not  mean  that  nonlinear 
elastic  analysis  is  generally  inapplicable  to  such  problems, 
however.  When  the  analysis  was  carried  out,  the 
elastoplast ic  model  was  used  first.  Considerable  effort  was 
involved  in  controlling  numerical  convergence  by  careful 
examination  and  interpretation  of  a  large  number  of  partial 
load  increments.  The  preparation  time  involved  was  estimated 
to  be  2  man-months,  not  including  1  man-year  of  experience 
obtained  by  the  time  the  reported  computations  were 
undertaken.  A  very  deliberate  attempt  was  therefore  made  to 
use  the  nonlinear  elastic  analysis  as  a  "one-shot" 
convenience  tool,  to  explore  the  practicality  of  undertaking 
detailed  analysis  of  this  class  of  problem  cheaply.  Even  so, 
about  3  man-weeks  of  preparation  time  was  involved,  not 
including  about  6  man-months  of  experience  already  obtained 
with  the  Gardiner  Dam  analysis  (Chapter  7). 
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Given  the  differences  in  intended  scope  of  the  two 
procedures,  it  is  hardly  surprising  that  the  elastoplastic 
results  are  more  valuable.  Some  explanation  of  the 
limitations  of  the  analysis  is  in  order ,  otherwise  the 
results  of  Figure  6.27  are  too  appealing. 

Firstly,  no  facility  was  available  for  considering 
natural  lithological  variations,  nor  were  any  t i me -dependent 
processes  explicitly  included.  However,  a  successful  - 
prediction  of  a  very  limited  portion  of  the  field  data  was 
undertaken.  One  should  conclude  that  some  of  the  success  of 
the  predictions  is  indeed  fortuitous.  On  the  other  hand,  an 
alternative  and  more  easily  understandable  approach  to 
interpretat ion  of  the  field  data  has  been  proposed,  and 
vindicated.  The  incremental  shearband  stress  and 
sliding-block  strain  patterns  are  simple  and  consistent.  On 
an  incremental  basis,  the  "active  zone"  (a  better  term,  at 
this  point,  than  "end  region")  appears  to  be  experiencing 
strain-weakening . 

The  greatest  value  of  the  finite  element  analysis,  it 
is  concluded,  is  the  capability  it  provides  to  quantify 
processes.  A  sensitivity  study  of  the  various  controlling 
parameters  of  this  problem,  namely 

1.  strength  parameters; 

2.  deformation  parameters;  and 

3.  ground  stress  state, 

should  be  undertaken  at  this  stage.  It  is  suspected  that  the 
Young's  modulus  for  the  sliding  block  is  too  low,  and  for  an 
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equivalent  shearband  length  a  higher  modulus  would  require  a 
higher  value  of  Ko.  The  greatest  uncertainty  surrounds  the 
use  of  undrained  shear  strength,  implicitly  assuming  a 
constant  material  effective  stress  condition  at  yield.  Time 
and  effort  weigh  very  much  against  undertaking  such  a  study. 

Perhaps  of  more  immediate  interest  would  be  the 
incremental  shearband  stress  and  sliding  block  strains 
associated  with  a  strain-weakening  strength  model.  The  PPP 
model  (Chapter  3)  could  be  used  directly,  but  more  difficult 
numerical  convergence  problems  are  forecast  unless  a  more 
efficient  equi 1 ibr i um- i ter at  ion  algorithm  is  employed.  Some 
form  of  variable-stiffness  procedure  could  be  devised  at 
this  point  with  little  additional  difficulty. 

An  observation  from  the  one-dimensional  studies  should 
now  be  recalled.  The  CW  and  CWX  models  had  quite  different 
post-peak  character i st i cs ,  and  undoubtedly  produced 
differences  in  the  detail  of  strain  destribution  above  the 

shearband.  However,  they  predicted  essentially  the  same 

\ 

relationships  among  the  three  components  listed  above  and 
the  shearband  length. 

Two  conclusions  arise.  Firstly,  the  relationships  among 
the  components  of  a  progressive  failure  problem  are  complex. 
Given  the  lack  of  precision  in  identifying  material 
parameters,  it  is  difficult  to  imagine  obtaining  a  unique 
solution  to  any  progressive  failure  problem.  Secondly, 
finite  element  analyses  are  essential  to  an  understanding  of 
the  detailed  deformat iona 1  response  of  any  problem  involving 
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discrete  zones  of  localized  shearing.  It  appears  that 
difficult  and  expensive  elastoplastic  techniques  are 
necessary  if  such  analyses  are  to  be  carried  out 
real istical ly. 

Influence  of  T i me -Dependent  Processes: 

Excavation  of  the  Saxon  Clay  Pit  wall  was,  in  detail,  a 
three-dimensional  t i me -dependent  process.  An  incremental, 
two-dimensional  analysis  appears  to  provide  satisfactory 
predictions  of  performance.  T i me -dependent  processes  set 
aside  in  the  above  studies  include: 

1.  Detailed  consideration  of  pore  pressure  changes,  both  as 
a  function  of  position  and  time  with  respect  to 
excavation  and  also  as  a  function  of  stress  changes 
associated  with  shearband  propagaton; 

2.  Influence  of  strain-rate  on  the  strength  attainable  by 
material  under  the  field  conditions  prevailing. 

Pore  Pressure  Effects :  Alternative  analytical 
procedures  have  been  developed  for  directly  accounting  for 
coupled  s t ress -d i f f us i on  problems  (Cleary,  1976  and  1977). 
These  may  not  yet  have  sufficient  detail  to  treat 
elastoplastic  shearbands  adequately,  but  the  potential 
exists.  The  pore  pressure  changes  which  could  be  expected 
included  reponse  to  changes  in  hydrostatic  and  deviatoric 
stress,  unsteady  drainage  towards  moving  boundaries,  and 
diffusion  of  any  excess  pressures.  The  number  of  material 
parameters  required  to  describe  these  processes  is  large. 
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Also,  the  descriptions  are  approximate  in  nature,  and  the 
range  of  natural  variability  sufficiently  great  to  make 
pursuit  of  such  details  almost  pointless. 

On.  this  basis,  there  is  much  simple  common  sense  in 
adopting  undrained  strength  behaviour  at  this  stage  of 
analysis.  Palmer  and  Rice  (1973)  referred  to  three  time 
scales  for  diffusion  effects.  In  the  first  case,  the 
shearband  advances  rapidly  in  comparison  to  any  time  scales 
for  diffusion.  This  is  true  "undrained"  response  which,  if 
coupled  to  induced  negative  pore  pressure  changes  at  the 
shearband  "end  zone",  implies  a  higher  slip  resistance  and 
stiffer  elastic  response  than  in  a  drained  situation.  On 
another  time  scale,  the  speed  of  propagation  is  slow  enough 
to  allow  no  induced  pore  pressure  changes  in  the  shearzone, 
but  still  rapid  enough  to  permit  overall  "undrained" 
response.  Again,  stiffer  propagation  results.  Lastly,  for 
wholly  drained  behaviour,  shearband  response  is  softest. 

Bur  land  et.al.  (1977)  provided  some  consolidation  test 
data  for  the  Oxford  clay,  as  well  as  for  Kellaways  sand  and 
clay  (draft  version  of  final  paper).  Typical  Cv  values  for 
the  Lower  Oxford  Clay  were  0.5  to  1.0  m2/year.  For  the 
Kellaways  sand  and  clay,  values  were  20.0  and  1.0  m2/year 
respectively.  For  a  shearband  1  metre  thick  directly 
overlying  the  Kellaways  sand,  the  longest  drainage  path  is  1 
metre  and  an  estimate  for  90%  dissipation  would  be  6  months 
to  one  year.  If  such  a  simple  approach  was  representat i ve , 
then  only  partial  drainage  would  occur  during  a  typical 


■  !  ij 

* 


283 


excavation  increment.  There  is  no  means  by  which  the 
laboratory  values  could  be  related  to  any  field 
measurements . 

Strain-Rate  Effects  on  Strength :  Kaiser  (1979) 
discussed  how  a  strain-weakening  material  could  display 
different  apparent  strengths  depending  on  the  stress-hi story 
as  well  as  time-history  of  shearing.  The  strain  rates 
mobilized  in  the  field  are  difficult  to  assess,  because  of 
the  uncertainty  of  relating  multiple  discrete  slips  to  some 
measure  of  strain.  It  is  probably  more  appropriate  to  think 
of  the  shearzone  as  a  complex  mechanism  composed  of 
different  elements  which,  under  changing  conditions,  assume 
or  relinquish  the  role  of  "weakest  links".  This  was  alluded 
to  by  Burland  et.al.  (1977)  in  their  discussion  of 
stick-slip  phenomena  observed  within  the  Saxon  Clay  Pit 
shearzone.  There  are,  unfortunately,  no  means  by  which  the 
time-dependent  strength  can  be  further  quantified  at 
present . 

Summary: 

One-dimensional  models  and  two-dimensional  finite 
element  analyses  have  been  applied  to  the  behaviour  of  a 
propagating  shearzone  at  the  Saxon  Clay  Pit. 

The  one-dimensional  analyses  demonstrated  the 
relationships  between  the  various  components  of  progressive 
failure,  or  even  residual -strength  shearzone  slip. 
Discrepancies  between  different  models  arose  because  of 
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different  assumptions  and  the  material  parameters  chosen. 
These  models  were  not  capable  of  explaining  the  deformation 
patterns  observed  in  the  field  measurements. 

Finite  element  analyses  were  carried  out  to  test  the 
hypothesis  that  only  residual -strength  shearzone  slip 
developed.  Incremental  deformation  patterns  corresponded 
remarkably  well  with  field  measurements.  Although  these 
analyses  may  have  been  too  simplistic,  there  is 
circumstantial  evidence  from  the  one-dimensional  studies  to 
suggest  that  the  computed  shearband  behaviour  is  insensitive 
to  the  details  of  constitutive  modelling  of  the  shearing  in 
the  band.  E 1 astop 1  as t i c  analyses  carry  high  overhead  costs 
(preparation  time,  development  time)  and  are  expensive 
computationally.  They  are  probably  more  reliable  to  use, 
however,  than  nonlinear  elastic  analyses.  For  equivalent 
levels  of  detail  in  results,  the  material  parameters 
required  for  elastoplastic  analysis  are  more  practical  and 
meaningful . 

The  behaviour  of  the  Saxon  Clay  Pit  shearzone  was  no 
doubt  influenced  by  a  number  of  simultaneous  t i me -dependent 
processes.  It  is  not  possible  to  quantify  the  effects  of 
these  to  any  degree.  Until  this  becomes  possible,  no 
analysis  can  confidently  claim  to  have  fully  explained  field 
behaviour.  This  research  has  identified  an  incremental 
deformation  mechanism  which  appears  to  be  more  reasonable 
than  that  proposed  by  the  original  investigators.  In  no 
manner  does  this  reflect  on  the  field  study,  for  it 
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represents  the  finest  example  available  where  progressive 
failure  processes  have  been  considered. 


7.  SHEARBAND  BEHAVIOUR  IN  GARDINER  DAM  FOUNDATIONS 


Gardiner  Dam  was  constructed  on  the  South  Sasktchewan 
River  in  south-central  Saskatchewan,  between  1958  and  1968. 
Bedrock  consists  of  overconsolidated  clay  shale  and 
sandstone,  materials  which  were  known  to  pose  unusual  and 
difficult  foundation  and  stability  problems.  Geotechnical 
performance  of  the  dam  and  associated  works  was  described  by 
Jaspar  and  Peters  (1979),  whose  work  forms  the  basis  of  the 
review  in  this  Chapter. 

Continuing  cyclic  deformations  of  the  embankment  and 
foundation  caused  some  concern,  particularly  as  movements 
were  concentrated  along  foundation  shearzones  with  a  history 
of  previous  movements.  A  deformation  analysis  using  the  NLCP 
nonlinear  elastic  finite  element  computer  program  was 
carried  out  by  Morgenstern  and  Simmons  (1980)  for  the 
Prairie  Farm  Rehabilitation  Administration,  the  present 
operators  of  the  dam.  This  finite  element  study  is  also 
reviewed  in  this  Chapter. 

The  deformation  analysis  was  able  to  clarify  the  nature 
of  the  recurring  load-deformat i on  mechanism.  This  has  some 
important  implications  for  stability  design,  which  is 
usually  based  on  1 imi t -equi 1 ibr i urn  analysis. 


286 


287 


7.1  REVIEW  OF  FIELD  BEHAVIOUR 
Geology: 

Foundation  materials  consist  of  units  of  the  late 
Cretaceous  Bearpaw  Formation.  Typical  materials  are  fine 
grained,  weakly  cemented  clayey  sandstones;  dark  grey  clay 
shale  with  bentonite  layers  and  lenses;  and  clayey 
sandstones.  The  bentonite  seams  are  between  13  and  100  mm 
thick.  Upland  areas  are  mantled  with  clay  till, 
glaciolacustr ine  silts  and  clays,  and  glaciof luvial  sands. 
The  river  channel  contains  as  much  as  33m  of  alluvial  sands 
and  si  Its. 

Postdeposi t ional  bedrock  features  include  bedding-plane 
shears  thought  to  have  been  induced  as  a  consequence  of 
solution-subsidence  faulting  of  deeper-seated  evaporites. 
Glacial  loading  and  unloading  may  have  induced  further 
shears . 

Main  valley  slopes  and  side  valleys  display  widespread 
slumping.  Disturbed  slump  material  has  undergone  extensive 
shearing  and  weakening. 

Stress  reduction  is  known  to  produce  the  following 
char acter i s t i cs  in  the  clay  shale:  shearzones  (along 
benton i te- r i ch  seams),  softening,  s 1 i ckens i di ng ,  and 
shrinkage  cracking. 

Embankment  Design: 

Original  design  was  based  upon  site  investigations  and 
experience  from  other  sites  having  similar  conditions.  The 
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structure  consists  of  a  main  river  valley  embankment,  and  a 
smaller  subsidiary  embankment  across  Coteau  Creek,  to  the 
west.  The  spillway,  power  tunnels,  and  outlet  works  are 
situated  in  the  main  west  abutment,  which  forms  the  ridge 
between  the  two  valley  embankments.  A  simplified  view  of  the 
layout  is  given  in  Figure  7.1. 

After  construction  commenced,  it  became  necessary  to 
revise  designs  because  of  stability  problems  encountered 
with  soft  weathered  shale.  Embankment  slopes  had  to  be 
substantially  flattened.  This  proved  to  be  satisfactory 
until  construction  was  well  advanced. 

Foundation  displacements  were  then  experienced  in  weak 
shale  zones  at  three  locations:  the  river  section;  main  east 
abutment;  and  Coteau  Creek  section.  Additional  slope 
flattening,  closely  controlled  fill  placement,  and  more 
extensive  berming  were  required  to  complete  the  embankments. 
It  appeared  that  old  shearzones  had  been  reactivated  under 
the  east  abutment  and  Coteau  Creek  sections,  but  that  a 
previously  unnoticed  shearzone  developed  as  a  result  of 
construction  of  the  main  section. 

The  final  embankment  cross-sections  for  the  three  areas 
of  concern  are  also  shown  in  Figure  7.1. 

Performance  Monitoring: 

As  a  consequence  of  the  foundation  conditions,  much 
reliance  was  placed  upon  field  observation  of  performance, 
and  a  very  comprehensive  suite  of  monitoring  instrumentation 
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was  installed.  Figure  7.1  also  shows  the  location  of  some 
instrumentation  for  monitoring  embankment  movements. 

Piezometers  were  very  widely  installed.  Those  measuring 
pore  pressure  response  in  the  shale  foundation,  particularly 
the  shearzones ,  show  a  very  high  level  of  response  and 
virtually  no  dissipation  since  construction  was  completed. 

Construction  and  Postconstruct  ion  Performance: 

The  detailed  descriptions  of  Jaspar  and  Peters  (1979) 
deserve  to  be  carefully  read  in  this  regard.  Summaries  of 
deformation-  and  pore-pressure- t ime  relationships  were 
provided  for  all  three  areas  of  concern.  A  pattern  of  yearly 
incremental  displacements  was  noted  in  all  areas.  These  were 
non- recover  able  shearzone  slips  related  to  the  increase  of 
reservoir  level  as  snowmelt  runoff  accumulated  each  spring. 
The  slips  were  definitely  related  to  the  water  thrust 
changes:  creep  movements  at  more-or-less  constant  reservoir 
level  were  small  in  comparison  with  the  slips  associated 
with  change  in  reservoir  level.  Figure  7.2  is  a  summary  of 
postconstruction  movements  for  selected  inclinometer 
locat ions . 

It  is  important  to  recognize  two  key  issues  concerning 
the  postconstruction  behaviour.  Firstly,  no  post  impoundment 
deformation  measurements  are  available  from  the  upstream 
parts  of  the  embankments.  This  means  that  virtually  no 
inferences  can  be  made  about  the  overall  embankment  motions. 
Secondly,  the  postconstruction  movements  are  largest  near 
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the  maximum  embankment  heights,  and  are  much  smaller  beneath 
the  embankment  toes.  This  implies  some  form  of  cumulative 
compression  of  the  downstream  portion  of  the  embankment. 

From  Figure  7.2,  it  is  obvious  that  the  Coteau  Creek 
shearzone  slips  are  the  only  ones  showing  no  general 
decrease  with  time.  Mainly  for  this  reason,  the  Coteau  Creek 
embankment  was  chosen  for  detailed  deformation  analysis.  It 
was  hoped  that  the  indications  of  this  study,  at  the  likely 
most  critical  part  of  the  structure,  could  be  extended  to 
the  other  locations.  Figure  7.3  is  a  summary  of  performance 
at  the  Coteau  Creek  section.  The  average  slip  under  the 
embankment  centreline  is  approximately  0.027  metres  per 
year  . 


7.2  FINITE  ELEMENT  ANALYSIS  PROCEDURES 

The  purpose  of  the  deformation  analysis  was  to  simulate 
the  ongoing  displacement  patterns  of  the  prototype.  These 
patterns  are  known  to  result  from  highly  localized  nonlinear 
behaviour.  It  was  thus  necessary  not  only  to  simulate 
ongoing  behaviour,  but  also  to  reconstruct  each  and  every 
stage  of  behaviour  as  faithfully  as  possible.  Failure  to 
account  for  the  full  deformation  history  would  invalidate 
the  analysis,  because  of  the  highly  path-dependent  nature  of 
nonlinear  behaviour. 

The  stages  of  behaviour  to  be  reconstructed  were: 

1.  Foundation  preparation; 
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2.  Embankment  construction; 

3.  First  filling  of  the  reservoir;  and 

4.  Cyclic  reservoir  operation. 

Each  of  these  stages  presents  analytical  difficulties. 
Additionally,  the  long,  low,  flat  geometry  of  the  structure 
provides  difficulties  for  mesh  discretization.  Central  to 
all  the  analyses,  however,  is  the  problem  of  defining 
suitable  deformation  parameters  for  the  various  material 
constitutive  behaviours. 

Each  of  these  "general"  aspects  will  now  be  discussed. 
Subsequent  sections  of  this  Chapter  describe  the  two  basic 
phases  of  the  analysis:  deformation-matching  of  construction 
behaviour  and  simulation  of  load  cycling. 

Before  any  of  these  matters  are  discussed,  however,  it 
is  necessary  to  address  the  question  of  total  and  effective 
stress  analysis  of  the  embankment  and  foundation. 

Total  Stress  and  Effective  Stress  Analyses: 

Deformations  should  ideally  be  analysed  on  an  effective 
stress  basis.  This  requires  coupling  of  total  stress  and 
pore  pressure  analysis  (Law,  1975)  but  the  processes  are  not 
routine.  Complexities  are  introduced  which  create 
difficulties  in  obtaining  representative  material 
parameter s . 

Analysis  in  terms  of  total  stresses  is  the  only 
practical  alternative,  and  is  reasonable  here  in  light  of 
material  behaviour.  Other  studies  ( Morgenstern  and  Kaiser, 
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1980)  suggest  that  in  the  core  and  foundation  there  have 
been  only  minor  pore  pressure  changes  since  the  end  of 
construction.  It  was  deemed  satisfactory  to  carry  out  total 
stress  analyses,  with  appropriate  shear  strengths  governing 
the  deformation  response.  Effective  stress  behaviour  can  be 
inferred  by  reference  to  appropriate  seepage  analysis  or 
measured  pore  pressures. 

Mesh  design: 

Figure  7.4  is  a  simplified  cross-section  of  the  Coteau 
Creek  embankment,  and  Figure  7.5  shows  part  of  the  finite 
element  mesh.  Noteworthy  are  the  different  material  zones, 
and  the  non-rectangular  element  shapes  these  necessitated. 
The  optional  midside  nodes  were  omitted  wherever  possible  in 
order  to  minimise  the  core  storage  requirements  for  the 
overall  mesh.  Some  detail  of  the  distribution  of  nodes  is 
given  in  Figure  7.6. 

The  foundation  boundary  was  chosen  to  be  50  feet  below 
the  shearzone,  since  at  this  depth  rigidity  and  fixity  could 
be  expected.  Lateral  boundaries  were  dictated  by  the  need  to 
isolate  the  upstream  embankment  from  lateral  strain  effects 
(1000  feet  upstream  was  assumed  to  be  satisfactory)  and 
provision  for  the  full  extent  of  the  downstream  shearzone. 
Since  the  shearzone  cropped-out  about  2000  feet  downstream, 
the  total  mesh  comprised  622  nodes  and  251  elements.  Greater 
mesh  refinement  would  have  been  valuable  in  the  critically 
stressed  region  beneath  the  embankment  centreline,  but  this 
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FIGURE  7.4  ADOPTED  CROSS-SECTION,  COTEAU  CREEK  STA.  169  +  50 
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FIGURE  7.5  FINITE  ELEMENT  MESH  DETAIL  SHOWING  ELEMENTS. 
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FIGURE  7.6  FINITE  ELEMENT  MESH  DETAIL  SHOWING  NODES. 
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would  have  been  too  expensive  in  terms  of  core  storage  and 
computation  procedures. 

Selection  of  Material  Model  Parameters: 

At  the  outset  of  the  analysis,  it  was  expected  that 
significant  zones  of  material  would  be  at  or  close  to 
maximum  strength  mobilization.  Therefore,  adequate  strength 
and  representative  nonlinear  deformaton  parameters  had  to  be 
selected.  There  are  tremendous  ranges  of  material  properties 
in  Gardiner  Dam,  and  it  was  therefore  anticipated  that 
contrasts  between  certain  materials  in  restricted  portions 
of  the  dam  could  dominate  the  outcome  of  the  analysis.  On 
the  other  hand,  only  the  hyperbolic  nonlinear  elastic 
constitutive  model  (Duncan  and  Chang,  1970,  see  Chapter  3) 
was  well -proven  enough  to  warrant  adoption.  Each  of  the 
materials  was  examined  in  turn,  to  define  material 
parameters.  Background  experience  (Duncan  et.al.  1978)  was 
available  to  guide  parameter  selection. 

Shale  Bedrock :  The  undisturbed  shale  is  hard  and  stiff. 
Mass  strength  was  not  known,  and  mass  deformabi 1 i ty  could 
only  be  estimated  from  field  rebound  measurements. 

Experience  with  similar  materials  elsewhere  was  a  good  guide 

for  selecting  properties. 

Shale  Bedrock  Above  Shearzone:  Material  above  the 
shearzone  was  typified  as  weathered  and  weakened,  all  or 
much  having  at  some  stage  been  involved  in  mass  movements. 

It  is  probable  that  the  foundation  spreading  experienced 
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during  construction  created  highly  stressed  zones  and  shears 
oblique  to  bedding.  The  operational  strength  and 
deformabi 1 i ty  were  therefore  assessed  by  initially  assigning 
"intact"  shale  properties,  and  then  reducing  these  until 
suitable  behaviour  was  observed  in  the  analytical  model. 
Considerable  judgement  was  required  in  this  regard. 

Shearzone :  The  shearzone  was  idealized  as  a  2  feet 
thick  shearband.  Conventional  nonlinear  behaviour  was 
simulated  by  assigning  the  same  properties  as  for  the  shale 
bedrock  above  the  shearzone.  The  exceptional  weakness  and 
low  stiffness  of  bedding  plane  shearing  was  simulated  using 
the  transverse- i sotropi c  model  (see  Chapter  3).  Considerable 
experience  was  available  for  assessing  the  parameters 
governing  bedding  plane  shearing. 

Compacted  Shale :  Oedometer  test  results  were  available. 
However,  this  material  was  only  one  component  of  the  random 
fill  zones,  whose  behaviour  is  not  fully  characterized  by 
oedometer  tests.  No  detailed  attention  was  paid  to  compacted 
shale  within  the  random  fill  zones. 

Core  and  Upstream  Blanket :  These  were  formed  from  till, 
for  which  a  variety  of  drained  and  undrained  test  data  were 
available.  A  typical  stress  path  in  the  core  corresponds 
reasonably  well  to  conditions  in  conventional  triaxial 
tests,  for  which  the  hyperbolic  nonlinear  elastic  model 
works  quite  well.  Deformation  studies  for  other  projects 
(for  example,  Skermer ,  1975,  for  Mica  Dam)  have  demonstrated 
that  triaxial  test  moduli  are  usually  lower  than  operational 
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moduli.  Considerable  judgement  was  therefore  required  to 
select  deformation  parameters,  but  strength  parameters  were 
Known  reasonably  well. 

Sand  and  Grave  1  She  11s:  Little  test  information  and  no 
deformation  properties  were  available.  Construction  reports 
enabled  reasonable  estimates  of  strength  and  deformabi 1 i ty 
to  be  made.  In  the  shells,  stress  paths  typically  are 
proportional  loading,  for  which  the  hyperbolic  model  is  not 
ideal ly  siuted. 

Random  Fill  Berms :  These  upstream  and  downstream  zones 
consist  of  variable  and  randomly  placed  spoil  and  other 
materials.  Little  is  Known  of  their  current  composition, 
strength,  and  deformation  characteristics.  Typical  stress 
paths  involve  proportional  loading,  but  part  of  the 
downstream  zone  may  function  as  a  zone  of  passive  resistance 
with  the  maximum  compressive  stress  rotating  towards 
horizontal.  Any  suitably  weaK  and  nonlinear  parameters  could 
be  selected. 

Summary:  Although  the  shortcomings  of  the  hyperbolic 
nonlinear  model  for  non-triaxial  stress  paths  (Eisenstein 
and  Law,  1979)  have  been  established,  and  no  single 
nonlinear  technique  seems  preferable  for  embanKment  analysis 
(Cathie  and  Dungar ,  1978),  the  hyperbolic  model  was  adopted 
generally  because  of  convenience  and  experience  with  its  use 
(Soriano  et.al.  1976).  Initial  strength  and  deformation 
parameters  were  chosen,  and  embanKment  construction  was 
simulated  in  order  to  refine  parameter  selection. 
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Foundation  Preparation  and  Embankment  Construction: 

Simulation  of  construction  behaviour  was  felt  to  be  the 
best  means  for  checking  performance  of  the  finite  element 
model,  as  the  original  structure  was  well  instrumented. 

In  order  to  simulate  construction  of  the  embankment, 
stresses  and  displacements  had  to  be  evaluated  in  steps  as 
layers  of  fill  were  added.  The  initial  stresses  in  the  shale 
foundation,  and  the  effects  of  core  trench  excavation  had 
first  to  be  specified,  due  to  the  nonlinear  behaviour  and 
expected  stress  concentrations  under  the  embankment  crest. 
Overburden  stress  were  calculated  from  the  original  ground 
surface  assuming  a  ratio  of  original  horizontal  to  vertical 
stress  of  1.0  and  a  unit  weight  of  125  pcf.  Ideally  a  large 
number  of  fill  layer  additions  would  be  made:  in  this  case 
one  (initial)  unload  followed  by  three  fill  construction 
lifts  were  used,  owing  to  economic  and  mesh  refinement 
constraints.  The  excavation  and  construction  sequence  is 
shown  in  Figure  7.7.  Details  of  the  construction  analysis 
are  given  in  Section  7.3. 

First  Filling  of  the  Reservoir: 

First  filling  of  the  reservoir  to  Full  Supply  Level 
( FSL )  is  an  incremental  loading  process  similar  to  that  of 
adding  fill.  However,  water  impounded  by  the  embankment  has 
a  number  of  influences  on  the  structure  which  had  to  be 
considered  in  the  finite  element  model: 

1.  Hydrostatic  Forces :  the  water  may  be  considered  either 
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FIGURE  7.7  CONSTRUCTION  LOADING  PROCEDURE. 
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as  a  material  having  zero  shear  stiffness,  very  high 
bulk  stiffness,  and  self-weight;  or  as  a  distribution  of 
surface  pressures  against  suitable  surfaces  representing 
flow  barriers . 

2.  Infi ltration  and  Seepage :  material  which  offers  little 
barrier  to  water  percolation  is  rapidly  made  bouyant, 
resulting  in  weakening  and  stiffness  reduction. 

In  the  original  structure,  effective  stress  changes 
accompanying  first  filling  could  be  expected  to  have  caused 
significant  deformations.  The  development  of  steady-state 
seepage  in  the  core  and  blanket  may  take  many  years  during 
which  there  is  an  adjustment  of  pore  pressures,  and  again 
the  effective  stress  changes  may  cause  significant  changes 
in  deformation  patterns  (Squier,  1970).  The  time  scale  of 
these  processes  may  be  considered  undrained  in  some 
materials  and  drained  in  others. 

The  sequence  of  effects  of  impounding  has  been  examined 
by  many  writers  (Nobari  and  Duncan,  1971;  Eisenstein,  1974; 
Law,  1975;  and  Stewart,  1979).  Analysis  of  the  various 
effects  is  complex  and  there  is  a  general  lack  of  suitably 
documented  field  experience. 

For  this  study,  the  key  element  of  reservoir  filling  to 
be  considered  was  the  deformation  pattern  along  the 
shearband.  Stress  distributions  in  the  embankment  were  not 
likely  to  be  critical  unless  zones  of  tensile  stress  became 
too  pronounced.  The  upstream  random-fill  zone  consists  of 
rather  ill-defined  distributions  of  both  pervious  and 
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relatively  impervious  materials.  Appreciable  infiltration  in 
selected  zones  might  be  realistic  over  the  time  scale  of 
impounding,  elsewhere  little  water  penetration  would  be 
possible . 

Figure  7.8  shows  two  possible  loading  schemes  to 
simulate  the  effects  of  impounding.  One  considers  the  random 
fill  to  be  impervious  and  the  other,  pervious.  The 
"impervious"  scheme  was  adopted  for  the  following  reasons: 

1.  Simplicity:  extra  complexity  always  tends  to  cloud 
the  i nterpretat ion  of  results; 

2.  Potent i a  1  Numer i ca 1  Problems :  introduction  of  the 
"pervious"  model,  it  was  feared,  might  lead  to 
increased  tension  zones  in  the  random  fill. 

A  series  of  numerical  experiments  indicated  that  zones 
of  appreciable  tension  tended  to  occur  within  the  random 
fill.  Displacement  patterns  obtained  with  the  impervious 
loading  scheme  were  satisfactory  even  in  this  event. 

Cyclic  Reservoir  Operation: 

An  essential  aspect  of  the  entire  study  was  whether  or 
not  an  apparently  satisfactory  model  could  reproduce  the 
pattern  of  deformation  response  to  cyclic  reservoir 
operation.  Complete  details  of  the  reservoir  and  embankment 
movement  histories  were  available  so  that  this  loading 
sequence  could  be  evaluated  with  confidence. 

Loading  at  all  steps  prior  to  the  reduction  of 
P030pyQ-jp  1 0V0 1  consists  of  a  general  increase  in  confining 
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FIGURE  7.8  LOADING  SCHEMES  FOR  SIMULATING 

RESERVOIR  IMPOUNDING  . 
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pressure  and  proportional  increase  in  deviator  stress.  In 
the  shearband ,  local  regions  were  expected  to  be  stressed  to 
yield,  with  substantial  softening  of  deformation  response  in 
order  to  accommodate  induced  shearing.  Material  response 
during  lowering  of  the  water  to  the  Low  Water  Level  ( LWL ) 
constitutes  an  entirely  different  stress-state  change. 
Unloading  consists  of  a  reversal  of  forces  due  to 
incremental  water  pressures  on  the  upstream  face.  In  the 
embankment  and  foundation,  the  typical  stress  changes 
associated  with  this  would  be  pseudo-elastic  unloading.  The 
unload/reload  cycle  thus  consists  of  two  distinctly 
different  processes,  with  unloading  being  considerably 
stiffer  and  more  linear  in  nature. 

Without  any  clear  test  information  on  the  nonlinear 
unloading  response  of  the  Gardiner  Dam  materials,  a  simple 
acceptable  unloading  model  was  established  by  evaluating  an 
initial  tangent  modulus  at  zero  deviator  stress,  at  the 
average  confining  pressure  in  each  material  zone. 
Experimental  evidence  from  elsewhere  suggested  that  the 
cyclic  s t r ess - s t r a i n  response  of  relatively  weak  material 
might  be  as  indicated  in  Figure  7.9,  which  also  illustrates 
the  response  that  the  adopted  model  simulates.  It  should  be 
noted  that  this  model  does  not  stiffen  with  cyclic 
behaviour . 

Selection  of  appropriate  parameters  for  reloading  was  a 
contentious  issue.  On  the  one  hand,  field  experience 
indicated  significant,  reproducible  incremental  deformations 
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SCHEMATIC  CYCLIC  LOADING  TRIAXIAL  TEST 


SIMULATED  CYCLIC  LOAD  BEHAVIOUR 
USING  CONSTANT  HYPERBOLIC  MODEL 
PARAMETERS  IN  LOADING  (ADOPTED 


SIMULATED  CYCLIC  LOAD  BEHAVIOUR  USING 
VARIABLE  HYPERBOLIC  MODEL  PARAMETERS 

FROM  TEST  DATA  FOR  EACH  CYCLE 

FIGURE  7.9  SCHEMATIC  LOADING/  RELOADING  RESPONSE  . 
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during  loading.  On  the  other  hand,  any  elastic  cyclic  load 
model  would  indicate  reloading  with  no  net  incremental 
movement  over  a  cycle.  Clearly,  the  process  to  be  simulated 
was  a  relatively  stiff  unloading  and  a  progressi vely  softer 
nonlinear  reloading.  This  was  handled  conveniently  using  the 
hyperbolic  nonlinear  elastic  model,  as  shown  in  Figure  7.9. 
The  stiffness  of  the  reloading  cycle  is  most  open  to 
revision  should  cyclic  tests  be  carried  out  on  the 
materials.  It  was  thought  to  be  prudent  in  the  analysis  by 
retaining  the  original  loading  stiffness  and  accepting 
conservatively  large  deformations. 

The  model  predictions  for  cyclic  loading  are  thus  not 
intended  to  represent  predictions  of  actual  movements. 
Rather,  the  predictions  are  consistent  with  a  model 
developed  under  reasonable  and  critically  evaluated 
circumstances.  The  expected  deviation  of  such  a  model  from 
the  prototype  can  be  assessed  Knowing  that  the  model  is  as 
complex  as  necessary  without  any  unsubstantiated 
modifications  or  changes. 


7.3  SIMULATION  OF  CONSTRUCTION 

During  this  phase  of  the  analysis,  material  parameter 
values  were  modified  in  a  manner  consistent  with  Knowledge 
of  each  material's  liKely  response  characteristics.  This  was 
necessary  in  order  to  calibrate  the  model  against  measured 
field  behaviour.  Table  7.1  shows  the  parameter  values 
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selected,  with  the  original  choices  shown  in  parentheses. 

The  various  considerations  which  lead  to  these  modi fi cat  ions 
are  now  described. 

Sequential  Construction: 

The  core- trench  unloading  step  was  necessary  in  order 
to  approximate  expected  local  stress  concentrations  adjacent 
to  the  excavation.  Weakening  and  yielding  of  the  shearband 
was  anticipated  to  start  in  this  region,  so  it  was  necessary 
to  be  as  precise  as  modelling  permitted. 

During  construction,  the  actual  extent  and  character  of 
shearzone  movement  was  not  fully  identified.  However,  using 
three  lifts  was  felt  to  represent  a  satisfactory  compromise 
between  excessive  computational  costs  and  acceptable 
numerical  results.  The  shearband  had  to  experience  shear 
failure  and  significant  rigid  body  motion  of  overlying 
material  during  construction.  Modelling  by  horizontal  layers 
did  not  exactly  match  constructed  profiles,  but  this  was  not 
felt  to  be  a  serious  matter  particularly  regarding 
postconstruction  behaviour. 

Figure  7.10  shows  horizontal  and  vertical  movement 
patterns  calculated  using  the  originally  selected 
parameters . 

The  vertical  displacements  did  not  duplicate  field 
settlement  data  from  crossarm  gauges  for  the  following 
reason.  Each  fill  increment  was  about  50  feet  thick  and  so 
large  deformations  occurred  at  the  top  of  each  added  layer. 
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TABLE  7.1 

MATERIAL  PARAMETERS  FOR  LOADING  ANALYSES  (see  note 
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FIGURE  7.10  DISPLACEMENT  PATTERNS  FOR  FIRST  TRIAL  CONSTRUCTION  . 
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However ,  crossarm  gauge  arms  are  zeroed  at  the  time  of 
installation,  so  that  the  top  of  any  fill  increment 
implicitly  registers  zero  movement.  The  finite  element 
results  can  be  corrected  to  coincide  with  the  method  of 
field  measurement,  and  by  doing  so  the  deformations  were  in 
reasonably  good  agreement  with  field  data.  As  a  general 
rule,  the  corrections  were  not  made  subsequently  because  it 
was  the  relative  pattern  of  deformations,  rather  than  close 
actual  comparison  with  field  data,  which  was  important. 

The  dominant  rigid-body  style  of  slip  on  the  shearband 
was  not  reproduced  in  the  original  analyses.  The  major 
material  property  controlling  this  response  was  found  to  be 
the  operational  modulus  of  the  foundation  shale,  above  and 
including  the  shearband.  The  magnitude  of  operational  axial 
strain  necessary  to  accommodate  the  spreading  of  the 
materials  above  the  shearband  meant  that  the  operational 
modulus  had  to  be  low  and  representative  of  yield.  Since 
yielding  is  controlled  by  the  operating  deviator  stress,  it 
was  found  that  the  strength  of  the  upper  shale  had  to  be 
reduced  to  about  17%  of  that  of  the  lower  shale  in  order  to 
modify  response  sufficiently. 

It  was  decided  to  always  specify  undrained  shear 
strength  as  the  operational  strength  control  in  subsequent 
analyses.  This  seemed  appropriate  in  light  of  the  field 
behaviour  of  these  materials.  Since  the  upper  shale  was  more 
weathered  and  had  probably  been  incorporated  in  mass 
movements  in  the  past,  it  was  quite  reasonble  to  accept  a 
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significant  reduction  of  operational  strength  in  this 
mater i a  1 . 

Tension  Removal  Procedures: 

The  final  end-of -construct ion  analysis  did  contain 
locally  excessive  tensions  in  the  random  fill  and  shell 
zones.  It  was  necessary  to  accept  this  rather  than  to  pursue 
somewhat  elusive  refinements  to  the  material  response 
parameters.  A  tension-reduction  procedure  was  developed, 
based  upon  the  method  of  Zienkiewicz  et.al .  1968.  The  option 
of  using  this  procedure  was  exercised  when  felt  necessary  in 
subsequent  analyses. 

End-of -Construct ion  (EOC)  Results: 

Parameters  for  the  final  EOC  analysis  are  also  given  in 
Table  7.1.  A  tension-reduction  adjustment  was  carried  out. 
Selected  deformation  profile  lines  were  used  as  the  basis 
for  assessment  of  deformations  for  this  stage  and  subsequent 
stages  of  the  analysis.  Locations  of  these  lines  are  shown 
i n  F igure  7.11. 

Figure  7.12  shows  the  pattern  of  horizontal  movements 
at  the  selected  profile  lines.  Comparison  with  Figure  7.10 
demonstrates  that  the  desired  patterns  of  discrete,  intense 
shear  along  the  shearband  and  essentially  rigid-body  motion 
above  the  shearband  were  successfully  simulated.  A  tendency 
for  upstream-di rected  movement  of  higher  elevations  of  fill 
material  may  be  noted:  this  is  a  consequence  of  the  low 
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Displacement  (feet) 


FIGURE  7.12  TOTAL  HORIZONTAL  MOVEMENT  PREDICTIONS 

TO  END  -  OF -CONSTRUCT  ION  . 
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values  of  (isotropic)  stiffness  adopted  for  the  random  fill 
zones . 

The  shearband  stress  state  at  EOC  is  indicated  in 
Figure  -7. 13  by  a  plot  of  normalized  shear  stress  as  a 
function  of  horizontal  distance  along  the  band.  The 
normalizing  parameter  Su  is  the  bedding  plane  shear  strength 
of  1000  psf .  There  are  two  points  at  each  X- location, 
representing  upper  and  lower  stress  sampling  points  for  the 
shearband  elements.  Two  such  points  having  significantly 
different  stresses  are  a  measure  of  numerical  instability  or 
lack  of  mesh  refinement. 

Locally  more  severe  numerical  instability  is  indicated 
in  the  region  of  greatest  slip  movement.  The  stresses  arise 
from  differentiation  of  the  element  displacement  field  and 
therefore  do  not  have  the  same  order  of  accuracy.  The  points 
are  deliberately  not  connected  in  Figure  7.13  in  order  for 
the  reader  to  use  individual  best  judgement  in  smoothing  the 
data.  At  one  location,  element  stresses  exceed  the  strength 
by  about  20%,  which  reflects  a  lack  of  detail  in  the  mesh 
and  is  not  considered  serious.  While  the  numerical  accuracy 
of  individual  data  points  may  be  questioned,  there  is  no 
doubt  in  concluding  that  non-uniform  spreading  of  the 
embankment  increased  the  tendency  for  downstream  si  ip 
without  any  effects  of  reservoir  thrust. 

Also  noteworthy  from  Figure  7.13  is  the  fact  that  some 
downs t r eam-d i rec ted  shear  stress  was  generated  in  the 
shearband  upstream  of  the  embankment  axis.  The  reason  for 
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FIGURE  7.13  SHEARBAND  STRENGTH  MOBILIZATION  PREDICTIONS  FOR  E.O.C. 
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this  is  that  load  is  transferred  directly  from  the 
embankment  to  the  downstream  foundation  through  stiff  shell 
material,  whereas  this  does  not  occur  upstream  of  the 
centreline.  The  net  result  is  a  more  direct  downstream 
thrust  under  construction  loading.  Other  likely  reasons  for 
this  behaviour,  such  as  full  restraint  of  shearing  at  the 
upstream  extremity  of  the  mesh  and  reduced  stiffness  of 
material  above  the  downstream  portion  of  the  shearband, 
proved  not  to  contribute  significantly. 

In  terms  of  mobilized  total  stress  friction  angles,  the 
maximum  smoothed  value  is  about  3°.  Depending  upon  pore 
pressures  within  the  shearband  at  the  time,  this  still 
represents  very  low  strength  of  the  insitu  shearzone. 

Figure  7.14  shows  the  development  of  shearband  slip 
during  construction.  It  is  obvious  that  the  major  proportion 
of  all  deformat  ion  up  to  EOC  occurred  during  the  last 
construct  ion  step,  due  to  the  addition  of  the  relatively 

small  fill  volume  above  elevation  1800  feet.  This  history  is 

\ 

consistent  with  that  of  the  prototype,  and  can  be  expected 
when  weak  materials  are  stressed  close  to  yielding  where 
incremental  deformation  moduli  are  very  low. 


7.4  SIMULATION  OF  OPERATION 

Three  phases  of  operation  had  to  be  considered! 

1.  First  Reservoir  Filling; 

2.  Cyclic  Reservoir  Operation;  and 
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FIGURE  7.14  SHEARBAND  SLIP  PREDICTIONS  DURING  CONSTRUCTION 
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3.  Mechanisms  for  Reducing  Shearband  Slip. 

First  Reservoir  Filling: 

Two  analyses  of  impounding  were  made,  considering  both 
the  "as- is"  and  "tension-adjusted"  EOC  results.  For  the 
"as- is"  case,  water  loads  were  applied  in  two  steps: 

a.  from  EOC  (water  entry  level,  el.  1775  feet)  to  Low 
Water  Level  ( LWL ,  el.  1800  feet); 

b.  from  EOC  to  Full  Supply  Level  (FSL,  el.  1827  feet). 
For  the  "tension-adjusted"  case,  only  the  step  from 
EOC  to  FSL  was  recalculated. 

Incremental  embankment  movements  due  to  impounding  (EOC 
to  FSL)  are  shown  on  Figure  7.15  for  the  "tension-adjusted" 
case.  A  pattern  of  shearband  slip  with  essentially 
rigid-body  motion  of  overlying  material  was  obtained.  Some 
tendency  for  the  upstream  random  fill  zone  to  restrain 
downstream  movement  of  the  higher  fill  zones  upstream  is 
evident  in  the  pattern  for  line  E. 

Figure  7.16  shows  the  incremental  shearband  slip  during 
impounding  as  a  function  of  horizontal  distance  along  the 
band.  Obviously,  most  of  the  slip  occurs  during  the  higher 
reaches  of  water  level,  in  accordance  with  field 
measurements  ( Jaspar  and  Peters,  1979).  The  effect  of  the 
tension  adjustment  is  not  large,  but  as  might  be  expected 
there  is  less  upstream  restraint  and  hence  a  tendency  for 
more  slippage  to  occur  upstream. 

Shearband  strength  mobilization  is  shown  in  Figure  7.17 
for  the  "tension-adjusted"  case.  By  comparison  with  Figure 
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FIGURE  7.15 


INCREMENTAL  HORIZONTAL  MOVEMENT 
PREDICTIONS  DURING  IMPOUNDING. 
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FIGURE  7.17  SHEARBAND  STRENGTH  MOBILIZATION  PREDICTIONS  FOR  IMPOUNDING  . 
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7.13,  downstream  strength  mobilization  is  somewhat  higher 
while  upstream  mobilization  has  been  reduced  significantly. 
Without  a  rather  exhaustive  investigation  it  was  not 
possible  to  tell  whether  the  EOC  upstream  shear  was 
transferred  downstream  entirely  along  the  band  or  carried  to 
some  extent  by  extra  compression  and  principal  stress 
rotation  in  the  upper  foundation  and  fill. 

The  mobilized  total  stress  friction  angles  have  a 
maximum  smoothed  value  between  3°  and  4°,  not  significantly 
different  from  the  EOC  case. 

It  is  concluded  that  impounding  of  the  reservoir  was 
modelled  quite  successful ly  despite  local  zones  of 
unsatisfactory  tensile  stress.  There  is  excellent  agreement 
with  measured  field  behaviour.  Reservoir  loading  apparently 
has  little  influence  on  the  shearband  beyond  about  800  feet 
downstream,  as  noted  in  the  field  studies. 

Cyclic  Reservoir  Operation: 

Careful  and  complete  field  records  of  seasonal 
reservoir  fluctuations  and  cor respondi ng  shearzone  slip  have 
enabled  a  good  correlation  to  be  made  between  reservoir 
level  (expressed  as  hydrostatic  thrust)  and  slip  magnitude 

( Jaspar  and  Peters,  1979). 

Cyclic  response  of  the  embankment  materials  was 
simulated  in  the  simplest  reasonable  manner  by  maintaining 
nonlinear  parameters  during  loading  and  constant  linear 
parameters  during  unloading.  The  parameters  for  the  loading 


r  * 


?.  fi  ** 


326 


portion  are  given  in  Table  7.1  while  those  for  linear 
elastic  unloading  are  given  in  Table  7.2.  This  does  not 
consider  incremental  stiffening  with  cyclic  loading,  and 
should  lead  to  overest imat ion  of  cyclic  slip.  Four  cycles 
were  analysed  (FSL  to  LWL,  LWL  to  FSL  again  constituted  one 
cycle).  Both  "as-is"  and  "tension-adjusted"  calculations 
were  made. 

The  cumulative  shearband  slip  over  the  four  cycles  is 
shown  in  Figure  7.18  for  the  "as-is"  case.  Each  line  refers 
to  a  movement  profile  location  as  noted  in  Figure  7.11.  At 
load  cycle  3,  an  attempt  was  made  to  control  some  excessive 
stress  oscillations  in  two  shearband  elements  by  specifying 
reduced  stiffness.  The  results  at  cycle  3  thus  represent  a 
sensitivity  study  and  indicate  a  range  of  acceptable 
response.  No  reason  could  be  established  for  the  behaviour 
of  line  A  at  cycle  2.  Incremental  slips  for  the 
"tension-adjusted"  analysis  were  consistently  near  80%  of 
those  for  the  "as-is"  analysis. 

\ 

Typical  slip  increments  during  a  load  cycle  are  shown 
in  Figure  7.19,  and  the  average  slip  per  cycle  is  presented 
as  a  function  of  location  along  the  shearband  in  Figure 
7.20.  The  slip  movements  are  quite  consistent,  apart  from 
the  one  anomaly  noted  at  line  A,  and  are  of  the  same  order 
of  magnitude  as  those  experienced  by  the  prototype.  The 
field  data  were  averaged  over  many  years  of  observation, 
because  actual  reservoir  cycles  were  less  regular  than  those 
imposed  on  the  model. 


' 
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TABLE  7.2 

LINEAR  ELASTIC  PARAMETERS  FOR  "UNLOADING"  ANALYSES 


MATERIAL 

E(ksf) 

V 

K(kst) 

G(ksf) 

LOWER  SHALE 

6625 

0.4 

11041 

2366 

UPPER  SHALE 

4424 

0.4 

7374 

1580 

SHEARBAND 

(SLIP  MODE)*- 

4424 

0.4 

7374 
(AS  FOR 

1580 

LOADING)  * 

CORE, BLANKET 

1207 

0.4 

2012 

431 

RANDOM  FILL 

1207 

0.4 

2012 

431 

SHELLS 

3115 

0.33 

3054 

1171 

NOTE  :  I.  *  The  slip  mode  was  introduced  in  some  unlocding  analyses 

in  an  attempt  to  control  shear  stress  reversals  which  lead 

to  reloading  .  The  material  possessed  a  hyperbolic  modulus 
model  for  obtaining  incremental  K,G  and  the  9f  factor  was 
allowed  to  vary  from  250  to  control  shear  stresses. 

2  Based  roughly  on  tangent  moduli  for  stress  “Strain  curves 

at  average  confining  pressure  for  each  material. 


DOWNSTREAM  DISPLACEMENT  ^(feet) 
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FIGURE  7.18  PREDICTIONS  OF  CUMULATIVE  SLIP 

FOR  CYCLIC  LOADING  . 


1850 


329 


“1.5  -1.0  -0.5  0.0  0.5  1.0  1.5 

DISPLACEMENT  (FT.) 

FIGURE  719  TYPICAL  SHEARBAND  SLIP  PREDICTION  FOR  RESERVOIR  LOAD  CYCLE 


INCREMENTAL  SHEARBAND  SLIP 
DURING  CYCLIC  RESERVOIR 

OPERATION  -  SLIP  PER  CYCLE 
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-0.1  J  FIGURE  7.20  AVERAGE  SLIP  PER  CYCLE  FOR  CYCLIC 

RESERVOIR  LOADING  . 
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Numerical  accuracy  of  the  stresses  deteriorated  with 
cyclic  loading.  Some  effects  of  the  accumulated  deformations 
on  the  stress  state  were  expected,  and  ideally  these  would 
serve  to  predict  whether  cyclic  slip  increments  increased  or 
decreased  with  time  for  a  given  constitutive  behaviour. 
Because  of  the  numerical  difficulties  encountered, 
successful  simulation  was  limited  to  four  cycles.  It  would 
not  be  reasonable  to  use  the  results  in  Figure  7.18  as  a 
basis  for  predicting  longer-term  movement sr  because  of  the 
increasing  effects  of  inaccuracies  in  the  stress 
calculat ions. 

The  numerical  capabilities  of  the  model  were  extended 
as  far  as  possible  by  the  cyclic  load  analysis.  It  was 
concluded  that  a  more  detailed  numerical  model  wih  a  more 
refined  mesh  would  be  necessary  to  extend  studies  of  the 
cyclic  load  mechanism. 

The  results  show  that  a  cyclic  reloading  mechanism  was 
responsible  for  cumulative  slippage  along  the  shearzone.  It 
may  be  inferred  that  if  the  reservoir  were  to  fluctuate 
between  lower  operational  level sf  similar  slip  movements 
might  be  expected  although  the  magnitudes  would  probably  be 
s i gn i f i can t 1 y  reduced . 

Mechanisms  for  Reducing  Shearband  Slip: 

An  earlier  stability  st udy  us i ng  1 i mi t - egu i 1 i br i um 
methods  was  carried  out  for  Gardiner  Dam  ( Morgens  tern  and 
Kaiser,  1978).  It  was  indicated  that  the  Factors  of  Safety 
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could  be  increased  by  excavation  of  portion  of  the  crest  and 
upstream  fill,  as  indicated  in  Figure  7.21. 

It  is  normal  practice  to  associate  increases  in  Factor 
of  Safety  with  decreased  movements.  Once  the  influence  of 
the  soft  random  fill  zone  was  observed  in  the  finite  element 
analysis,  the  possible  beneficial  effects  of  replacing  some 
random  fill  with  much  stiffer  material  was  also  raised  as  a 
matter  for  investigation. 

Excavation  of  the  crest  zone .  The  removal  of  crest 
material  was  achieved  by  removing  the  appropriate  elements 
and  applying  forces  to  neutralize  the  stresses  along  the  new 
crest  surface.  (The  reservoir  was  first  unloaded  to  LWL). 
Cyclic  loading  was  carried  out  on  the  modified  crest,  and 
incremental  slips  are  compared  in  Figure  7.22  with 
incremental  slips  calculated  for  the  original  profile.  The 
overall  magnitudes  are  comparable  but  the  patterns  are 
distinctly  different.  This  can  be  explained  as  follows.  The 
incremental  nonlinear  elastic  moduli  in  the  shearband  were 
reduced  when  the  confining  stress  was  decreased  by  crest 
unloading,  the  effect  being  most  pronounced  in  the 
critically  stressed  regions.  Thus,  further  slippage  could 
proceed  most  easily  in  the  regions  where  yielding  had 
already  occurred.  This  may  not  completely  reflect  field 
behaviour  but  is  consistent  with  previous  assumptions  and  so 
constitutes  a  valid  extension  of  the  model.  It  was  conluded 
that  the  magnitude  of  shearband  si  ip  is  primarily  a  function 
of  the  magn i tude  of  eye  lie  1 oad i ng t  caused  by  non  1 i near  and 
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FIGURE  7.21  GEOMETRY  OF  CREST  MODIFICATION. 


FIGURE;  7.22  AVERAGE  SLIP  PER  CYCLE  FOR  MODIFIED  CREST. 
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hysteret  ic  load-unl oad  response.  Unless  cyclic  loading  were 
to  mobilize  only  the  stiffest,  initial  elastic  part  of  the 
stress-s trai n  curve,  there  would  still  be  significant 
cumulative  deformations.  The  magnitudes  of  movements  are 
dictated  by  the  level  of  strength  mobilization  during 
loading . 

Rep  1 acement  wi th  strong ,  stiff  fill.  The  replacement  of 
the  excavated  zone  (Figure  7.21)  was  simulated  by  replacing 
the  excavated  elements  but  assigning  sand  and  gravel  (shell 
zone)  material  properties  to  them.  It  was  expected  that 
shearband  response  would  be  stiffened  due  to  the  increased 
confining  pressure.  Limit-equilibrium  analyses  would  then 
show  an  increase  in  Factor  of  Safety  associated  with 
stronger  material,  possibly  offset  by  decreases  due  to  the 
increment  of  driving  force.  As  happened  during  original 
construction  simulation,  the  additional  load  produced 
further  shearband  slip,  with  a  maximum  of  about  1.5  feet  of 
slip  predicted  90  feet  downstream  of  centreline.  Spreading 
of  the  foundation  occurred  again,  with  some  upstream  slip 
occurring  upstream  of  centreline,  but  predominantly 
downstream  movements.  Incremental  shearband  slip  for 
refilling  the  reservoir  to  FSL  are  also  shown  on  Figure 
7.22.  Clearly,  the  pattern  of  incremental  slip  is  unaffected 
by  the  nature  of  the  uppermost  fill,  except  for  some 
restraint  in  the  upstream  areas  associated  with  development 
of  localized  tensile  stress  again.  The  model  predicted 
incremental  slips  comparable  in  magnitude  to  those 
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exper ienced  dun i ng  or i ginal  construct  ion ,  when  rep 1 acement 
fill  was  added  at  the  crest.  These  predictions  are  probably 
of  an  unacceptable  magnitude. 

7.5  SUMMARY  AND  CONCLUSIONS 

This  study  has  shown  that  a  reasonable  model  of  the 
Coteau  Creek  embankment  was  capable  of  reproducing 
deformations  similar  to  those  observed  in  the  prototype 
under  conditions  of  fill  placement,  impounding,  and 
reservoir  operation. 

Some  numerical  problems  arose  during  the  analysis. 
Numerical  instability  of  some  critically  stressed  portions 
of  the  shearband  proved  difficult  to  control.  Zones  of 
tensile  stress  developed  in  the  upstream  random  fill  zone 
and  along  some  interfaces  of  shell  and  random  fill. 
Reasonable  attempts  were  made  to  overcome  these  problems  and 
better  performance  would  be  obtained  with  greater  mesh 
refinement  and  more  detailed  constitutive  models. 

Reliable  prediction  of  deformation  behaviour  over  many 
load  cycles  proved  to  be  beyond  the  capabilities  of  the 
present  analysis,  so  there  is  no  indication  that  the 
magnitudes  of  shearband  slip  would  either  increase  or 
decrease  with  time.  However,  the  model  was  sufficiently 
accurate  to  identify  clearly  the  pattern  of  response  to 
cyclic  reservoir  operation. 
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The  primary  cause  of  shearzone  slip  is  incremental 
reservoir  loading  acting  upon  materials  which  undergo 
nonlinear,  hysteretic  deformation  at  high  levels  of  strength 
mobilization.  Field  measurements  correlating  reservoir  level 
with  slip  magnitude  have  been  confirmed  by  the  model. 

Simulation  of  crest  unloading  showed  that  cyclic 
response  was  largely  unaffected  by  such  modifications.  This 
is  at  variance  with  the  conclusions  of  limit  equilibrium 
stability  analysis.  It  was  argued,  with  the  stability 
analysis,  that  cyclic  deformations  would  be  greatly  reduced 
if  the  modified  structure  had  a  Factor  of  Safety  at  FSL  the 
same  as  that  for  the  original  structure  at  LWL.  This 
argument  is  misleading,  being  based  on  the  incomplete  view 
that  since  sustained  movements  did  not  occur  at  LWL,  the 
Factor  of  Safety  at  LWL  was  sufficient  to  Keep  slip 
movements  small.  When  the  overall  Factor  of  Safety  is  low 
and  critical  elements  of  the  soil  mass  have  yielded,  it  is 
not  advisable  to  relate  deformation  patterns  to  Factor  of 
Safety  on  an  empirical  basis. 

A  strong  correspondence  was  obtained  between  reservoir 
level  and  shearband  slip  magnitude.  This  was  supported  by 
field  measurements.  It  is  concluded  that  reservoir  cycling 
would  cause  some  incremental  slip,  no  matter  what  levels  of 
reservoir  were  involved.  Clearly,  the  magnitude  of  the 
increments  would  depend  very  much  on  the  actual  limits  of 
reservoir  water  level. 
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It  is  strongly  suspected  that  the  Coteau  Creek 
shearzone  pinches  out  a  few  hundred  feet  upstream  of  the 
embankment  axis.  This  can  be  inferred  from  an  air  photograph 
(Jaspar.and  Peters,  1979).  Therefore,  the  magnitudes  of 
computed  upstream  movements  may  be  much  larger  than  is 
realistic.  It  would  be  possible  to  model  the  shearband  with 
increasing  strength  upstream  of  centreline  in  order  to  pinch 
it  out  at  a  given  location,  should  such  an  investigation  be 
considered  worthwhile  in  the  future. 


8.  SUMMARY,  CONCLUSIONS,  AND  RECOMMENDATIONS 


The  principal  conclusion  of  this  research  is  that 
analysis  of  shearband  yielding  which  involves  controlled 
location  (bedding)  and  non-weakening  stress-strain  behaviour 
is  now  feasible.  Two  case  history  analyses  have  demonstrated 
the  numerical  capability  which  now  exists  to  predict 
yielding  of  presheared  surfaces. 

Conclusions  from  this  research  concern  four  major 
i ssues : 

1.  Comments  on  perfomance  of  the  numerical  models; 

2.  Discussion  of  the  role  of  deformation  analysis  in 
design  for  progressive  failure  problems; 

3.  Conclusions  as  to  areas  most  warranting  further 
research;  and 

4.  Recommendations  resulting  from  this  research. 

8.1  PERFORMANCE  OF  THE  NUMERICAL  MODELS 

Appropriate  analytical  procedures  have  been  developed 
only  for  non-weakening  materials.  As  described  in  Chapter  5, 
the  postpeak  weakening  material  models  are  fairly  simple  and 
s t r a i gh t f orward  by  themselves.  The  Stress  Dilatancy  model  is 
satisfactory  for  processes  within  a  defined  shearzone,  but 
the  Post  Peak  Plasticity  model,  being  more  phenomenological, 
can  simulate  more  generally  a  zone  within  which  a  shearzone 
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is  controlling  response.  However,  the  numerical  procedures 
for  obtaining  equilibrium  solutions  for  heterogeneous 
deformation  modes  are  immature. 

Certain  features  of  the  numerical  models  are 
unashamedly  approximate,  and  it  may  well  be  that  simpler  and 
more  convenient  means  of  stating  and  achieving  the  same 
objectives  can  readily  be  found.  It  was  the  intention  of 
this  research  to  make  the  complexities  of  nonlinear  analysis 
as  accessible  as  possible,  and  this  has  been  a  prime 
motivation  for  all  the  procedures  undertaken. 

The  elastoplastic  approach  is  considered  to  be  far 
superior  to  the  nonlinear  elastic  approach  for  obtaining 
stable  numerical  behaviour  when  shearband  yield  is 
simulated.  However  the  equilibrium  iteration  procedure  is 
expensive,  making  nonlinear  elastic  analysis  a  more 
economical  tool. 

One  important  conclusion  stands  out  in  connection  with 
the  models.  Numerical  analysis  is  an  art,  and  like  any  other 
art  demands  patience,  skill,  and  experience.  Practical 
geotechnical  engineering  is  usually  far  removed  from  the 
realms  of  numerical  analysis,  and  unfortunately  this  leads 
to  too  great  an  emphasis  on  results  rather  than  what  is 
involved  in  getting  the  results.  There  are  difficulties  in 
"bridging  the  gap"  from  analysis  to  practice,  and  the 
writer's  efforts  in  developing  the  models  have  had  this 
concern  always  in  mind.  No  apologies  are  therefore  made  to 
the  analytical  purists  or  those  who  deal  solely  with  the 
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results,  as  it  is  felt  that  this  thesis  contains  much 
material  which  bridges  the  gap. 


8.2  ROLE  OF  DEFORMATION  ANALYSIS 

Speaking  solely  in  terms  of  problems  which  involve 
yielding  of  shearbands,  the  case  history  analyses  in  this 
thesis  illustrate  the  unique  value  of  numerical  analysis  in 
evaluating  field  performance.  From  a  design  point  of  view, 
it  is  now  felt  that  a  control  led- locat ion  deformation 
analysis  can  assume  the  rightful  role  of  informing  designers 
of  the  consequences  of  various  options  they  may  exercise. 

The  role  of  mi crostructur a  1  processes  is  so  dominant  in 
shearband  yielding  that  analysis  must  take  into  account  all 
of  the  known  or  suspected  geological  factors  applicable  to  a 
given  site  or  situation.  The  analyst  must  either  be  familiar 
with  geological  processes,  or  be  interfaced  effectively  with 
others  who  are  geologically  aware. 

In  many  cases,  lack  of  data  or  funding  will  preclude 
full-scale  deformation  analysis.  The  simpler  one-dimensional 
models  allow  for  effective  manipulation  of  the  various 
parameters  at  play,  and  are  a  necessary  prerequisite  to 
deformation  analyses  in  any  event.  There  are  still 
difficulties  in  applying  limit  equilibrium  analysis  to 
shearband  problems.  Deformation  performance,  and  hence 
tolerance  to  failure,  is  not  simply  related  to  the  standard 
means  by  which  Factors  of  Safety  are  used  in  design,  as 
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borne  out  by  the  Gardiner  Dam  analysis.  Each  form  of 
analysis  is  appropriate  in  its  own  context.  The  problem  of 
progressive  failure  is  as  much  a  problem  of  human  insight  as 
it  is  an  unapproachable  physical  process. 

There  is  still  no  satisfactory  means  for  dealing  with 
shearzone  development  or  progressive  failure  in  uncontrolled 
situations.  The  classical  retaining  wall  problem  is  a  prime 
example  of  such  a  situation.  Fortunately,  analyses  which  do 
not  recognize  shearband  behaviour  still  appear  to  offer  good 
predictions  of  response  (Evgin,  1981).  It  is  tempting  to 
conclude  that  under  uncontrolled  conditions,  shearband  modes 
do  not  dominate  overall  structural  deformations  as  they  do 
for  problems  of  controlled  locations.  Were  this  the  case, 
however,  there  is  no  reason  why  shearbands  should  occur  at 
all  in  uncontrolled  conditions.  Clearly,  much  research  work 
still  remains  to  clarify  this  aspect  of  shearband  behaviour. 


8.3  AREAS  MOST  WARRANTING  FURTHER  RESEARCH 

Numerical  Procedures: 

Quite  obviously,  improved  convergence  procedures  have 
to  be  developed  for  handling  shearband  strain  weakening.  It 
is  likely  that  the  most  satisfactory  procedures  would 
involve  tangential,  rather  than  constant  initial,  stiffness 
during  equilibrium  iteration. 
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Localization  inception  and  propagation  are  at  present 
grey  areas".  The  mathematical  problems  are  formidable,  and 
it  is  not  yet  possible  to  simplify  the  present 
state-of-the-art  to  practically  oriented  techniques. 

Tensile  yielding  has  long  been  recognized  in  analysis 
of  geotechnical  problems.  The  procedures  for  dealing  with 
tension  reduction  are  crude  and  converge  slowly.  Amongst  a 
number  of  possible  remedies,  it  is  suggested  that 
substructuring,  with  suitable  orthotropic  material  models, 
be  employed  to  prevent  cyclic  recurrence  of  tensile  stress 
in  equilibrium  iterations. 

Progressive  Failure: 

The  progressive  failure  problem  is  intimately  related 
to  conditions  causing  delayed  failure.  There  is  no  field 
evidence  as  yet  for  first-time  slides  involving  true 
progressive  failure,  but  the  evidence  for  geologically 
controlled  delayed  failure  has  been  found  frequently.  Case 
history  experience  must  be  developed  both  to  confirm  present 
understanding  of  these  problems,  and  to  further  develop 
rational  design  approaches  to  progressive  failure. 

Di latancy : 

Most  dense-structural  earth  materials  dilate  during 
yielding,  particularly  when  stress  paths  involve  unloading. 
Discussion  in  this  thesis  has  been  confined  largely  to 
problems  of  progressive  failure  in  slopes.  It  must  not  be 
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forgotten  that  other  equally  demanding  progressive  failure 
problems  exist,  however.  A  prime  example  is  the  behaviour  of 
locked  sands.  The  Stress  Dilatancy  model  could  be  expected 
to  clarify  many  of  the  attempts  made  to  evaluate  in  situ 
strengths  for  such  materials.  However,  such  developments 
await  more  stable  computational  procedures. 


8.4  RECOMMENDATIONS  FOR  FUTURE  WORK 

Firstly ,  it  is  recommended  that  more  attention  be  paid 
to  obtaining  economical,  converged  numerical  solutions.  This 
should  not  involve  substantial  modifications  to  the  computer 
programs  already  available. 

Secondly ,  it  is  recommended  that  a  Stress-Di latancy 
model  be  used  in  conjunction  with  diffusion  relationships  to 
enable  the  relationship  between  dilatancy  and  temporary 
"locking"  of  yielding  zones  to  be  explored.  This  has 
immediate  goals  in  locked  sand  research,  but  longer-term 
goals  in  developing  understanding  of  tectonic  faulting 
processes . 

Thirdly,  every  possible  effort  should  be  extended  in 
applying  the  analytical  methods  outlined  in  this  thesis  to 
field  problems.  This  demands  equal  effort  in  describing  and 
documenting  significant  case  histories.  A  wide  variety  of 
problems,  not  merely  progressive  failure  in  clay  shales, 
demands  more  of  such  practically  oriented  numerical 
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analysis . 
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APPENDIX  B 


CRD  (Constant -Rate-of -Di lat ion)  Elastoplast ic  Model 
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A<*  (<*  +Bk) 


K+^ 

-(*-¥) 


-(K-f) 

<*# 


Hene;  4ke  Bollr  M  cdulus  is  K 
-Ike  Shear  NMulus  is  G\ 

4ke  Voorg(s  Modulus  is  H. 

4ke  R^isscns  recta  is  V 


^>oc 

2Txf  J 


4^+Bk) 


3  J 


* 

*) 

< 

6. 't  ■ 

7k 

<  J 

3(|-2V) 

E 

2CHV) 


B.2,  Plastic  Rsrtaft  <sf  B>ehcwicor 

Yield  Fjr\ct<or>  ;  7^  =  C  4  "ta/i  ^  ( Mohr  -  (jouLwiId) 

(4kt  s  a'SScirYies  4W  Oft  is  eowtffless'ive) 

A  den  sifv\-pc>'s\iive  s?<^n  c&ov&aI  (on  is  here ‘/in . 

Rbwrrtaj  4|\e  ^e(a(  'Puridi&n  i*\  4er»vts  <=f  dke  principal 

^fesses  (wrlk  bei^  “ike  rvto^f  'knsde^  Oa  -fhe  Jea^f  4e>\s<le) 

=  c  cc&/  -  ‘20^ 


*sr\ 


•  ..  (B.l) 
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Figure  -ike  ^rvipo^eviK  of  hcjoad}^  (■& l')  <3^ 

«;-o4  fetEyT%? 


2  v  '  a 

4  ^  —  6x  4  <S^y 

^  _ 2~ 

«Scibsli*k/[iir\^  |r>  cyfC’Ici  'Cnci/dn  ^)v£S 

^6^-64}  ^  "Fy.y1  ”  *-•  —  (?^LlL^£}  ^ir\£!> 

Expand^  Hkis  ,  v/£  c^rf  -five  fWi(  '(orm 

0*  *(  I  -  siix^)  4  <b<*(|  -  ■*«*£$)  -2c<rt'<  (l  +siny) 

+  4c  O5*  4  6$}  cos^  4  4Txy"  -<4rCX 

wlafcK  is  in.  ^ke_  4>rm 

■f  (<&,**>%«>  C,  0)  ~o 


=  0 


....(B.2) 


V 

Fi>r  Lj\eldir&i ,  f~ 


O  i 


rvlp 


li-es  ©f-  = 


Here, 


k>,6£  +  4  o^  +  tj  Txv 

<*•  feV 


=  0 
=  o 


OtAjd 


b, 

±i 


( I  -  ;siAZ£D 
( |  -  sin7^) 
2Txv 


(}  4  Sirt7^)  4  *4c  ■S*iv\  ^  taS^ ") 
2cSx  ()  4 -gif?p£)  4  4c  sin^  cas^i 


. . ..  (B.4) 


Flew  Rul< 


0)  R“incipl  Ax<^  5tarss  cwW 
S+ra'  *1  Increment-  coi  ncide 

(ji)  cor^tan'l'  2>\[&l&\tea  ferle.  ^-v 
(■see  3.?c} 


=  i>x; 


rrtnx 
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tk>\r\ 

Mdi 


j  <jkkal-aAs>  tstairv  'vcxaeme^r  conpc*e*ts,  a«d  &*,  ik< 
r  Circle  af  Sfrc^iA  I r>cre*\ev\h  £_Fi<jO(e_  3.fc) 


.  P 
^xy. 

>P 

<£yy 


tn  •  P 
”2 


^WAVC  CC’S.^ 


^  (frmy  —  ^rvia* 


'  p  »  p 

i*v  =  2W<  sir,  (-2(2) 


—  ^TAOv  ^X>  4-  ££>s2jST) 

«,  p 

=  jrnax  (^I>  -  c<^s 

«  p 

=•  -  sin  2{i 


Tf)e.  OM^jies  ^  o/*\({  ^  cc\t\ c\<ke  cw^d  rn^y  be  lioricfcK 
Fy fcivi  4^  Mahr  Circle  ef  Sfress  (^F;g  ur^  3.7  B) 

4<an  2d  »  ■ — I^cva  (j~2&£)  -=*  —  -2-  Txy 


"IK^  ir»4ius  o£  “/i\e  M<^r  (Circle  cjT  Sfress  is 

r£tv\ax  «  J  (6x'-'&y)2'  4-  7yyv 

4k€re4re 


tos  2&4 


Si  A  2o( 


6y-e^ 

2  TmOsc 

-T*v 

r. 


•V\AX 


Subsfi'toiirij 


°0 


>p 

fc-  XX 

C?Y 


nrcwg<rg 


rAO* 


( 


Cx  —  (tf  +  2.1)  Zwsayr 
-  6v  4-  6^  +  2-1)  Tkvax 
*4Txy 


] 


-  1 


a 


J 


...  .(e.s) 


B.3  lncrgiy\€iA'hal  Elasfsplflgffc  RespcASg 

.  •  E  *  P 

£  =  ^  +-  £ 

„  ~  -V 

50  i  •  r  *Mi'  o ksl  <  'k),i  <V\^  ^  asf i  c  4&rr2) 
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>ai>sfi'L4(  ^  -fern 

Ml  -fr 


3 


Pr<fmcil4ipl^if^  bc{(\  %'itfes  fc>  ^vvd  observing  E^jo^ loi  C&.Z) 

£  IP]  4  ' 


of. 


1  = 


feTMi 

kTKJ« 


. . . . 


"^€  ^  G&n.  ~H\Js  \>d  <&lc?Lilcxk&c(  'G&tA  currevd 

^fr^ss  cw>c{  “fk^  4cfoJ  s'kciiiA  rwe.rtf . 

<□  «slr\<30W  ^cjl^J  An^  loe  ^  O  \{  4ke$e 

orA^if/cA-5  o>rcr  &x{i  sPied  -/he  RawaWi^f  pt^s  <sf  ike  'ihcmmed 

Gan  i>e 

Ikes 


«  care 


€P  -  ^5 

sr"  -W(H?) 


—  (b.t) 


~&4-  "TregtfrAe^t  af  Ob  gyis^yv\rv\<^fnc  prcfclg»»is 

/4s^c»v\e  i^  <an  rsdfropfc 

elastic  nespvtse  4©  A0r 

4  =  -V  (&■•-*$  ....(%. 8) 

A  $surr»e  =■  O  ;  np/-  r\*Of&ar'ily 
4n/<2.  b/h  4  ^itvipl  iricaiicryy  henev 

TWnr/sne  ....^.9^ 

w4k  V  ~  gK+2£  ...*  (B.ld) 


APPENDIX  C 


SD  ( Stress-Di latancy )  Elastoplast ic  Model 
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(Re-f er  ^  Section  a<\d  figures  3.7,  3, ft  J  1 ej) 

C.  1  Elgsli  c  PorW  of  B^gvi*  <sor 

Same  as  for  +k*  CRD  yrode/,  Append**  B 


C.2.  Plasftc  feW  [<or  of  BgkaA/(‘<x>ir 

Sfr<gss  -  PilgdavNOj  for^ulakon 

Corre^f  \fed  RaTt'o  e 

£2>nr&Af  fiSncip^l  Shre^  p 


For  oofTertF  ^ess  ce*.<A’AicA’2>  J  -Ike  »vttxinru;iv\  dilai^/iOj  m*fe 
•S  tM(K  for  4ke_  axrrewf  vyd  "fke.  msWfaAecos 

diUtaflOj  recte 

-)  ( &M4X.  ~~  & 

—  Af - 


n 


*  = 


^x 


m^v 


C*vax  —  C^'ia 
•for  Cw;0  ^  £  K 

-  O 

for  €  ?  ^r*  <a*. 


....(c.i) 


Here, 


> 


rvYv* 


=  X 


may: , 


p-  Pcw^ 


m 


F&~  Pcv 

for  C  >  p  ^  pcv 
=  O 

for  p  ^  P<rv 


■; 


....  (c.z) 


[ ^(p  paasovv^fers  j  po >  Pcv  j 

are  ir\  Ike  tescJfWc*  af  Serial  resfwse 


< 


380 


X)/ 1 n?lcdi£r\ship  pl^rie  sfn^n  i- 


« 

wluYe  Kcv 
2> 


X?-  KVv 


4^(45 

I  +7 

)-> 


l  ^IA  tfc\J 

l  ~  S'lfv 


C  >>°) 


1.0  C*X»o) 


Wow 


~ll>0re-por< 


r  =  ®1' 

6T' 


{4ervsi<5v\  - pcrsH;^  ccrwje^ii^ 


&3  —  t>Kcy<^  ((/£**  "H\»  s  peirff  cnwa/rfs, 
+ke  pf<rr\es  c*\  '^'bregs  c&iY\p&ne/rls 
w«|(  itoplje^,  ~W\a^  r>^  (vriff er\J) 

YieW  Funrlian  is  —  | 


or, 


o4^<-iCcv<  =0 


....  (^.^0 


fir  ^rv\«H  inarettienis  , 

€?  -Jo?  --\6>£  -k^cf 

ie;  &3  0  ~^)  0  +^)  —  +  Kcv®." ^)  =0 
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E rcfodcA  (C.S}  has  +o  be  ^pressed  i/\  4ems  of 

CAx\e<'ax\  -dress  canpcneds  sfrcuh  cjyw^s 

~r  _  dTl  *  ^ 

3c  ^  C^^OfkL  ^{feds  d  clfio.r^e<>  Ik  p^) 

e  ^  <£v  0+0 
orr^X  ^ v  =■  A 

Assoo^-  pladic  -6>”tv^iAS  dorrirudc  4(\c  sfftaih  IrereMed 

^  *  -P 


£v  4  6 


Tken, 

« 

A  - 

AA  (l  4eA)  A  ^mox 
de  y 

also, 

c<  = 

C5x4iy? 

z 

4  'I'twxx. 

<33  - 

6x  •+B'y 

z 

— 

<^/or= 

R 

ftenvis 


O-^f  ^  -  r«J  -  ^(i4>) 

i .  J 


eir+e^ 


4?; 


**ax 


-0 


After  yc.aora^emev\i y  -/tas  <^}</<zs 

6z6-r)  4  #0-g)  -2Tm**0  +  s) 

"“*  ~3p  *  (  !+0  Cr^)=  O  ....(£.£) 

1—  a  rje 


1-9-  de 

Mew  redoc-e 


r 


W6* C 


7*k*X  ~  J  U  *  "OvV(  ~  2. 

=  4r  A 

£  Crvu**  L  ^ 


u 


u 


wh 


l<»  <3>\  O 


pewck* 


li is  jiv<s  -Z(l4R)tw  =  &'*)(<%'$) 


—  2  Q  +  O  T> 


XV 


wkidk 


be  ^ub*s4ilcj4d  i/\  E^pcdw  (£-0  "k>  ^‘«ve 


c  < 


ZT, 


/**X 


(O* 


j.  r  r  -20+K)  O'  1  2>  dl ,  . .  ..  o-p 

+  M  ~w  T«]  “(«)■ ^diO+^  +  ^or)  c  •.••«•?) 


Let 


Q  = 


s  = 


/i±&\ 

\  2,Tr([*x.l 

Sk)  ^(l+e°X^+Kc*°f) 


....  (c.e) 

....  (C.9) 


Eejorfl  i  cw  (<T.  ^ c>m€s 


^  ^[0-r)  +  Q(<5Z-Cy)J  -f  ‘fQT'x'tJ 


p 
m<ax 


u<r«^c 


= 

7W  <£>,  K.  i>3>  o-  =  s^x 

Here,  i>(  «  /  -  R  -<?  (pH- of) 

=  I-R.  +  Q  (eZ-crt) 

h  =  --^oTe 

l  no*  —  J fex'-gy)*+  T^y"1 

These  fmw\<Ae  4 he.  repotted  >j  ieW  ‘tuArjitA  nelechanship. 


....(C.IO) 


cv 


p 

/MAX 


Fiei*/  ^ule  :  77^  l* Asf dilaiccrtCuf  rW<C  A  ■=  v^. 

\J  <7/v _ 

<ran  be  c>W»!r\e^  ife™  YKe  cor/eA  \Jc\d  rott'o .  U*  nA  of 

-ILe  -fir*wWi£>n  ~QlloLtiz>  '(or-  -jhz  CR J>  m^ei  n&cterictl  . 

Eausff’tfn  (fe.S)  becomes 
*  r  >  p  \ 

cxx 

>p 
6/y  I 

<^xY  j 


■4?n 


r  o<- 

t  -r£  + 


■*  Gy  "t  2^,  ^^ccx 
C5y  +  6^  4  2*A  £  »vv*x 


xr 


_ (<r.  i/) 
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£.3  lr\creflae/\ial  Elgdcpladic  Respoo se. 


£ 

A 


Ml 


fyemoltiplyirvj  by  jbT  cju/es 


.  E 
£ 

4 

4  k?  r 

o' 

/V 

+  $[>]s 

°r, 


% 


S'tfL*.  4  ^  br[t>] a 

j?  M  I  ~  ■S^'max 

feTM  6 


....((T.I2) 
.P 


.  D 

Fcjuaiib*  (C.  /Z)  requires  cm  liefat <  t/e  sdufuVi  «s/nce  is 

nsl  IcnouM  /n  ad^Jamce .  ^v/eml  appro*!  nde  glad  try  precedes 
cem  be  i>£e^ ; 

♦  p 

£»)  siart  wHh  ^rviaK  -  O  cW  lie  rate 

d>)  siarj  u/Hh 

£0  assume  +W  r=  2^  >  nc>  'derail or\. 

~Jhe  performance  c£  "One  model  has  been  Found  te 
MseiAsi+«Ve  "fc>  ■fke  procedure  used ,  and  cd)  was  aefepied. 

Once  (C-l?)  is  emhxfl'ed  j  *auedien  (B.f)  applies. 


For  G>cis<j  mme'iric  analLjSis  ^  S'/viil^r  assot^pd >&ns  u/ere- 

made  Sr  Qp. 


APPENDIX  D 


PPP  (Post-Peak-Plasticity)  Elastoplast ic  Model 
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(Refer  4o  Section  3-5  and  Figures  2S(,  3. II  cf  Te>4f) 
D.l  Slavic  Perl  of  ffehaviour 

as  CRI>  Appeal*  B> 

I). 2  Plastic  Porter  gf  £e4wAcot* 


Plash  c  Lekavi^or  ccw^i'sts  *)uv/o  phases 
(a)  Peak-  Rest  etufcil  IraASfkaa }  0<  <  GPR 

Residual  Streak,  ^  £  PR. 

Residual  $/rer^l\  .B^Kov/Ioor 

X*  fs  "ike  same  as  4cr  4ke  model  ^  wi’4k  the 


fcllcu/ii/vj  parameters: 

C  «  Cr 

0  ~  A 

£>  « 


r 

C-V 


=,  o 


FValc-  Residual  Transition 


....fc.l) 


Plash'c  Shear  Strain  GPT  =  ^E7  ^ 

Shear  Strain  for  teak- Residual  Tran&ticn  <£PR 

DecWable  Strencf/h  Index.  _ 

v  /,  fi£l  "N136^ 

£>SI  «  V  GPR  J 

wKe^C  t>SlX  iS  a  suitable  exponen4 
InskWcm^us  S4re*gj4k 


ivwx  , 


....(>.2.) 


C 

5* 


’  J  +  ]....(I>.2) 

=  +  dsi  CgSf-glr)  1 


L 


■ 
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InsfaMa^oos  l^'iU^ancy  fei4e 

I  =  DSI .  bP 

_ Cc*^ 

Tensile  Streak 

-  bSI.  *^p 

....Os) 

Yield  \c  n : 

M  +  1c  4 

~dc 

•#ws  <^i>,  K  i>,>  o'  =  J^c  +  bsjt>  ,...(p.&) 

T^C  y\eid.  -fiWAart  is  qVeA  by  "EyoaiioA  ^B.2)/  AppgWix 
So  usi <\a  iAgfarticin&iOs  values  <3 (  C  and  0  a\^es 


b,  = 

b2. 


2e<  (l-s'ifpi)  -  2ci(l  -f  sirt?^  +4C  ces^  *Si  * 
~2c*  0  4si f?jZ5)  +  ASy  (|  —  +  4-c  s\npi 

8  Txy 


....  (It?) 


fc>4-  8=3  — «  *4  (fix' +  &?)  s)v\0CC&p6  —8c  COS?  ....(p.&) 
b 5-  =  “AC  sa  J2.  sin^cas^  (6^^+  <^*4  -  -4c*) 

4  4-c(e£  +cs<f)(sir\2^  -  c«S7^)  .  ...(b.$0 

Tfve  charges  in  C  and  ace}  '(row  £jufc*tai\  (b.^ 

C  «  D5X  (cP-  cr)  7 

)  .. . .(b./o) 


^  =  DSl(^p-^r) 


N 


ow 


bSI 

A 


A  (Uj  wkerz  U  =  I  — 


6.PR 


<5  <2^ 


->pefab>\ 


r>si 


(ww-i). 


"ewK'-lwU  ^...(d.iO 


P3  Incmmc^igl  Fesf>c{\se. 
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Residual  *S>{r&vVj)l\  Hchgw'iour 

"Tfw'S  Is  4ke  ssuwe  as  4or  4W  CRE>  model  ^  wi4tv  4W 

pam^e^t/s  giv/e/^  I  a  (D.l) 

fetk  Residual  TraAsi4i*on 


V 

PI  i 

■$>n 


€  +  6 

^  +  i>jlp 

V4j*#  +  ^  feTi£Js 


■(rom  wkiek  =  &1?0 £  ~  +^s  fc) 


. .  .(d.  12) 


teTM  e 


4fv.e  e^LwiicA  ■lor  ^  is  a  -fundi  on  of  -fke  unknown 
valufe  /max  .  /Ain  rWc^We  pnocerfooe-  u*as  i/Sf’ef  4o  calcole^e. 
&tA<KYs  bij  }r\i4r«ILj  assorriisy  tKnax.  —  "frrr 


may.  . 


Once-  (c.  12)  is  evaluated  }  e^u cdion  C&.J)  applies 


For  analysis,  rsifnilasr  assd/vif4i<*>is  wer« 

Made  4cr  6^  . 


